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A succession of numbers which are arranged in a specific onler zccordmg 1
rule is called a sequence. Each number in a sequence is called a tevm and the
number from the beginning is called the n® term. (For example, the initial 1evs
called the 1* ferm.)

| 1. Fill in the blanks with the appropriate number for each given sequence.

(1020 55 B (L) Sl T e

(2) 2. 4, 8, |16 |, 32, 64, ...

l
i Sy R 6
; @ 535 |6l |7 =
i
i @) 200N =20 (=S =6
% (5) 1, 4, 9, 16, | 25|, 36. ...
b
2. Find the terms for each given sequence where the n® term is expressed
\ fallows by substituting n=1, 2, 3, ..., 6.
) 1 term | 2™ 1erm i 3 lerm | ®rerm | 5% lerm  6° term
az | 5 | 8 | 1 L 17
’ ﬂ}\\ | 8 16 32 6
i TR N 3 1 4 3 6
2 IL o 5 6 7
ey 2 0 ~2 —d ~6
P 0 16 25 16
I I —1 1 1 1
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|

tenerally, a sequence is expressed as lollows:

d;, ds, a3, n,
B i |
1“term Z*term 3werm ... A%lerm - ,-
I'lnsseqtmcmnlsnctprmcdns [aa). |

ﬂh:n the 7™ term a. of a sequence [a,) is expressed in terms of 1, 11 is called the ‘
;_alm.fm-m of (a.l. |

|. Choose the general term of each given sequence (@) from (A)~(H) and find
 the 107 1erm.

i CSTPIR E) [ st

[Sol] a.: (A) aia=21
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A sequence whose terms are found by successively addmg a fixed m=
the 1" lerm 4 is called an arithmetic sequence (or arithmetic progres=
d is called the common difference of the arithmetic sequence.

1. Find the 10* term of the following arithmetic sequence [a.).
10, 13. 16, 19, 22, __.
[Sol] a, =10
ay=10+[1-3=13
as=10+[21-3=16
ag=10+[81-3=19

ap=10+|9 |-3=| 37

2. Find the general term of the following arithmetic sequence (a.).
8 4.0 —4. —B .-
[Sel] a, =8
ap=8-+l]-(—4)=4
as=8+[2]-(—-4)=0
az=8+3-(—4)=—14

Qun=8+@B=D)-(—4)=—4n+16

ag=8+(| n—1 J-(—d}=[—-ln+12

3. [Find the gencral term of the following anithmetic sequence (a.,) will
a and common difTerence .

[Soll &, «
az=a+t lid
ty=a+i2d
dg=a+ 3d L2 i iviee
3 R S

:ﬂ';_'#:;-ﬂ -I'-;{ -1 d iﬁ. The number of +of 15 (g — lj_.
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-{ General Term of an Arithmetic Sequence )

The general term of an arithmetic sequence [a,.] with 1 1erm @ and commoen
difference d is
ax=a-+({n—1)d

e = | 'H |

h Find the 1° term a and the general term of the arithmetic sequence (a.)
whose common difference is — 2 and 6® term 15 8.

[Sol] as=a+5-(—2)=8
. a=I8
Also, ga,=18+(n—1)-(—2)=—-2n+20

e N e T

Findd the 17 1erm a and the general term of the arithmetic sequence (a,) whose
common difference 18 —3 and 11* term is —27.

wol] ap=a+10:(—3)=-27

! S a=3

Also, a.=3+(n—1)-(—3)=—3n+6

]

i, A

Find the common difference d and the general term of the arithmetic sequence
(a.) whose 1* 1=rm is 20 and 15* wrm is 90.

liof] @.s=20+14d=90
- d=s
Also, a.=20+(n—1)-5=5n+15

| Given the arithmefic sequence {a.) whose 1* term is —25 and common
difference is 5, find the valoe of 7 for which the #® term is —5,
o] gu=—~25+(n—1)-5=51—230
Sinee g.=—5,
G —30=—5

. B=h

—_ —
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Find the general term of the arithmetic sequence (a.) whose 5
—5and 9° term is 11.
[Sol] Let g be the 1 term and d be the common difference.
ay=a+4d=-5 ---@ .
[au=a+3d=11 D
From @ and @, |
a=-—21 d=4 |

— i

| — "_—' T— —— —— — — TENE] TS T O TEEG R TR LT TR § e — — TR RN TR —_— — —— —_—
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—21+(n—1)-4=4dn—-25

l\--‘a--—;!l

1. Find the general term of the arithmetic sequence (@.) whose 5% te=
and 14™ term is 24.

[Sol] Let a be the 1* term and d be the common difference.
as=atdd=-3 Q@
{m.=a+13d=24 @
From @ and @,
a=—1d, d=3
" ax=—15+(n—1)-3=3n—18

2. Find the general term of the arithmetic sequence (a,! whose 3™
and 8* term is — 8.

[Sol] Let @ be the 1" term and o be the common difTerence.

a,=a+2d=7 @
ay=a+if=—8 --Q

From (U and ),
a=13, d 3
= 134+{n=1)(—=3)==3n+16




hab

|l Find the 55® term of the arithmetic sequence (@) whose 15% term is 77 and
1 42 term 1s 239,

|®oll Let a be the 1 term and d be the common differcnce.
ﬂ';s:ﬂ'_rl‘il.]’:ﬁ "'{1}

3 Aa=a+41d=239 @
From @ and @,
'f a=—7. d=6

e Bm=—T+54-6=317

|- Given (he anithmetic sequence (a.) whose 53 term is —47 and 77* term
| i —%5, find the value of n for which the #® term is —111.

Sol] Let g be (e 17 tenm and d be the common difference.
Am=a+52d=—47 @D
{ﬂ'n=d’+?ﬁﬂ= —35 @
From @ and @,

/ a=57, d=—2
i <o aw=G1=(n=1)(~2)=—2n+59
Simee g.=— 111,
| ~Zn+59=—111
—
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Find the value of x when the sequence 1. z. 8. ... is an amthmmet
sequence.

[Sol] Since the sequence 1, z, 8 is an arithmetic scqrsm() L

z—1=8—x

I=%
_
1. Find the value of = when the sequence % I, % .- I8 a0 arithmet

sequence.
[Sol] Since the sequence % . % is an arithmetic sequence,
et
I— =9I
L r=3

2. Find the value of r when the sequence z, 6. 2z, ... isan arithmetics
[Sol] Since the sequence x, 6. 2r is an arithmetic sequence,

b—x=2r—6
wxr=d
d. Find the values of r and y when the sequence 1, r, v —1I1. .. is

arithmelic sequence.

[Sol] Since the sequence 1, . 1. —11 is an arithmelic sequence.
[x=1=y—x R}
\ y—x=~11 Mol
From (U and G,

r=—3 y=-—1
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Prove that the sequence (a..) where @x=3n+1] is an arithmetjc sequence,

 Then, fing the term and the €0mmon difference.
Fmgl ‘ [Sol] Sina:a.=5n+1. a...=5[n+1]+1‘:5u+ﬁ
‘1?&! E a...-a.=f5n+ﬁ}—(5n +1)=5 == (fixed),
iol] I SINCE ..y~ g, is fixed as 5, ¥ |Uhem it i3 am i,
: € | ence.
(@] is an arithmegig Sequcnice, —

Also, di=5-1+]1=¢

==Hn+1}+3=fln +7
] 2 aj...--‘-agafdrrﬂ-iﬂ_{fm-i*&'}':'d

VUV Y P S
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Find the three numbers whose sum is 15 and product is 80. which |
arithmelic sequence.

[Sol] Let ¢ be the middle term and d be the common difference.
Since the three numbers are expressed as c—d, ¢, c+d.

[ (c—d)+c+(ct+d)=15 D

{c—d)clc+d)=80 =-(Q
From @ and @, {Mﬁm
c=0, d=+3 ("‘

Therefore, the three numbers are: 2. 5. 8 €= |mld=—3

1. Find the three numbers whose sum is 27 and product is 693, which
arithmelic sequence.

[Sel] Let ¢ be the middle term and d be the common difference.
Since the three numbers are expressed as c—d. ¢, c+d,

(c—d)+c+{c+d)=27 @
(c—d)clc+d)=693 @

From @ and @,
c=9 d=%2
Therefore, the three numbers are: 7, 9. 11
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2. Find the 17 term and the common difference of the g
m a, +ﬂ'; 1 "15 and a;a;a,‘—‘li‘ﬂ.

[Sol] Let c be a, and 4 be the comman difference.
Since the three umbers are expresseq a5 a,=

[{f-d}+c+[::+d}= =15 @
le=d)c(c+d)=19 =)

From @ ang @,

C==5, d==7

—_—

rithmetic sequence (a.),

C=diia;=¢ ar=c+d,
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Find the sum S, of the arithmetic sequence whose 1% term is 1. commi
difference is 2 and number of terms is 6.

[Sol]  S,=1+3+5+7+9+11 ¢ Earurar—n
+) Se=11+9+7+5+3+1

€« Semda = aaTde=—=d

i 28.,=12:8 if the order of tems it
ﬂ oSl

S =38 » "
1. Find the sum S, of the arithmetic sequence whose 1* term is 1. common
difference is 4 and number of terms is 8.

[Sol]  Sy=1+5+9+13+17+21+25+29
+) Sg=29+25+21+17+13+0+ 5 + 1
25,,:3!]+3ﬂ+3“+3ﬂ+3ﬂ+aﬂ+3ﬂ+3ﬂ

S ZS|=ED'3

S S.=120

Find the sum S, of the arithmetic sequence with 1* term a, commen differenc
Inst term [ and number of lerms .

[Sol] Sa= @ Flatd)+(a+2d)+--+(1-d)+
+) Su= AU -=d)+(=2d)+~+(a+d)+ g
25.=(a+ 1)+ (a+ 1)+ (a+1)+-+(a+[)+(g+ |

| The number of (a-+1) is uﬂ

Also, since [ isthe n™ lerm, [ —a + (1)

ol }: laloa®in—1)d]

I B [ A s Y




—
elic sequence with 1% fer 4, common difference
terms .
S

.=§—n{a+f}=~é-?r[2£+(nhljd}

Sum of eag), Eiven arithmetje Sequence,
L term: 5, Com

mon difference: 4,
{ Dumber of lerms; |2
91225 t(12—1) .4 I=324

' ferm: 34, (3) =
mﬂnbgg-ufflmug_- 13

tetm; 4. COmMmgon difference: 3
: . | Number of ferms: |5
128G, [Sof) '21-'15'f2-4+(15-1}-3 1=375
e of term o B (4) Pierm; —, ; :
% i i - 3 ' Wﬂlmﬂ[l dlffﬂmce, 5,.
S ”@%*g“ Mmber of tapms. 18
ol 2 Jmi:ﬂaﬂ”f'"-@:] ==450 [Sol] 1

Moo~ o
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Find the gencral term of the arithmetic sequence (a,.) whese som
first 4 terms is 80 and whose sum of the first # terms is 320,

[Sol] Let a be the 1* term, d be the common difference and S, be &
of the first n terms.

54:%"-4[2a+(4—1}d1230 D

Si=y-8[2a+(8-1)d]=320 @
From D and @,
a=>5s, d=10
S @n=5+(n—1)-10=10n—5

I ————————

L. Find the general term of the arithmetic sequence (@,.) whose sum of i
terms is 20 and whose sum of the first 7 terms is 7.

[Sol] Let a be the 1# term, d be the common difference and S« be the sum
first 7 terms.

Su=-:l£*'5[2a+{5—l}d]=2ﬂ @D

Si=7-7l2a+(7-1)d]=7 @
From @ and @,
a=10, d=-3

Soan=10+(n—=1)-(—-3)=—=3n+13
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Given the arithmetic sequence (a,) whose 1* term is 53 and COTIm
difference is —6, find the value of m for which the sum of the first
lerms is the greatest. Then, find the sum S.

(Sol] a,=53+(n—1)-(~6)=~6m+59 ~ (ln s erimetc sorue
~ 67 +59 > 0 when ¢ '

n <—5£=9+3...

G

m is the greatest natural number that
satisfies this.
- om=9

Also, S=%-9{2-53+{9*- 1)-(—6)]=261

1. Given the arithmetic sequence (a,) whose 1* term is 58 and common di

is —3, find the value of m for which the sum of the first m terms s the g
Then, find the sum S.

[Sol] @x=58+(n—1)-(—3)=—3n+6]
—3n+61 > 0 when

6l
H { 3 —2[].3*-”

om is the greatest natural number that satis fes this.

<. m=20

M&n,,s=%*20[3-ﬁﬁ-:’zu 1):(—=3)]=590

——

[I'I.I-Uim‘r.'l Ut wre greater than or equatl to | (ep. | 2 |

are called meatieral i




——
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2 Given the arithmetic sequence {a,) whose 1*
difference is 7, find the value of 7 for which
the smallest. Then, find the sum Y

term is — 120 and common
the sum of the first m lerms |

Bol] ax=—120+(n-1)-7=7n—127
Tn~127 < 0 when

n< ~_1;‘3—T~= 18.1...

m.isl&:gmxmnmml'

- m=18

ber that satisfies this.
Also, -s.=-?‘;~m;z:a{f— 120) +(18~1)-7] = - 1080

(a,) whose sum of (he first 5 terms is — 445

0 terms i =765, find the valug of m1 for which
szMElhﬁ!mallcﬁl Then, find

mﬂhﬁlﬁbmmmundl

the sum S,
(8al] Let g hsj&.ﬁ-
st |7 ferm

| ﬁﬁ%*ﬁ%’ﬂ& ~1)d]

Mference and 5, be the sum of the

==15 ..
s..»=;ﬁ[2«+tm ~Dd]= 755 ..g
meﬁinil@; .
A==y, s
+ﬂk=mﬁ={nf:; b)5=5, 104
bm = [y <0 whey

s ]%1-&1.&
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Find the sum S of all natural numbers from 10 1o 100 which are d
by 3.

[Sol] The general term of the sequence of natral mombers greater !
equal to 10 which are divisible by 3 is:

12+H(n-1)3=3n+0 ¢ [Fal s

3n+9 < 100 when n < —93l=3n_3h_.

The greatest natural number 7 that satisfies this 15 1 =30.
‘. S=-30[2:12+(30~1)-3]1=1665

L. Find/the sum S of all natural pumbers from 30 to 100 which are divisz

[Sel] The general 1erm of the sequence of natural numbers greater than |
to 30 which are divisible by 6 is:

I0+(n—1)-6=6n+24

67+24 < 100 when n < iﬁﬁ—=12.ﬁﬁ..

The greatest natural number 7 that satisfies this is n=12.
‘e S=-12(2-30+(12~1)-6] =756

2. Find the sum S of all natural numbers from 10 to 200 which leave u req
of 4 when divided by 7.

[Sol] The general'term of the sequence ol natural numbers greater than of

to 10 which leave a remainder of | when divided by 7 is:
11+(n—1)7=7n+4

7n+4 < 200 when n < 196 — .

The greatest nntural mumber 1 it satisfies this is ;- 29
f S=oZBI2 42 1) 7] 2934




Ngb

'T 3. Find the sum $ of al| natural numbers from 100 1o 200 which
j either 3 or 5.

(Sol] The general term of the sequence of natural numbe
lo 100 which are divisihle by 3 is:
lﬂ2+{n-l,1-3=3u+99

31499 < 200 when » < 1§l=33.ﬁ...

are divisibe by

IS greater than or equal

hﬁﬁ"w“ﬁm S 41'3]51-21

i -
:

M '-'14[ ses rfm 5 =7
TS from 100 44 200 which are divisible

Mmoo - -
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1. Find the general term of the arithmetic sequence (a.) whose 3 ter
and 8" term is 50.

[Sol] Let @ be the 17 term and d be the common difference.
[a,=a+2d=lﬂ @D
as=a+7d=>5) ---@

From D and @,
a=—6, d=8
v @n=—6+(n—1)B=8n—14

2. Find 1he three numbers whose sum is 18 and preduct is 162. which fi
arithmelic sequence, L

[Sol] Let ¢ be the middie term and d be the common difference.
Since the three nnmbers are expressed as c—d, ¢, c+d.

(c=d)+c+(c+d)=18 (D
(c=d)clc+d)=162 @

From @ md @,
c=6, d=%3

Therefore, the three numbers are: 3 69




e 1™ term is 50 and common i
Sum of the first »7 lerms is the |

e
o
I

Sl number |y salisfies this,

7). 3 =442
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A sequence whose terms are found by successively multiplymg a fixed nor
the 1* term a is called a geometric sequence (or geometric progression)
7 is called the common ratio of the geomeiric sequence.

1. For each given geometric sequence (a,), find the common ratio » an
term.,

3. 6 12, 24, ...
[Sol] =2, a,=48

(' 1 3 9. 27, .
[Sﬂ‘l] r=3. a;=81

=L -
(2) ar b =24, ..

[SDI] r= '_2.- g — -a

(d) Er _ﬁr 5_- _'E; e
[.Sg_l] r=-—1, ai=5

(B) =3 =3 —3 =3 ..
[Sol] r=1, a;,=-3




|
INI Ib

|
‘ 2. Find the 10* term of the following geometric sequence {a,).
L2416 =

[Sol] a,=1

ag=1-2¥=2
as=1-2%=4
as=1-2%=g

ﬂ==1'ZE= al2

L W A L, e

[- Find the general texm of the following geomelric sequence (g,).
5. —10, 20. —40, 80, ..

Sol] a, =5

az=5(—-2/"=—]9p

da=5(—2)%=320

a4=5(—2)%=—40

e, |

-

Q=5 _Z}E

.

Find the prneral tevm of he following geomeiric
d mnd common ratio 7,

ol] a, =a

ag=ar”

sequence (4.) with 1* tgmm

I3y =

dg=ar®

ag=ar™®




N|2a KUMON®

Geometric Sequences Marms

Daa / /

/100%] ~90% | ~80% [ ~70% | 695~
L te— ) — ] i =

—(_Gencral Term of a Geomefric Sequence )
The general term of a gcometric sequence (a.) with 1 term @ and cor
ratio » is

a.=ar""

Tirm : B

1. Find the general term and the 6 term of each given geometric sequenc
3, 6. 12 24, ..

[Sol] Since the 1" term is 3 and the common ratio is 2,
a,=3-2""

a,=3:2°=96

(L) 2..6. 18; 54 ..

[Sol] Since the 17 term is 2 and the common ratio is 3,
a.,=2-3""

as=2'3"=4186

{2} _1| _dr _lﬁa _ﬁ':l. Ll
[Sol] Since the 1* term is — 1 and the common ratio is 4,
Q.= —1-4""'=—¢*"

a=—4"=—1024

(@) =2 4., =8 16, .

[Sol] Since the 1% term is —2 and the common ratio is — 2.
a.=—2(-2)""'=(=2)"
a=(—2)"=64



{

{

{
:
E
=
=
&
e
=
&




TS T T TTmmaTgELLER W W W W W W W w

v —— ——

N|3a KUMON-

Geometric Sequences Masa
Cato / /
00% o0 [oox [ rou[oon|

Find the general term of the geometric e
—24 and 6* term is —96. i et
[Sol] Let @ be the 1% term and 7 be the common ratio.
a,=ar'=—-24 @
[an=ar"= —96 ---® =
From @ and @, —24r'= —g5 ¢ |Snbstiouting © ime dis

=i

S r=£2
(i) When r=2, from @, a= -3
o Ap=—3:2""
(ii) When r=—2, from @, a=3
T de=3(—2)""

From (i) and (ii), a.=—3-2""or @, =3(—2)™!

1. Find the general term of the geometric sequence (a.) whose 3™ 1=
and 5* term is 324,
[Sol] Let a be the 1* tarm and 7 be the common ratio.
|'a;,=ar’=3t'| (D
dy=ar'=324 ---@
From @ and @, 36-*=324

y'=q

L

o=

(1) When r= 3. from @, a—
g, =43

(i) When » 3, from (D, ¢ =4

itk a=dil—3

Bromi( i ) and (1), @.= 43" "ora.=1(—1)""




—*
]

~ NI3b
b N13b

iz mummmnf the geometric sequence (a@.) whose 2™ term i5 6
Hﬂﬁ'm“%ﬂhmmnmﬂms a real number.)

F=33=p
€ 1 r Y3)( I—#"Er-f—."j_l:ﬂ
SRR 7 15 1) ey number, y=J3
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Find the 1* term a and the common ratio 7 of the geomelric sequeTcs (g
whose 2* term is 2 and whose sum of the first 3 terms 18 7.

[Sol] {ar=2 -

a+artar’=7 @
From @, a(l+r+r’)=7
Multiplying both sides by 7,
ar(l+r+r))=7r @
From @ and @, 2{1+r+r?)=7r
2r*—5r+2=0
(2r—1)(r—2)=0

T

- r= 2
(i) When r="4, from @, a=4
(ii) When r=2, from @, a=1

From (i) and (ii), a=4. r=%nra=1. r=2

1. Find the 1* term a and the common ratio 7 of the geometric sequence |
whose 2 term is 3 and whose sum of the first 3 terms is 13.

[Sol] ‘ar=3 @D
atartar’=13 @
From @, a(l+r+r*')=13
Multiplying both sides by r,
ar(l+r+r))=13 @
From @ and @, 3(1+r+r*)=13r
ar'—10r+3=0
(3r—1)(r—3)=0

o o
(i) When r=%.hmn ), a=1%9
(11) When r=3. lrom ‘L. a ]

From (i)and (1), a=23. 7 :l{ ora=1. r=3




mm r nf the gcﬂmctﬂc sequenc¢ la,)
1 3 terms is 21.

Lr=——ora=3 r=2
; _ ra=3.r

al the geomeltric se

' I-_!.l m (rom the 3™ tm

140 -
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Find the value of z when the sequence 2. 1. 5, . iS @ pEometric
sequence.

[Sol] Since (he sequence 2, r, 5isa geometric sequence, ~, |2

L _ 9

2
Se =10

| coor=+4/10

1. Find the value of r when the sequence 3. x. 9. .. is a geomefNic sequen

|
N

[Sol] Since the sequence 3, I, 9 is a geomelNic sequence,
z_9

3 =z
L=
;L x==%343

2. Find the values of = and y when the sequence . —5. z. ¥ - 58
feOmelric sequence,
[Sol] Since the sequence z, —5, z, p is a geomelric sequence.

= e
T
-5 r @
From @, z*=25 @
Soox=2b

From @, r*=—5y @
From @ and @, 25=—5p
==

Therelore, =58, y=—Borx=—5. §=—3




NI5b
'FWJMWUI“I@M 7 when the sequence x, 1. —4 is an arithmetic
Sequence and the sequence y, z, — 4 is a geometric sequence.
1[5‘-"5! m“’f“f'f] AT =41ulg1§nﬂgmmmsequ¢nc¢,
==t ¢ N4
-*{;*;J‘f? fff'i *@:-_ﬂ}
 Smertie sequence . I, —d iS a geomelric sequence,

e}
= e
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Geomelric Sequences Namu
e f /
@u‘% *Q_ﬂ% "'E'F‘% “?EU“*B 5?:5" Tirm : o

Find the sum S, of the geomelric sequence whose 19 lerm 18 2. commo™
ratio is 3 and number of terms is 4.

[Sol]  S.= 2 +ZAFZEEY Mainplying bt sudes
~)35,=  2:@+2:312-31+2-3" <J 1iic;rkmm
8.~ 35.~= 2 —9.3*
. —28,=2(1—3%)
. e

I\,Ff
1. Find the sum S, of the geometric sequence whose 17 term is 3, common =

is 2 and number of terms 1s 5.

[Sol] S:= 3 +3:2+3:2°+3-2"+3-2"

~)28,= 3.2 +3-27+3.2°+3-2'+3-2°
S:—25:= 3 —3-2°
=3(1—-2%
J. 5:=93

Find the sum S, of the geometric sequence with 1* term @, common rato r §
number of terms 1.

[Sol] 5.= a +FETRT
—)rS.= Lir'*'c"fi i *hw"'"‘-rar"’"ﬂ-i-ar"
S-_rsl=ﬂ —ar"

L (1=r)Se=a(l—r")
(i) When r+1,
a(l=|r"|) al| r" -1)
Sn: —i - Drs-,..: i 'l
(ii) When r=1.

S.=agtag+at ¢l e

HOLCTIms

—




N|6b

mmber of lemms M-

ﬁwﬂmm:

Le1 S, be the sum of 2 geomelric Sequence with 1*

a[i—r") a[r =11

{erm 4, commaon ralio » and

WF*LS- _r r—l

When r=L, S.=nd €« |}

(When r=1. S, i tho sum of n terms of "’]

2 Using the formula above, find the sum of each given geometric sequence.

| 17 term: — 2, common mlio: 3,
mrmber of ferms: 4
- —2(3'-1)
=5y "

mtﬂ'rmmrﬁ
a5 =1

() 1 tzom: 3, commeon ratio; — 1,
e A={=1)] .
e

1# term: 3, common ratio: 1,
number of terms; 10

[Sol] 10-3=30

(3) 17 iemm: —5, common ratio: ——%".
number of terms: 6

“5[1“( '%)ﬂ] 105

(Sel] 1—( 1) = =7

2

(4) I™term: — 2. common ralio: 1
pumber of tcrms: 12

[Sol] 12:(=2)=—2I

S5 e s of fhe s 5 erms of the (0ol
_Le(at -i‘J

equence 1, 3,9, 27, ..

1" term: |, commaon muos Eﬂ

=T ol lerm

5) .. the sum of the firs 7 terms o |

micin

sequence -, 1, 2, 4 <

J2. 2, 22

Ly

‘Comeine sequence |

[y
- ‘]_]—15[-“2‘1'1!

e e e e am A oan s oam n ah 4An 4h A AR A WD



N|7a KUMON® NOTT
Geometric Sequences i

Daze / /
/100%] o0 [-gon[-T0s [ 605 T, -

1. Given the geomelric sequence whose 17 term is 2 and common rafo s —3, 0z

the value of n for which the sum of the first n1 terms is 122,
[Sol] Let S. be the sum of the first /1 terms.

L 2N=(=3E1=
Sa=—T=(=3) =122

(=3)"=—243 (Rewriting with base —3|
(—3)=(-3)* € K192 |

>

=3

-3

-3

=)

2

>

>

=3

E

>

5

g L. n=DH |
? i
=

-

E

92 Find the 17 term a of the geomelric Sequence |a.) whese common ratio s

and whose sum of the first 4 terms is 40. |
|

[Sol] Let S, be the sum of the first n terms.

B, |

_ L |

14 |

80 _ 80 |

19" 3 |
. a=27

3, Find e sum S from the 7* to the 10° Levm of the geomeinc sequence (&
1

whose 1* lerm is 3 and common ratio is 2.

[Sol] Let Sy be the sum of the first 72 terms.

L(2°-1)
SH== 71 141

.

3z |
S SR




| 7D

Fiml.h:ms&umm:ﬁ“mﬂmg“tcrmoﬁlmgeumﬂriuscqumc: (a.)
whaose 52 lem is — 48 and B* 1exm is 384. (ﬁccﬂmnnralinisnmﬂi
murnbeT. )
ol ] Lﬂ.abcﬂﬂ:l’“lmm.rhclhccﬂnuncmml
n TS,
a;=ar'=—48 @
a=ar’ =384 —@
From @ and @, —18r° =384

io and S, be the sum of the first

F=—8
r=—12
From @, a=—13
- Com -3{1:_{{-;} ) _ 513
- =4l=(= -2 _ _
Ss=—"1—(-2) a2

< §=8§,-8,=—8l3— —(—43)=—480

6 (iven the geomeiric SEUEne
Ihﬁlﬂmvnlnuufnl’urwhmh
(hezeny |00 fiar (s [irst timie.

[Sal] m&.hwmﬂﬂmmﬂnm.

20D 2 (g

Comsidering Sw > 1000,
%m"-—-n > 161 when

4" > 1501
mmﬂmﬂmﬂmﬁﬂn[ﬁm




N|&a KUMON® N

Geometric Sequences Narre
Dats / /
/100%] 00 | 80 | 70w | 69%-| -

Find the 1" term a and the common ratio r of the geomelnc sequence (-
whose sum of the first 3 terms is 9 and whose sum of the first 6 1= l
—63. (The common ratio is a real number.)

[Sol] Let S, be the sum of the first a1 lerms.
(i) When r=1. 5,=3a=9,5,=6a=—63
No a can satisfy these conditions simnlianecusly. ()
(ii) When r+1,
=
s=2r-1 _4 o

r—1

]
1
»
»
»
»
»
»
>

Sﬂ=M=mﬁg @ ; _ .

r—1 ;
From ® and @, 9~ +1)=—63 €
r=—=_8
Soor=—12
From @, a=3 -

From (i )and (i), a=3. r=—2

1. Find the 1* term a and the common ratio » of the geomelric sequence (
whose sum of the first 3 1erms is 52 and whose sum of the Grst 6 kmms is 1
( The commen ratio is a real number.)

[Sol] Let S, be the sum of the first 71 terms.
(i) When r=1, S;=3a=52, S.=6a=1456
No a can salisfy these condilions simultameously.

(ii) When r=1,
g () -
Si= == =52 -@
= ﬂ{_r&.“_! B .
Sn:. — r 1 - 1’1-36 @
From @ and @, 52(r" +1)=1456
=27
. r=J4
From (), a =4
From (i) und (1), a=1, r=3

VYIS PPPPPE PO PP WP




NI18b
) 2. Find the sum S from {he 31* to the 60° term of the geometric sequence (a,)
whaose sum of the first 10 terms is3 and whose sum from the 11 (o the 30*

mmfs*ﬁiln(’l‘hc common ratio is a real number.)
e 1* term, r be the common ratio and S, be the sum of the first




b ]
L
A ]
3
»
»
5
»
’
(2
=
é
»

N |9a KUMON® N
Geometric Sequences Narne
Catn / /

Tirem 2 =

/100%) ~00% | ~80% | ~70% | 695~
Lo ey ] 8 —

e — E B

You wanl to save 10000 dollars in 5 years by saving z dollars at U3
beginning of each year. Given thal the annual inferest rte 13 Z%. find /|
Use (1.02)%=1.1 and round your answer down o the nearest 10 dollars.
[Sol] Afier5 years, z dollars from the 1" ycar becomes x # (1.02 )* dollxm

Afler 4 years, z dollars from the 2* year becomes x = (1.02)* dolla=

Afer 1 year, x dollars from the 5 year becomes z < 102 dollars
Let S be the amount of savings at the end of the 5° year.

S=1.02r+(1.02)'z+--+(102)'s € I"ml.m B
1.02z((] 1.02 |)*—1] mh-ﬁﬁmﬁ |
1.02 [—1 I

1.02(| L1 [—1) |
0.02 x ‘

6.1z

Thus, since $=10000, |
51z=10000 .. r=19607...

Rounding down (o the nearest 10 dollars, 1960

Ans. 1960 dollars

I el 20l ===

The meethed of determining the imerest on the initinl gmeount and the ccoumuloted interesi
of previous pericds of a deposil or loan is called the compound interest method. An mien
calculated h’jl' iz nbove methed s called o crmpousd interest

Firr exommple, when you save 100 dallirs inthe bank with an ol mterest mte of :
afler 1 year, your savings becomes 100> L02 - L2 (dollars)

Adler 2 yenrs, the morual | interest mie of 2% sesrocs on the imterest ol ' dlollars: thereline,
savings becomes 100 = (1.02)" = 10404 (dollars)




10 years by saving  dollars at the beginning
e  rate is 8%, find z. Use (1.08)"=21

— e e e s o ol BT
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S 1 N20a KUMON® M 2
. Geometric Sequences et
- / Exata / !
100%] ~90% | ~80% | ~70% | 69%- _ :
. Fmr———] = B ] : ko - =
e | 1. Find the general lerm of the geomelric sequence (g, whose Z term IS
: E

and 4™ term is 192. N

[Sol] Let g be the 1* term and 7 be the common ratio,
aai=ar=12 @
{a.=ar’=mz @
From @ and @, 12r° =192

o - —
.I : q'. .
#,

r*=16
Jor==A
(i) When r=4, from @, a=3
L oan=3-4""

(i) When r=—4, from @, a=—13
= —3(=4)""
From (i) and (i), @.=3-4™" or @.==3(—=4)""

2. Find the 1* term a and the common ratio r of the geomeiric sequence

whose 2* term is —3 and whose sum of the first 3 erms i8 7. !
[Sel] (ar=-3 =0 [ Al Sutamen
Ia*b-ar+ar’='? ) , L!‘”- Z
From @. ﬂ[l-!-r-t-r":n:‘? | pf;r;fn”.i_,.._l'. ] ii?rl-'l.blx*‘u
Muliiplying bath sides by r, Nadtiriying b s by 7.
ar(1+r+r)=7r @ P D8 e
From @ and @, —3(1+r+r")=7r | >t
ar*+10r+3=0 il ek
(r+3)(3r+1)=0 (1) Wb = — 3, o @ 2
L r=—3, _ Ak {1} Wie=n r ';.r:umnz-..a-a
3 Fireems {1 )zl {11 .
(i) When r=—3, from @, a=1 i
(ii) When r=—, from @, a=9
1

From (i) md (i), a=1l. r==30ra=9 r=—7




whose 1% term is 6 and common ratio 1s —2, find
n terms is —30. m» N7

=

e i

- ..
B

From @), ¢ =3
v uedy p==1
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N2la KUMON’ N 2

Varlous Sequences 1 e

Dato / /
/100%] ~90% | -80% | -70% | 69%~| = -
X ] F~3 | 4—& A e

The summation symbol 2 is used Lo denote the sum of a sequence.

For example, a,+a.tds+ ds, the sum from the 3 to the 6 term of the sequet

i}
(@) is denoted by 2 da.
. E=1
Gcncmlly,z]pan denotes the sum from the p= 1o the ¢ term of a sequence (4

(Note that other letiers may be used in place of &.)
1. Let [@,) be the sequence
R R e | e

Find the following sums.

Ea.=a,+ a,+a,=3+5+7=15 €— IEZf_Fﬂ;%-‘nﬁ%ﬁ.;}

B
(1} Eﬂl=ﬂ3+ ﬂ¢+ﬂ'n=5+?+ 9=21

1]

2) = da=03tad.tdst de=5+T7+9+11=32

!

5
(3) Ea.=a.+a=+aa+aa+aﬂ=1+3+5+?+9=35
3
(4) Eﬂtﬂ:ﬂ.l-l =+ ﬂ,m.+a,,|=a,+a,-l—a_‘=3+5+?':]_5

3
(&) Eﬂﬂ:=ﬂz yhdzatas y=ad;+ta,+a,=3+7+11=21

_ 2
(6) Eﬂz:u-—|=ﬂ-:-l-|‘5“ﬂn~—|=ﬂ|+E:=1+5=ﬁ
=T




N21D

9. Find the followmng sums.
f}{;k_l}.—.{s-z—n-l-[z's—lH(3-:1—!)=5+B+11=24
=1

1) Por=2-37+2-47+2:5'=18+32+50=100
%
(2) éshﬁws‘+5'=1+5+zﬁ=3l
@ giﬁn‘-l=l*={2-‘ﬁ—'1}-‘-+{2-4-1}“=25+4g=74

(1] .%_L-s'-—zﬂj;e.ta? —2%1)+(3'-27")=7+23=30

® Zsm=(a]em+(s]em+(6

(6 gfﬂ?i—ffﬁl'.-‘.‘r{f.ﬂ-"-'-fﬂjf%_éf‘ﬂ'fﬂ'}'+(n +in—51=4dn—14

4. Resrite the following sums using T,

F 2456 +R+ m=§l% ¢
\“__

) 5= m-+1s+m=f Sk

Glven {aw}i:2. 1. 6, ..., the sum @
Hr:vﬁ’:'s.lfg:tm'nf {ﬂ.l s Z'.E'-ﬂ!

@) 1249415 -

__ ke
{3) 385572t (g, =5 o
@ 34, : T
e : Given [a.) 2 8. LEE
A _EW lh-" um of the o
i) i
5 3+ . | w.ﬂrn-lr’mﬂ

J-]-_}*:m 3 L | lmﬂf{ﬂ&
g"——c ( L,_.l-!"--:ﬂl! lfﬁﬁw

l
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Various Sequences 1 Marme

Cata / /

{100%. ~00% | -80% [ -70% | 69| o, =

Since the sum S . of the arithmetic sequence with 1% term 4, last teym [ and mosmiE

of terms 2 18
S.= -é-n(a*H], $ @
the sum of the natural numbers from Lo 7 (L. 2. 3. ... m) becomes

1+2+3+---+n=%n{n-:-1}

Also, the sum of a sequence, where g, =a;=d;= " =d==C (c is a consiant’
(ol o i g ol /| 2

3 terms
Rewntmg the sums of these sequr:nc::b using 2. the followng formulas are obtam

1. Find the following sums.

10

k= _1[1'{1!]-1-1} a5

A 2

(1) Bk=1-15(15+1)=120
Ip=i ]

(2) §5=1n-5=su

(3) gk—agzz-%-zn{zn+1}—a-s.z=usz

(4) 2,%'}‘_21:2'%3{ n+l)—n-1=n



D

WO SCQUETICES
sd,, O G, ..., O«
by, bz by, ., b,
the following equations using 5.

I:'-"bn}*(ﬂ:+b:.]+{-ﬂ'l+b:}'+""i":ﬂn‘I"bu}

it aytast—+as)+ (bbbt +ba)

- fimane |
l[arb.):ga.-‘-‘ Eb;'

ﬂ:+£ﬂ1+£‘ﬂ;+'-‘+Ca.:E{J|‘1‘G:+H1+'
L | . ;]

S ca=c| X da

[Lat | i |

he above, the following equalions arc rue.
summation Properties S

g[lﬂ-.ébi}:gg.*‘rébh gfﬂ;=£2ﬂj (Ciﬂﬂﬂﬂﬂﬂlﬁ]ﬂt)

e

1

-~+a,) {cisaconstant)

P 1= Y
ng "q; SN

i the (ollosing soms.

S (@ -1)=38 k= E1=3-Ln(n+1) - n="4n(3n+5)
" Z 2

LSF] =

S (ah+3)=ATk+ E3=4-Ln(n+1)+3n=n(2n+3)
=k ] o |
gi -2+ 4)=~2Tk+ g 4= -2 n(n+1) + 4n=—n(n=3)

- o m=1 :
2"!3&+5}=3ﬂk£ﬂ5m3»§[n — 1 [{n—-1)+1)+5(n—1)
i ) i |

m%tn-mau-ﬂm



| N23a KUMON" N 2

Various Sequences 1 Sihire
[ Dan / f
| /100%] ~90% | ~80% [ ~70% | 69%~| "
pa——— ] = = = 1=
Find 32 &%,
b= |

(Sol] Use (k+1)’—k*=3k*+3k+1. € [ (k1) =k 3" = 2k+1

When k=1, B“i:’=3- 1’| +3-|1F| 1
When k=2, 3pl=3-2%+3-12 |+| 1

When k=3, 1-g'=3-(3" +3-|3 |+|1
s \ 1S

. .|

When 2= n, (n+1)“xl’=3-'1:_‘j+3- i|+‘i.'

Adding up the terms on each side from all these n equations,

(n+1)-1=3(P+2+—+nN+3(1+2+-=+n)+(1+1+~+

=33 +33 k |+n
=) [ L

Therefore,

3§k’=(u+1)’—1—3§ il=n €

=(n+1)"—-3: -%-n{n+l} —(n+1)

(| n+1 DI2(n+1)2—3n—2]

34
9

= -%‘nln+ 1)(2n+1)

A T %H{H'I‘l}{zué"ll

;ﬁ'lﬂl." #&-w. TP W WP W WG WL W WP O T ey

ll”‘ﬁil"“‘l; l-”?‘::l TR T ||“ |Ll 3 4| o

'r
- T i




__“

.

1 the lollowing sums.

Eih’ i} Zk)—Ek +2Ek

k=1

=F-4(4+1}(2-4+1)+2-%-4(4+1}

=50

3 (3" —k)=3Z k'~ 2k

_é_n{n.;.l)(gﬁ-s-n—-niw L)
=§'ﬂ{n+l')fl(’2‘ﬂ*’”‘1']



N243 KUMON® N 7
Various Sequences 1 N
Data / /
L0 o a1 60e] o
Find 3.

[Sol] Use (k+1)'—k'=4k+6k"+dk+]1. &€ R+ 1) =R AR e

When k=1, )\“'4 1"--5 1*1+4-|1 1+ I
When k=2, 3\ 4- =2’ +6-127 +4-12 +1
When £=3, ‘\
When k=n, {u+1}\‘ |;n"‘+E n N4-(m+H 1]

|
Adding up the terms on cach side from all # equations,

4-|3%/+6-3" +4- 3 |+ 1|

1]

(n+1) =1 =4+ 27+~ +n* ) +6(17+ 2+~ +n®)
+4((1+2++u)+(1+1+—-+1)

Therefore,

AR =(n+1) —1-63| k? |-1Zk-n €
=T} f=T =1

=(n+1)'—6- "{li—n[n+1){2n+1) -al-—§~n{n+1}—{n+

=(| n4+1 Ditn+1)—n(2n+1)=2n—1]

=| n*'(n+1)’

" ik“=[ %ﬂ{rﬁ-l] ]1

= |

2 0 0 R G R E RN R R R LA L Ll i 2l a A A b it

4
o

|:[|.u]u? AT et ([ MZ)(] M u‘-; R T



')r: followmyg sums.
[ =)= 2k + Tk

g —[u— 6(6+ 1}]1 5-6(6+1)
- 162
q

m& (26~ 3)=ZZ k*~ 3k

=k +1) ’—E-Ln(n*li

:%n(n-:—l![n{n%"l]-:i]

N

2 :I—;-n{u+11{ﬂ’+n—3]'
[

=

33

o _ : — l'-. i L ,'.Iq-v !..
.Eid&’-ﬁk’fﬂ}—%h’ ﬁz‘.k §|3
:d[%w{u*1}T—ﬁf+é-*n[n+1}{3n+l}+-3n
. =n{__n£n'+l:'I*{ﬂf'l}{ﬁn'!*i}“i'ﬂ]

=nl{n'—2Zn+7Z)

e, e il el A R R R e s - i ol . il -

PR R . m—
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N25a KUMON" N T

Varlous Sequences 1 N
Do / /
1 % 3= aa - T R 9’3" == F
AR AT

Since the sum S, of the geometric sequence with 17 term 4, common ratio i r=
and number of terms 71 1s

Si= al=r?) _jalr=1) ¢ [Ni8)

1=7 y=1
when r %1, the sum of the geometric sequence a. ar, ar’. ... ar” ' becom=

s atl=ray s atrt = 1)
==y r=1
Rewriting the sum of the sazqucm:e using ¥, the following formula is obtames

a+artar’t--+ar

) 25'2*'5—@%:315
1—(=3)

@ Z(-3"'=a=—=7

= : l‘"-'l ARl e
(3) 334 S -1

W o —5}*'=ﬁ[;'_“f:§';'] —1—(—5)"




3('“2:'*: 3 —R=0411= E“_f'— "
el I‘EI[ El E‘}i—l]_“- .[*_P_?E.L];:_Eﬁl—!i"'

7
i |

I el | ol

-1

ﬂus-m=§:m--m
k=1 al i
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Various Sequences 1 i

Das /

/100%] -g0% | -80% | -70% | 69| 1,

)] L] —_—

Find the following sums.

1) 3(2k+3%

= |

=2ik+§|3-3"'

=]

St 3(3"—1)
371 =3

=n(n+ 1)+ 5

@ 3 (3k7+(=5)"]
3k + 3 [—5(—5)""]
o | ol

L =5[1=(=5)"]
=3 EH(H+1H2H+I}+ T==%)

= 5+(—5)""
= E:rl'l|r|+13(2:fl+1] 8

(3) étﬁk*ﬂkﬂ“}

K +2 2 h+ 2164

il ] =
=ﬁ%ﬂ(u+n{zn+”...3.”%,“(%” : 1ﬁf;;l:—l-1j
= (e D@n D) +1]+ A8
~on(n+ 1)+ A8

PP P B EY PP PP PP Bw W e w e w — — — - = - -
I
=1
b=



26b
| gtﬁ’iﬂk’ +67)

-Hzgk’-nagy #g g

YR S UL SR St =

g~ —
'itﬁlﬁilﬁ-i\"——‘——g—i




N27a KUMON® N 2
Varlous Sequences 1 Narrs
Datn / /
/100%]| ~90% | -80% | -70% | 69| ., —

Find the following sums.
m 1-34+2:4+3-5+--+n(n+2)
[Sol] Since this is the sum of the first n# terms of the sequence whose £

term is Rk +2),

gkik+2)=§|l‘.k’+2k)

=i:fz=+2§:lre

=1

—Ly(ntD(2nt D42 gnn+D)

=La(n+Dl@n+1)+6)
=%n{ﬂ+1}[2n+?}

l\fl
(1) 2-2+4:5+6:8++2n(3n—1)

[Sol] Since this is the sum of the first 7t terms of the sequence whose &= term|

gzktak-1}=§{ﬁk‘—zk)

6k — 23k
=] =l

wwwww';ﬂ'?'ﬁ.’i.é-ﬁ'“'i'ﬁ" vVwWewww

=6-T1]—ﬂ(n+l}{2n+1]—2-%n(n+1]
=n(n+1[(2n+1)—1]

=2n'(n+1)

-~



J

27b
) 1%:24+22:343% 4+t 02 (1)

ol] Since this is the sum of the first 22 terms of the sequence whose £ tem
is R*(k-1),

ék”(ki-l):ﬁ (k*+k?)

ke o

f =ifa”+ﬁfz2
| £

T2
:[-%—n(n-%-l)} +—('];=?t(?l-'r'”(2-ﬂ‘l‘1)

=~11§?z(ﬂ +1)[3nla+1)+ 2(2n-+1)]

s‘il'z‘"”'(”+1)(”+2){3"+”

3
W liesipe A (2n=1) e
(3) 13+3 +D -t I f- . s Of-[h{: chuﬂncg \‘.’hn!‘bk L
| . fithe first 72t '
g is/the sum o

i [Soﬂ Since thi

s (2k—1)"
.".: 2};-—-1)3
E:(
=3 (8h*—12k*+6k—L)
L3 7
&b k=2
HSijﬂlz?}k pEIiiECE L (nt 1)

U YO UL L (0 EWJ’_’W_WTIE "ﬂ iﬂ' |f
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N28a KUMON L
Various Sequences 1 Mare
Data / /
/100%] ~90% | -80% | -70% | 69%-| | .
A p— ] = — L = —rmﬂ I =

Find the sum S, of the first 71 terms of each given sequence.
1.2, 2:3, 34, 45, ..

[Sol] The k* termis k(k+1)=k"+k.
S":g [k=+k1=§fa=+gk

=%ﬂ[n+11}{2n+1}+—;'ﬂ{ﬂ‘-"”

=~é—ﬂ{u+1}[(2n+1}+31

-

=%ﬂ(ﬂ+l](n+2}

L\/
(1) 1-4. 2:7. 3-10, 4-13, ...
[Sol] The &* term is k(3k+1)=3k"+k.
L S.=S (kP HR)=3D K+ Dk
=1 F=ri k=1

=3-415—r1(n~i*1}{2n+l}+%ﬂin+1)
=%‘H(H+IH[2H+1}+1]
=n(n+1)*
() 1-2-3, 2:3:4. 3-4-5, 41:5:6, ...
[Sol] The 2* term is kR(k+1)(h+2)=kR"+3k"+2k.
v 8= (kP + 3K+ 2k)
Py
=S E-r3B K2R
=] d= | k=1
=[—é—n(n+1}]1-1*3'%*n(ﬂ+1)(2n+!TH-Z*%H{n-‘rl}

=Lﬂ'{}']-'|'l}1ﬂ(ﬂ'+1)+2{2H+l)+*’|]

i

4
%nl’.n-l' in+2)nt+3)



B
D

1+2 1+2+3. 1+2+3+4. ...

r mk""t:‘l'Eis.l+2+3+---+k=ik{k+l}='%.““:’+fﬂ. ""‘-.
- Szgé.. (- kk}-é(ék‘%—g,‘) \1~+ﬂ+3+-~+n:§ﬁ]
=)
=—%[%H{H+IHEHT1)*‘—H{H‘i'”]
L =L o (m+D[(2n+1)+3]
I\- 1-_-_] {ﬂ l)[ 2.“
= 2
Z?n[n+1}{n+2}

=

LS S L L LA ko Lt L

“Nrhe £ term s
T e k=L @R D =@ IR, &
= ¥ T ?;5@_.._1;!,.
; 3,:5-%»(&*—;-3@@&1 Pttt e n E?‘l
; _
- ___l_ A 4 L
) =1 (zgk +3%hk Ek)
:Jﬁ-ul [—n{n 1}]1-4-3“-*-7:(#4 1)(2Zn+1)+ —-ﬂ{ﬂ**-l}]
— 1 =L o (ms)nln+1)+(Za+1)+1]
L.. Af it
unln*l) (n+2)

T T e e e F T K X K K K
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N29a

Varlous Sequences 1

KUMON® N 2
Parra
Data /
AR ETAL S s
+rn’ | whes

1. Find the sum of the first 30 terms of the sequence |@.=a+fn

term is 3. 2 term is 5 and whose sum of the first 3 terms is 17.

[Sol] [ a,=3 -
a; =5 =@
a,+a,ta =17 @

From @@,
a;=9

a,=at+f+r=3

a,=a+28+4r=5 -
d,=a+38+9r=9 -

From @~®,
a=3, A=—L r=1
C. a=3—n+n’
Therefore, the sum is

Ea.=§(3-k+k’}

I
TMs

-+ g
[l |

& 6 6

=30-3—-1-30(30+ 1) +-1-30(30+ 1) (2:30+1)

=89080



N23b

2. Given § .[=§‘_._I kin=12..), ﬁﬁd}'_l]_ig,f_l‘ﬁﬂuwing sums.

(1) T.=28.

&1

[Sol] S,=3 k= Jn(n+1)=t(n4m)

B |

i
'a‘ \

Ma

8

Sk +k) €= [S

I

1
-

.I-lk=+ )

=2 (2
A

n(n+1)(2n;i- TJ

m|a—

:—12— (n+1)[(2n ""1' ..!II

?4 1+1)(n+2)

-

(2) U.=§ i

[Sol] From (1), T.= %{ n*+3In*+2n)

LU= L (R34 2) €« |

A=

:%(§k1+3ik’+2§?-’ —

ey
+ [[ ;n{uﬂi] _';,i

=i n -1 n(n+1)+2(2n ) +4]

-
—

2+ 1) (n4+2)(n+3)
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N30a KUMON®

varlous Sequences 1 T

M2

/100%)] ~90% | ~80% | ~70% | 69%~|

yar—_E ]
1. Find the following sums.

(1) éiﬁk‘—ﬂws):ﬁgk’—zgfwga

ﬂﬁ-%-n( n+1){(Zn+1)—2-

1 (n=1)+3n

g ;

—nlin+1)2n+1)—(n+1)+3]

=n(2n’+2n+3)

@) gtfa’+2fe}=§k=+z§k

=[l-n{n+l]]i+3‘%'ﬂ{"+”

]

nin+1)[n{n+1)+4]

Il
a.‘.--

n(n+1)(n*+n+4)

Il
ﬁ-t-—-

@ 3(2rrast)=Fo2m s Rast

_2(2-1)  4(5"—1)
7-1 ' 5-1

=(2™'—2)+(5"-1)

=28 ¥ 51=—3



N30b 1

() 2%-2+4%3+6%4+ - +(2n)(n+1)

B N27
[Sol] Since this is the sum of the first #1 terms of the sequence whose k* term
is (2k)*(k+1),

'i‘.(zki“{!r!‘l):.-i;d(k#_l-ﬁ@

B ] .
1 =4(2k ’+f’.";ﬁ_ﬂ,€)l)\
e *‘?ﬁiﬂ‘l{g}

b |!

| L

ca 1 2 : ."'..'. :'.:.:'- 1
_2[..2_,,“_.:.. o

= ‘ﬂ(l’l'i'l}[g

.JJ-_.'-"- b
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N3la KUMON’ N

varlous Sequences 2 Narme

Data / /
éwﬂ% ~90% | ~80% | ~70% | 69%~| _
! Hil — 1 5 = i e eI : L

g out the difference between each rwo consex

1. Find the sequence by wrilin
lerms in each given sequence.

6. 10. 15, 21, 28, 36, ... wﬂ\}gvm .
(Sol] 4. 5. 6. 7. 8. .. € | 4 5 E TR

(1) 1, 2 4 7. 1L, 16,
[Sol] 1. 2. & 4 5 .

(2) 3 6. 11, 18 27. 38. ...
[Sol] 3. 5. 7, 9. 11, ...

3 1, 4, 11, 22, 37, 56, ...
[Sol] 3. 7. 11, 15, 19. ...

{4} I.E.- 1.?1' 1"1; l!']l 21 "'T. e
(Sof] =L, —3, =5, =7, =9, --

) 2 4. 6 8 10, 12, ..
[Sol] 2. 2. 2, % Z -



il

The term which ;

Whmhﬁdm:ﬂb'mhngm:dmru\. bet
mlhcﬂcqumcc[aghs T
A & Tl et | 'y =
bn—ﬂm—]‘“ﬂ {Hzl 7 A s (——— ;Ef;i JJP

G‘ﬁﬂﬁﬂu}, the sequence [be) B called the sequence of differences of

lﬁwmdmmzmlansl 3. 610, I&
differences s 2, 3. 4, 5

(m > 2)
[Sol] Sy =2
' =13

;‘X\:g

- IS sequernce of
— Usmg thic. find the general term of 1a,),

w—1— FT
Adlﬁngnpihenmnsmmhsadtﬁmau (m—1) equaliies.
CE 7_‘2 =3 +4+—=+n

~ a=|1]+@s354+—n)

%ﬂf 1) '

l

2 Let (B be he sequence of differences of the sequence (<) Usng
e geneal weem of (g.). (> 2)

(ba, find

k ._‘"'Jyhmmm froen all (m — 1) equalines.
L T T

e D T T

o5

srd s iAol dldiddnannoAansedanerANd



N32a KUMON" N
Various Sequences 2 o

Do / /
/100%] 00w [ 60 [-70w [ 60| T

nces and General 1 Term.

“Sequence of Differenc:
Let {b.) be the sequence of differences of the sequence la.l

=1
When n 2 2, ﬂn:ﬂ[_i'g ba

Find the general term of each given sequence (a.).
2 6, 12, 20, 30, 42, ...

[Sol] Let [b,) be the sequence of differences of a.). Then. |b.]
4, 6, 8 10, 12, .. () is the mxithn
L by=4+(n—1)-2=2n+2 €— | seqquenes with 1"

When n 2 2, =l common diffe o

n=}
dn=4a, + 2 (2k +2)
dp= ]

ame”

k=smimrl),
:2+2-~é—{rl—1:|'ﬂ+2[ﬂ_l) (";E éﬂ é
=n(n+l) @
Sinﬂna.=2,ﬂ}isnlmuuewhmn=l.(—~'
Loax=nln-+l)

(1) 2. 10, 24, 44. 70, 102,

[Sol] Let (&) be the sequence of differences of (a.). Then. (balis
8 14, 20, 26, 32, ..
G ba=84+(n—1)6=6n+2
Wlhien n = 2,
an=a,+ 2 (6k+2)
=)

=E~!~E'r~%*( n—1)n4+2(n—1)

=p(3a—1) D
Since a,=2. @ is also true when n=1.
a.=n(3n—1)

‘”! ‘?'ﬁm.ryw..w' WYV WSS W WA W W W W o




N32b

(2) 10, 10, 9 7. 4, 0, ..

[Sol] Let (5,) be the >equence of differences of (4
b —1, =2 —3, —4
b,=ﬂ+fn—1)*(-1}==-—n+l

When 5 =5 B
'anzal-:'-:g-:{-k-i-l} -

=10-501—1) n+(n=1)

=—5(1+3)(n—6) ~@
Since @, =10, @ is also true when n=1.

-

S Oa=— —ZL( n+3)(n—6)

| 9 20 3 54 77 |
(54) 1" 2:"-' z . 2—.;: 2 v 2 po===

[Sol] Let (5..) be the sequerice of differences of (). Then. (bs
L 15" %19 23 |

DT g g e r— =

% ba=ft (n=1)-2=2m 45

2
When n > 2,

an=da, +2:- ( 2k -—%)

=142 (n—Dn+2(n=1) !
a8

=’;%,'-.(_n+1.) (2n-1) @
L i

!" ?EL@EMWE when n=1.
=L(nt1)(2n—1)

B

E Then, (5,55
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N333 KUMON-® N 3!

Varlous Sequences 2 N

Dato / /
/100%] ~90% | ~80% | -70% | 69%~| e
[ r— 1 — = S E e

Find the general term of each given sequence (4.l

(1) 1, 4. 10, 22. 46, 94. ...

[Sol] Let {b,) be the sequence of differcnces of {@.). Then. (b.) s

3, 6. 12, 24, 48, ...
© =327 & buihﬂmmmmﬁ

tmamr.lcmmmz
When n = 2,
au:ﬂ|_l‘§3'2*_l '\...
3{2,‘,[_1} [Eﬂr*'i M U@L‘lﬂ
=14 ('
2—1
=3-2"'—-2 ---@

Since a,=1, @ is also true whea n=1.
a,=3-27"'=2

@2y 1, 3 7 15 31, 63, -
[Sol] Let (b.) be the sequence of differcnces of (4.). Then. (b is

2 4, 8. 16, 32,
 be=2:2""1=2"
W‘I].;mn;z,

-
ﬂn;ﬂll-I'— 2“

=1+ 32:2"

19 227 -1)
Z=1
=g"—1 @
Since a, =1, @ is also true when n=1.
a,=2"—1




N33b

()N85 1, 10, —17. 64,
[Sol] Let (b,) be the sequence of differences of (4, Then, |h.la

lls _’3I gl -2'7! 81- s

o ba=1(=3) = (=) |
When n > 2,

=1 :

= (=30
S I=(=3)

Jea—( -2y >
f-?a-*_ﬁﬁ“(f)_ - -®

e
.
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N34a KUMON N3

Various Sequences 2 —

o / /

é- 100%| ~90% | ~B0% | ~70% | 6%~/ . —

- —

Given that S, is the sum of the first 72 lerms of the sequence (a.). fill m
following blanks and find the relationship between S.and d..

(Sol] When n > 2. S.=Hidahass & dmy+ an D

T T
From @ - @, 5_-‘ =
Aj.ﬂu,.sa': [« £

Ly «ie-Sgs oo

Let S, be the sum of the first # terms of the sequence (a.).
The 1" term a, iEE;=Sl.
Wliﬂn n= 2, ﬂ,.:.s,.—s,.ﬂ

Find the general term of each given sequence (a.) whose sum of ke fir
terms i5 Sy

S.=2n'-3n

[S““ The 1% term 4, is ﬂ|=5|=2'1:"'3'l= =8
When n 2 2,

=(2n"=3n)—[2(| n—1 )*—3(| =1 ]|

= ‘lﬂ_ﬁ ...(‘D
Since @, = — 1, @ is nlso true when s =1

G_H) G-y M —m TSsK




N34b

{l) Se=n*+4n

[Sol] The 1% term a, is @, =S,=17+4-1-;
When » > 2,
an=S,—=Ss
=(n"+4n)—[(n—1)*+4(n-1"
=2n+3 ---@
Since @, =5, @ is also true when n=1.
a.=2n+3 :

e

— fzh —_ ]j-r- L?zgln- I
T -@

"1, O s alsh tre when =1

(J HH-EZH
F:. I:. = =]
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N35a KUMON® N 3¢
Various Sequences 2 " Name
Dase f -"I

/100%] ~90% | ~80% | ~70% | 694~
P e e e B

Tima ! e ]

Find the sum S for cach given question.

m_S=2-l+fl-3 +6-37+8:3%++2n:3"" D
Sinnlﬁu :
(Sol] Multiplying both sides of @ by 3, S=2-144 Se¥2ia-1) 3 E2mO

3§=2:3+4:32+6-3+--+2(n—1)-3"" +2n" i), ¢
From @ —@,
—0G=(2+2-3+2:3742:3 4 +2:3"")—2n-3" €&
2(3"~1) e

e e —— = - '-:i'-c-e- Aty - e s at ot S .

3-1 2n-3 w T may VS 6 T = ) A e

= '§e35e 2E1A+2A R A ST
=—(2n—-1)-3"-1 —

. G= (2?:—1;3"*}*1

\f

b

1) S=1-1 4+2-5+3:52+4-5%+ - +n-5"" @
[Sol] Multiplying both sides of @ by 5,
5S=1-5+2:5?4+3:5++(n—1)-5""'+2n-5" @
From ©—-@,
—4S=(145+52+5+ 5" )—=n-5"

Sl

{4n—1)-5"+1

(dn—1)" 5"+1
16

8=



N35pb I

75 : r
21 S:H"E AN i ¥ -'3-—{ =—7 ,""_3:""" i

[Sel] Mty bt st o T 1

3S= A3 {m—] -3~ g Py
From T —2

g g

==3)-F g g e

TOTA = F e F et _gei
331}
3-1
B 2323
2
2n—37"+3
4

B —

@) S=4-1-7-2+10-2+13-2+—+(@n-1-27" —0
. 1 L e - Lo = z'
[Sel] Maltiplying both sides of @ by oot %

28=4-2+7-2"+10- -2+ -—+(3n—2)- =2

From @-@,
5—4+£3*z—3-z’—-3 P+ 3 2)S0mRD

:=’=-(33~z)-z =_g
=SS (-an-'-r-z-)ﬂ'z'f%ﬂ

-eg...g ziﬁ?’vfwlﬁﬁ""’*m 2>
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N36a KUMON N 3
Various Sequences 2 Niere .
Oma ! B
/100%| o0 | 605 | 704 82 1oe =
Find the sum S for each given question.
S= ks . _J.—_ e L
J1+42 J2+43 J3+J4 In+in+l
Sell b= E=eF1 T
hr kil (Yk+Vk+1)(YE—Yk+1) A=A

=—Jk+Vk+]

Therefore,

S=[—H+1@]“l'{"'i'ri'i'ﬁ}"i"["ﬁ:—ﬁ":‘-]"u—'"*%{—1';'1'1'11—"-‘1} il

=—1+Vn+1 ¢

1) S= 0 P R 2
J1+73  J3+45 J5+V7 J2n—1+Y2n+1
(Sal] 2 = 2(V2k—1—v2k+1)
J2h—1+2k+1 (J2k—1+V2k+1)(V2k—1—v2k+1)
=—J2k—1+J2k+1
Therefore,
S=[*ﬁ+ﬁ]-l—(—ﬁ+ﬁ}+(_4’§+ﬁ]+---+{— In—1+v2n
=—1+V2n+1




1

N36b

e o L
(2) 5= ‘?2_-_:;5 ' 35—1—;3 ;B-i—w"'ll Vin—1+In+2

| 3k —1— 3k +2
3k—1+3k+2 (J‘Sk 1+V3k+ 2) V3k— 1—v3k+2)

[Sol]

=——3-( V3k—1—v3k+2)

Therefore,

1 o e
5= -'%(@—Jg)_%(ﬁ—ﬁ}"%(*@—1ﬁ)—"‘_'§'{t3ﬂ-l"m3
- —L(Z-fam¥D)

3 S=—7— 1_1_#3

[Sol] fa:-l

-y e
Thercfore, %
s=—L /i r)——(ﬁ-ﬂ-ﬂ(f-”" -

_ — 3 [7= it
“'_%?{Ju_—z—f;)—é'(-"--h;éi"m} 7'

=—=(1+/2—/n+1— /n+2)
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N37a KUMON® N3
Varlous Sequences 2 s
Date / /

éwﬂ% 905 | ~80% | ~70% | 63%-| N

Find the sum S for each given question.

1 T T e TR, [

S=Tz%23 " 34 n(ntl)
1 a b
Soll Let ey~ k  k+1
(Soll Ll G+ ) ke k1 (ilipiying B by 1)
1=alk+1)—bk €
={a—b)k+a
l:mtﬁmmcunpmm
o) e
a=1
l' a=ll b=1
Therefore
= J___l_) (L_L) (L_L)__ e L__l_)
5(12+23+34 (nn-rl
—1 1 _ n
n+l n-tl

— 22 gEmZEn oo 2
W s=qy3t35t57 T @m-D@nTD

e =—lgi=—_—b
[Soll Let =) (2" +1) ~ 2k—1 2k+1°

2=a(2k+1)—b(2k—1)
=2(a—be+(a+b)

; {Ei-ﬂ—b}=ﬂ
atb=2
a=1 b=1
Therelore,
2 (%_%')I(éﬂ%)l(%_lf)+ +( znl—l = znl—:1 )
1 _2n

=l=7n+1 Zn+l



)

'
P s
| 1 ) v 1 B

e T

=*=ﬂ@ -éﬂsa@g
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N3g&a KUMON-" N

Varlous Sequences 2 Narme

Diatar / /
/100%] 90 [-80% [~70% | 69~ T .,
P I = . = : =

Partitioning the sequence of positive odd numbers into groups as sho=

below, assume that the #® group conlains A LeTms.
1 |3 517 9 11]13. 15 17 1912 -

1= group 2™ group 3™ group 4* group
(1) The m® term is the first odd number in the 10* group. Find 2.

- T Tz 8l% & Ol |=p=
[Sol] The number of terms [rom the 1* w0 !me g

the 9* group is:
1+2+3+----‘-9=ik=l~9{9+1‘,i=rlc‘“:- () <« ét-lnﬂr
e ' Lo

L= m ‘ S he Lt pem= B i B e i e T, |
y |t et e a5 1 i B | A, |

(2) Find the first odd number x in the n*® group.

[Sel] The »® group contains 7 lerms.
When n = 2, the number of terms from the 1% to the (2 —1)* group

1+g+3+-~-+{u—1):"2"1;-=l(n—1},.
=1 2

Therefore, the first odd number in the n® group is the [' -;-'[n—lhl -1

LT

x=2[ %(n—l}n +1]—1= n*—n+1

Since z=1 when n =1, @ is also true when n=1.

Lox=|n'—n+l

(3) Find the sum S of all odd numbers in the 7™ group.

[Sol] Since S is the sum of the arithmetic sequence with 1% term | n'—n—
common difference 2 and number of erms A, '

Si"é'ﬂ[.?:{ n’*rﬂl}-l-in—li-ﬁhm €« ‘&.@N&'ﬂ[&’rli'—|

N e S TR S A B T S et 'H{[--HJEI'I '"“‘“]'% gy =

e —————

A ———————— e S —
A st of mumbers partitioned under 2 certain nile is cal ledl o group.




N38b

Partiioning the sequence

ol natural numbers intp Eroups as sh

that the »™ group contains 25 terms

oo 6178 9. 10, 11, 12 |13,
I“group 2™ group 37 group

own below, assyme

1 Fhe 7" term s the first natural number m lh:E‘grunp, Find m
[50l] The number of terms from the 1" 1o the 7= grouop is:

25456 +14=F 2k=2-1-7(7+1)=56 ,)

s =0T

(2)  Find the first patural number r in the #* group.

[Sol] The #® group contaims 2 terms.
When n - 2, the munber of terms from the 17 to the (7—1)® group is:

3t 4G+ ~Efr:-l)=gﬂr=‘2%iﬂ—1}.n=-‘{5n-llu.-
Therefore, the first natural number in the 7 groop is the [(a=1)n-1]

lerm

s L 2

. r=n"—n+l
‘(3} Find the sum S of all natural mumbers in the #® goup: "
T e A ._H'L.-H |
[Sol] Sinee S is the of the arithmetic ju_;[m_mc with 17 =
' comman difference 1 and number of iems 27,
=L 2nla(nt=n +1)+ (zn—1)-11=n@s"+1)




N37a KUMQON" N

Varlous Sequences 2 Farme
Dato / /
émtﬁa ~90% | ~B0% | ~70% | 69%~| . =

1. Find the general term of the following sequence.

6, 24, 60, 120, 210, 336, 504. --.

[Sol] Let {a,) be the given sequence, (b.) be the sequence of difference
(a.). and (c.) be the sequence of the differences of [bx).

(@.):6, 24. 60, 120, 210, 336. 504. .
(b.): 18, 36. 60. 90. 126, 168. ...
(ca):18, 24, 30, 36. 42, ...
S ca=18+(n—1)-6=6n-+12
When n 2 2,
b.=b,+:§{ﬁk+12}
=13+ﬁ"’%'{ﬂ—1]ll+1_2(ﬂ_1}
=3n*+9n+6 --O©
Since b, =18, @ is also true when n=1.
Jo be=30"+9n+6
When n 2 2,
a.=a.+g{3k‘+ﬂk+{i)
=‘G+3-%{n—l}n(zn—llﬁ-ﬂ-%{n*l}n-t-ﬁ{n—l‘.i
=n(n+1)(nt2) @
Sinte a,=6, @ is nlso true whem n=1.

o an=rla+1)(n+2)



N39b
- Mol 3 1 2 3 4
- 2. Given the sequence 1, 2 2" 33 3 4 4 4 4 ooy the

m‘mnm*ﬁ“ Find m. Also, find the 48 term.

| [Snl] Partitioning the sequence into groups by the common denominator,
i ‘J.1|.L 2 1.|;L 2N
[P e | [T e
' —is the 5* term in the 11* group. {-.

Simer, “" 71* group conlains 1 terms,
s mumber of terms from e 1# o

.....

it
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Dato / /
Al T ETAE T
1. Find the general term of the following sequence (a.l. m N

7. 19. 3761, 91, 127, -
[Sol] Let () be the sequence of differences of (a.). Then. (b.) is

12, 18. 24, 30, 36, ...
S be=12+(n—1)-6=6n"+6
When n = 2,
an=a:+ 2 (6k+6)
E?+E-T,1!-(ﬂ—1}n+ﬁ{n*1)
=3n’+3n+1 @
Since a,=7, @ is also true when #=1.
S ay=3dn"+3n+1
2. Find the general term of the sequence (a.) whose sum of the first n b
is Sa. mp |
S.=bn—n"
[Sol] The 1*temm a, is @, =S,=5"1-1"=4
When n > 2,
Au=Sn— Sas
=(5a—n?)—[5(n—1)—(n—1)"]
=—2n+6 @
Since a,=4, @ is also true when n=1.

L. g a=—2n+6




N40ODb

3. Fimd the s S for ot g g
(1) §=1-1-2-3-3- 7243 = =, 3=
[Sol] Mzlsipiying both s of @ by 2
3S=1-3+2-3-3-3"«——(g—113"-
From D—2.

—25=(1-3=-F-F=-—3F " )—n

-_,___33::- mn-3"

3 3 . 3 = 3

iF) S=

o

14 &7 -8  (a=—2iia=—1)

3 s b
Boi) It @D %2 =-1

3=gl3=1)-bl3k—-2)
=Ma—blk+(a+2b)
Ala—-b1=0
a<25—3
E T =1
=

(i D (3=5)= (&)

-
=17 7a=1 3=+l

Ll

—

=

1

B i

a7

19

im -

N33

m N37

l J

}

e —————— A At e A A D A A AT
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Recurrence Relations Ny o
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/100%] ~90% | ~80% [ ~70% | 69%-| =——==——op

FAT [ ] —_ == et A == g - =

Given that the sequence (4, satisfics the following rwo conditions:

( i) @, =2
(i) gn1=3a,—1 (n=1 2.3 el
fill in the following blanks.

[Sol] @;=3a,—1=3-| 2 [~1= 5|

a:=3a,—-1=3-| 5° -1=@

a.=3a,—1=3:| 14 [—1=| 41

== v VL OCFL S S T ==

From the above, each term is successively determined from a, lo dx, 4, 4
one afler another, then one sequence (a.) will be defined. A condition sug
(i), where the expression defines the relationship between Fwo or more consecl
lerms in a sequence, is called a recurrence relation.

Find the 4® term of each given sequence {a ) defined by the following condi

m ﬂ|,=*1; ﬂ.+| =2a._3

ﬂa=2ﬂ;-3='?
i a{=2ﬂ:‘3=ll

(1) a:=1 Gui=3ant2
lgnl] a;=3a,+2=5
a;ﬂﬁﬂfl'2=l?
o ﬂ';zﬂﬂ]'i'2=53

Usiliess otherwise speaified. Uk recurence relution is defingd by n =1 2. 3,



ISd] z=d,~1=86
g:=a;—2=%
- G.=a;~3=11
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Find the general term of each given sequence [a | defined by the followmg

conditions.

a,=1, Gui=a;+bH

[Sol] a,=1 |
ﬂ:—ﬂ|+5 =0 L; Eﬂ- 11-’- e
ay=a,+5=11|35 &5 |

Therefore, [a.] is the
arithmelic sequence with
1* term 1 and common

diﬂ'ﬂrenm.a

\ a,=1+(n—1)-5 ("v,
=bn—41
mﬁuﬂ_!-“ﬁT

e R ) BTE |

' [Sol] a,=3

(4 :3| i me1 ZZHI

ﬂ:=2-ﬂ|;:ﬁ g 3 I.E._
'\-..'...P'
ﬂ:zzﬂ;:].z ;{ E

Therefore, (a.) is the
geometric Sequence with
1* term 3 and commen rano:

--' a.za_gﬂ"'l ﬁ

|Il:'_ﬂ=ﬂj,_:1
_l{!ﬂ'u-ﬂiﬂ"'

kﬁ#

(1) a,=4, Gu.=axt8

[Sﬂl] a, =4
a;=a,+8=12
ﬂ3=ﬂ;+ﬂ=ﬂu

Therefore, |a.) is the arithmetic
sequence with 1* term 4 and
common difference 8.
L de=d4+(n—1):8
=8n—d

(2) a,=a. Gua=antd

[Sﬂﬂ a,=da
a;=a,rd=a-+t+d
dy=d;+d=a+2d
Therefore, |a.) is the anthmetic
sequence with 1 term a and
common difference 4.
ax=a+in—1)d

{3} ﬂ;=5n ﬂn—l="1-ﬂ‘ll

[Snl] ﬂ|,=5
Et:‘lﬂ'l:z{'
ﬂ':*:"lﬂ]:m

Therefore, |a.] is the promem
sequence with 1° term 5 mnd
commaon ko 4.

an=58-4""

(4) a,=a. @e-s=Trdax

[Sol] a.=a
d;=rd,=ar

ﬂ;zrﬂr‘;ar“:

Therefore. (a.) is the geometr
sequence with 1% erm a and
commen ralio r

LR |
o o —r




® a,=3 Ceu=ai—7 "N -5 @er=—2a. |~
[Sell a.=3+(n-1)-(—7) [Sal] ar=—5(-2)""
=~Tnt10
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Date / /
/100%)-00% [ B0 | -70% | 69%~| .,
S m— 3 — ] - z i et - —

Find the genernl term of each given sequence (@) defined by Lhe following
conditions.

a,=1, Apsi = An T30 ;-d Iﬂ:thHt-hrwd_
Pt [t
Sl X
§ | el
Since Ilu: general lerm of Lthe sequence of ("‘ - &=

differences of (a,) is 3,
when n 2 2,
When = 2

_a|+23k 1+3- _{ﬂ"]i}” é d.p—-'ﬂ';""gb'}:

=5 (3n’=3n+2) @ \HED
Since @, =1, @ is also true when n=1.
a..=-12"{3ﬂ’—3n+2)
k’#
(” ﬂl|=31. Hu+l=ﬂu+ﬂﬂ
[Sol] aw.. —a==0bn
Since the general term of the sequence of differences of (g.) s 67,
when n = 2,
| sl )
ﬂ,=ﬂl'|'§’ﬂk=3'|'ﬁ“%'{ﬂ_”ﬂ
=3(n*=n+1) ~@
Since a,=3, @ i5 also true when n=1.
=3(n*—n+1)

(D) a,=2 dea=datn’

[Sol] G i—Ga=n"
Since the general temm of the sequence of differences of (a.) is n’
when 11 2 2,

a“=a.+§k’=2-i*%“{:l-l}u{Zn—l} - ilgﬁ":%n{n-lﬂb
=—é“(2-ﬂ"'—3n’-'rn'f-LZ} (D
Since g, =2, @ is also troe when n= 1.
au=o-(2n' = 30"t +12)




N43b

{3} ﬂl':d- an*l=ﬂ:+‘1'ﬂ1

I.*I.“

——— Tt A U S DS S S

[Sol] @m-i—an.=4n _ .
Since the general term of the sequence of differences of la.lsdn’,
when n = 2,

E .- 1
=1 1 ; | = k= nlatl)
a.=a+ Sk =4T4[—2{n 11:1] « Z _[1 I

1y
—p'—2n'+n+d O
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L

Assume that the recurrence relation d - =pa.tq - D is true when p and @ :
constants ( p70, p+#1). By using r which satisfies = pr+ q where a.., 2nd
are both replaced with x, prove that the recurrence relation @ can be reamang

inlo @p,—x=pla.—x).

[Sol] Since r=pr+aq. r="1—, =@
Subtracting the RHS of @ from the both sides of @,

LHS=asii—5—¢ (D

{ — —
R}15=ﬂa,+q*-—q—=m.+ i :; El

1=
=Pﬂ.*ﬁ=ﬁ(ﬂ,—w) @

From @ and @, @uei—x=p(a—r)

b bd ‘D ‘b D ‘DN

Find the general term of each given sequence (a.) defined by the following
conditions.

ﬂj=3. ﬂ..|=3ﬂq_2

[Sol] Since e =3a.—2, ami—1=| 3 |(a.—1)¢—|RplumpEah

Let by=a.— 1. =32

\ b"*:E b, @ 2z

b,=a,—1={2| @ ht 1'lbuﬂililugmm
with 1* 1erm b, = 2 amd commm
malio 3.

LT L

From ©® and @, b,=| 2:3"" | €

i

i L i -.j.:'z | HE'E E F:. 1: SED




‘*

4b |

Ef, "1..- f}l:n'l' _‘Ea"‘-'l |

| Bimer o . =90 <1 e
A - - —T =4 E-_-E =
S = ﬂr—wiﬁ-‘.‘;

b =28, —D r=2==]

— =]

b= =1=5 —&
From L md 2 _ b =3 77
5 da=b,—1=5-7""—1
a,= 1-' (7 JF =h’."‘3

[57] SEez g —24.73, @e+3=2(a.+3) VR ———
 Latb.=ma.-3 “ﬁﬂ:ﬂhmﬁ
=2x+3

-

L | b =26, (D = s=—3
.'i=ﬂ'|'i'3-=4i "'@
From @ and @, b.=4-2""'=2""
S aa=b—3=2""-3

{3) ﬂl_:l- 3“-»1 _2‘-’.-:3

e
) — e [m——
[Sol] Since 3wt —284=3, Gmi=730+1; berefore. [FFEEET =5
ad w1 _3'="§;{ﬂ-_3} F%‘:t**l
- =3

lﬂ b-'=‘ﬂ._'3r (EE e
—2
bi-l - 3b: w

by=a:— =—92 —Q
From @ and @, bx= _,2( % ).-.

Loau=tatI=—2 (-%-)mI +3
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/100%/ ~90 | -80% | ~70% | 6% e ) _
Find the general lerm of each given srr[um:;:c (&) defined by the followmg
conditions,

X, - —

a, =1, HH-I:"E_HT_;E |m—-=q
[Sel] Since a"":ﬁﬁhﬁ' a,l.-. = 4{::'_3 :i +4 ‘t!ﬂf E_{'&“ -
Let b.=ﬂ+ﬂ. Since buei =202+ 4, ~, & lam ax

Doy +4=2(b,+4) @ J mﬂfrﬂ
1 | =

by4d=—+4=5 @
a

L

From @ and @, b.+4=6-2"" €

LT b

=5:2"" =4 [{p.+4) is the geomenis sequer
e U with 1 texm b, +4=5 tmd commm
TS T mtlo 2.

L\#l

. = B
{.1.:' El.""‘zv ﬂ'}pﬂ- Za-,,l-l-:i-

dn 1 _2a.%3 _ 3
Eﬂu“l‘a' [ r e {1n [ %

=1 =ab.+2,

[Sol] Since dn..= 4“3

Let ba=
buui'l'].:ﬂ[bu'q'_l] "":D

— b
b:'i'l-ﬂl F1 ) @

From @ and @, ba+1=", 3 3~=.3é_
__31,_
blﬂ_' E 1
Fr | :_L-_— 1 = 2
n b. _':i"__l an_z




N45b

¥ = = — ZHu
{J-:!} H! I.l a’h‘-l_'_ an_._]'n

. " . dd, 1 _a.T 1 5]
Goll Since e =—"2"—, = = ¢ 2
[Sol] Since a,,., P T TS a. 2

Let ba= ! . Since bpa=2bs——
'y

{3.} GI:S- farl = 3(’4’,‘5‘

- __2a. 15
[Sol] Since dar= 73, 15" g

Let b..:"l—- Since Du-1=
= _
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Cato / /
/100%) ~90% | ~80% | ~70% | 68%-| —
i) — — i [ LT : 15 &
Find the general lerm of each given sequence (&) defined by the followmg
conitions.
a,=1. du1=2d.—3" | s
Sabstintmg ?*Ebi
[Sol] Dividing both sides of dmi=2ax—37by 3", g Ay mt';
_.——ﬂ"" —...2-.'-»,_{1_"___._1.. I 3
TR R Y@= 2 ax L
e Tala g i i |73 3 3
L.ﬂ.. b"— EHLSIE.‘:E b"t'— abu 31 <_ e

bn-:'l'l:%"{b,..-!-l} =D |Ib#m1h£h;.f=-3~£—%
| == |
; 1 4 :

-'J-'fII‘gT*‘l:j - @ N | b Ll e
1412 i 7.\ i :_ﬁmﬂﬂ'ﬂ“mjﬂ

From @ and @, b,+1=-€ Ti") =2(§) &/ wih]"=m

hi'i":l;-*i'l‘.ﬂ

22\5 3

: lmmi—
- amstmr2(Bf —i]ere ,

(1] ﬂ]mll ﬂm|=ﬂa.+2' |
[Sol] Dividing both sides of O =3a.+2" by 27", |

dwer 3 ﬂ"..q“,‘l.

i 3 E——

En‘n - L /)
_ O o sl
Let bn"' E,-SIIII:E bm.il_ zbu+ 9

| bhnl+1=%'{bn+1] '“*{D

=

-

-

R

—




ER

[Sol] Multiplying both sides of @i =aa 5= by 27
zhlam‘: =2-2= =2

Let b.=2%a,. Since b..,=2b.+2.

]

’ bas +2=2(h.+2) D
by *2=2'a,+2=4 @

From © and @, b.+2=4-27"=2""
=27 —2

S I
e d‘,,m-E%ﬂ::_f{z J_z):z EF-'
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I:}-*';:n_ ) _}r___ |"r_
00 o] 0o 70w [ | . - =
J penaana) [} — P — [ | 2 T s

Assume that the recurrence relation de.at Pdn-1 T A0 —0 ---D 15 rue whef
p and g arc non-Zero constants. By using [wo solutions a and g of quadrat
equation i+ pr+q=0 where Qn-z de- and a. are replaced with = f
and 1 respectively, prove that the recurmence relation @ can be remmanged n

ﬂl"'l _uﬂ-cL:ﬂ{ﬂﬂil _Erﬂ,,:'.
[Sol] Since two solutions of xr’+pr+q=0arca and 4, from root-cocihicient

relationships, = ——
Tre= B = rooi-coeiTicient relationsh=

a+p=[-p| @ .ab=|a | O € et two solutions of =’ = br = g
| (g=0) be azd 4.

a+ B= -—f,::. =5 [13D)

PR

Substituting @ and @ nto O,
ﬂ,a:—{l ﬂ'+ili}ﬂ..|l+ll ﬂﬂ . ﬂ‘,..=[]

Busa— Bah.l = @a... — ||__ai—|| dn

‘. dea—0ne; =B{Ane —ada) =@

ge ‘g 0 gm gir b — SIaw
@ is also true for the equation Auey—Ba w1 =a(@u—Ba.) when a and /g

switched.
Find the general term of each given sequence |a,} defined by the following

conditions.

m_ﬂt=ﬂ. 51:2. ﬂ'"_:—ﬁalll+ﬁﬂ!=ﬂ ( = !
[Sol] Rearrunging @a.a—5@ e+ 0= 0. . [@== R |
e e

¢ it
ﬂq-g""ﬂ-ﬂq.]:E(ﬂ_.._ﬂﬂ-] @ f:rjzifam |
|l o

From @, the sequence (@a.) —2a.,) is (he geometric sequence with 1% |
term a;— 2d, =2 and common mliul:.'i].

2, a,_.r2u.=2-ET'" @ |
From (. the sequence (@a. —14.) is the geometric sequence with 1 |

lerm 43— 3a, =2 und common miﬁ\i\.

. deni—3a=2-|2 ‘|*"'=E @
From @ and @.a_=\ g.qmi—9 | &= [@-@

oy e ol il 2

\ ﬂu-irzﬂnilZB{ﬂ--l_E‘aH} “'{:D ;:' I’_Eﬂ":*'ﬁ.=u'




IN4TD

{1,] al:l. ﬂg:.'EL H.‘z_?ﬂm-:'::lza..:{] —
[Sol] Rearranging &--2" Td a1 —12a.=0, ~, withr', xa;'m
s | p-Tpe12=0 i

j an-i_gﬂg—j,:‘i{ﬂn-irgal} '“@ =

(ﬂ" {r=3)(x—-d)=
:Erﬂ,.l"iﬂ.] -F‘&) S.or=3-4 } ®
—w.}ﬁm:gwm:tritscqmwiml'm

l ﬂ,.:—ﬁia,q

From D. the sequence | @ -t
a;-3al:21ndmmmml-aﬁ04.

a,,.,—Sa.Zz-d"‘ ---@
From @, the sequence (Go-1—4aa) 1 10E geometTic Sequence with 1* term

—1 and common rano 3.

1 a:__dﬂl
.- ﬂn-l'_"i-ﬂ,r_—'ai_l "'@
Fm@ﬂﬂd @‘ ﬂ‘:Z-_i""‘—-a‘_‘ [_—_zﬂl-l_anul

=10 ﬂ-:=1- 5d -1

(2) da
:3“1‘*1-&'2&"

[Sol] Since 3d=-s

(X
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/100%| 00 | -80% [-70 | 69| . .
A p—y — — 1- i ——

Find the general terms of
following condilions.

the following sequences [a,l and (b | defined by

F a,=2. b,=1

AT TN TETTD e B L

des=3antbe =D
bl.&]:ﬂudl':ibn ""@
[Sol] From @, bx= —3@xt dn- =@ _
From @, b,-|:_3 ﬂ.-:_+ dn-1 -: @' ("‘ ILI:EE:TJ
Substituting @ and @ into @, -
[ —3a.., T e 1=a.+3( —3a.ta. .i}
Anes— B8 ney +8an=0 SR |Rfﬂlﬂ=m5 —
Rearranging ®, ~ |a-¢ ey G WL
=) 1 1 respectived
ﬂ..-:“"Zﬂn-L_—- 4 la.-j-Ea.} @ '!_fﬁ_r_a 0
— (" (r—2){x—4)=0
Gog—Adun=| 2 (@ni—das) ~@ | = z=24

From ®, the sequence (@,..—2a.] isthe geometric sequence witl
term a;—2a,={(3a,+b,)— —2a,=3 and l:nmmm:lmhnl 4 (

N o
From @, the sequence (@,.; —4a.) is the geometric sequence with
erm a;—4a,=(3a,+ b\ ) —da,= 2
)

[al+[2] -0em
From @ and @, b.= _HH%H'E.,-1+EIH i %1(3‘ il .'ri
|Eﬁﬂ___u.w-}:g-,.wu |

n-..,--%i'.'.l'--l"ﬂri".“!_
!rh" = e

—1 and common ratio| 2 .

w1

. a.!.*"iﬂﬂz-

@_m
Eﬂu"-] -1

From ® and @, a.= -12—{3-

L[z

==p I--!'??E_ e I e




||

48D

! a,=1. b,=3
o dna=3a.+b, Q@
' \ bya=2a,+4b, (D)

iul] From D, ba=—3a. a1 =D

' From ®. bpor=—3@n1Fanz @

Substituting @ and @ into @,
—3:1,1.1-!—{:,,”:2&..-'-"4(-3&.+am}

ﬂu.—:"?ﬂ,,q"l'lﬂﬂ..:ﬁ @

Rearranging &,
\ Bueg— 2 ney =5y —2a5) @
ﬂ,.g"5ﬂm;=2{ﬂn.1"ﬁﬂn) “'@

—92a,) is the geomelric sequeEnce with 17 term

From ®, the sequence (@t
=4 and common matio 2.

| o.-zo=(aatoi=ze

| a,-._,.—-Za.,r—'d*B""' -+ ®

.-i From @, the sequence 7 P —5a,) is the g-.:nmt:tri:: sequence with 1 lerm
ag—dﬁ'a.-=(_3ﬂ.+b.)#5ﬂ.=1 andcﬂmmmmliﬂ?-

T : a.r_.._.;-'ﬁa.--ﬂ"" @

:} From ® and @, al=—1§-(il'5'“‘-'2"') =@

|| > oaies=—3" gy g (8T

| ~L@sTH ')
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Recurrence Relalions T
=
/100%]| -90% | -80% | -70% | 6% =
1. The sequence (a.] is defined by Lthe ful'inwing conditions.
1 1 A nldwe

@i=g: 813 Ani= 9, g, +28.8n-

(1) Let .!;,,2:11—-. Express ba.a in lerms of bp-y and .
Autlnss
Qu—Qney T20a8ney

[Sol] Since gn.2= 7

1_ - zﬂu_“audq'i-gﬂnau-l = 2 __]-__-'_2

H'I': ﬂua.-l ﬂ.-l au_

L{“- b.=_al_- b.-]ZZb-fl_b:'i'g

(2) Let Dpey—bn=Cn. EXpress c, in terms of n.

[Sol] Let bueir —bu=¢Cn

. Cu—'|=blli:_b”1| |Fmﬂk‘
=(2bmlvb-'i'z}_bnq[ Il hhﬂzzbhi|-h._""':
=bﬂr[_bu+2
=E||+'2 .M{I} =

1 1 _ | lex) s the enithmetz
ci=bi—bi=——=1 =@ % | sequence with 1" werm
al ﬂ| ) g

: £, = | ontl common
From @ and @, c.=1+(n—1)-2=2n—1 € | difference 2.

(3) Express ax in lerms of 7.
(Sol] From(2), baei—ba=2n~1
Singe the general lerm of the sequence of differences of |b,) is 2n—1
when n 2 Z,
bn=b|+§{2&“—1]'—*2+3'*‘%{ﬂ—I}H-[n—l}
|
=n’-2n+3 @
Since b, =2, @ is also true when n=1.
5 hy=nt—2n3

e a1
SR TS P G

LE R AR VAR R R R DU R

%
P,

—ee




N
-149b

== 'St ]'l S-If - 131 Sl"‘: IEEH"I 35‘5“ |

are true. Express S, and a_ in lerms of i
:}]] Since S,-H-;: "135..-1‘_365 S
Rearranging @),

| Srr-i+gsﬂﬂ=—dl‘:5u..l+ﬂsnj
Sl—i"’-"‘lsn-l: —QfS,.-, +45,)

u.-;r"!‘ .1-35.,-1 '—SESHT_“ ...G}

-
" - i e
: A i
L] - T
| o SR A
{ - & ' g LN
£ [ i
2 b o L
- S fnet il i
L
- - i
7

a1 89S,] is the geomerric mum::: with 1*
lerm S; 95, =— 4 and common ralio —4.

L S 95 = A=) = (—4)" @
From @, the sequence (S..,+15.) is the geometric sequence with 1#
lerm S;+45,=—9 and common ratio —9.

S Sen A4S, ==9(—9)"'=(—9)" --@®

From @ and ®, S.=5[(—1)"(~9)"]
The 1% term a, is ,=5;=1 3

Gienemal Term (N34)

From @, the sequence (S

ﬂ’,-=5.'5n-:

. o e

— L~ i) (-9 T [~ =0
=%[( _4—1) =) (1) (=9)""]

()= 2=~ —®
Since ay=1. @ is also tue whea 7=1.
. e (A=)
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L) 4 — = =

Find the general term of each given scquence | @) defined by the following

condilions.
(1) a.=6. gn=antin

[Sol] @n.i—aa=14n

= N

Since the general term of the sequence of differences of (G, is dm.

when nn 2> 2,
m= |
a,=a.+§4lk=ﬁ+d--21—{n— 1) n

=2(n*—n+3) @
Since a, =6, @ is also true when n=1.
e an=2(n"—n+3)

(2) a,=2 apa=2a.t+5b

(Sol] Since @n.i =2as+5, @n+5=2(a.+5)

Letba=aath.
| bnti=2&u ""@
bi=a,+5=T (@D

From @ and @, b,=7:2""
L dan=b—5=T-2""'=5



N50b \

1 a
3 I=___l na| = =
3 a 3 a T "
[Sol] Since a,“.—-‘-g"-——, —L_ __4_@:-:.,_-_1: = [
da,.—] Qns d, a,
Let b =EL. Since b, 1 ==b,+4

al @
From @ aggq D@, b,—2=(- 1)"

On=i=1)""1 1 2

w N
{4) a,=2, a;=1, -'.‘I,,_p:'-'a,,.,'i-ﬁa,.

[Sol] Since a,,.,= Aneytha,
Rearranging @,

AneaT20n.1=3(a,,,+2a,) @
aﬂ*ﬂ'—agﬂ.*l = _"2(.‘.'1’,“1 —'Ba”} "‘@}

= -
Qnsg— G ney —ban, 0

i
poe WA

= ic _w;;h.'l-lf
FIIIIIII @: i-hc Eﬂ'[llﬂllt'ﬂ ‘apn-l +2a:q-} Is [['l.ﬂ' Eﬂﬂmﬂm
@z2+2a2,=5 and ¢ommon ratio 3.

- @nat2a,=5-37 Q) equen® with '
From @), the sequence (@p.1—3a,) is the geomelnic
—3a,=—5 and common ratio —2.
Duey—3a,= —-5-(_2)»-1 =B
From @ and ®, a, =314 (— )=
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F Tr— ) = — — 1~ el ; :

P Given that 2 is a natural number, prove the following equality.
2+4+6++2n=n(n+1) ~O

[Sol] (i) When n=1,
LI-IS=@. RHS=1-(1+1)=| 2
Therefore, @ is true when n=1.
(ii) If @ is true when n=k&,
o446+ +2k=| k(k+1) | D
_I_
When sn=Fk- 1, rearranging the LHS of @ by using @,
24+4+6+--+2k+2(k+1)

=| k(k+1) l+2{k+1} Q“‘

=(k-+1)(| &+2 |)

= The RES af @

Ganlari 1) ¢ DRSS
Therefore, @ is also true when 7=k + 1.

From (i) and (ii) , @ is true for all natural numbers n.

1+3 T+ (T+0Y (T+1)F T T

The method of proof shown above is called mathematical induction.

“Mathematical Induction J
To prove thata proposition P is true for all natural numbers 7 by mathemats
induction, the following lwo siatemenis have to be proved.

(i) Plistrue when 7=1.

(ii) If P is true when 1 =#, then P is also true when n=Fk+ 1.

A statement that can be cither true or fulse is called o propesition.



e

iven that 22 is a natural number, prove the followi .
* ing equality by m )
ﬂ.lh{:mu“

duction.
P, O AR 04 ] Y= p? - @D

| (1) When n=1.
LHS=1. R1IS=1"=1
Therefore, @ is true when n=1,
(ii) 17D is true when n==r,
] +3+ o+ (2k—1)=k* @
When o —f.. . 1. rearranging the LHS of @ by using @,

{43 c5te+(2k—1)+[2(k+1)—1]

=h2+2k+1
=(k+1)
Therefore, @ is also true when n= =k+1.
From (i) and (i1), @ is true for all natural numbers 7.

Given that 72152 natural mumber, prove the following equality by mathematical
induction.

A+16+28+- + (12?!‘“3)=2ﬂ(3ﬂ—'1=) @D

f] (i) When n=1,
& —AlRHS =2:14(31 SIS

Therefore, @ is true when n=L

(il)lf@lstmawhenﬂ—k
4+16+28+" +(12k—8)= —op(3k—1) - @

When n=k+1, A
A+16+28+F - (120—8)+ 112G 7V 8l —
—op(3k—1) 12T +4
—gk*+10k T4
-2(f;+1)(3k+2)

3(k+1
2(#"'”&) is alEO wl:lt:n r_rﬁ-..!z'?'
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1. Giventhat misa natural number, prove the following equality by mathematy
induction.

1-2+2-3+3-d+---+n(n+1)=-13—ﬂ(r:+1]{n+2} @

[Sol] (i) When n=1,
LHS=1-2=2, RHS=%-1-{1+1}{1+23=2

Therefore, @ is true when n=1.
(ii) If @ is true when n=k,
1.942:343- 4+ +(k+1)=7k(e+ 1) (k+2) —@

When n=Fk+ 1, rearranging the LHS of @ by using @,
1-2+2-34+3:4+--+klk+ D+ (k+1)[(k+1)+1]

= Le(r+ 1) (R +2)+ (k+1) (e +2)

=Lkt D (e +2) (k+3)

=%n(k+ D[(k+1)+11[(k+1)+2]

Therefore, @ is also true when n=k+ L.
From ( i )and (i), @ is true for all natural numbers 1.

. S
s R Pt 1‘&; -



=iven that 7 is a natural number, prove the following equality by mathematical
wduction.

m+m‘+1n“'—.a--+1n"=%{m"—u @

f‘] (1) When n=1,
Therefore, @ is truc when n=1.
(ii) If @ is true when n =k,
- 410n=1H 00D -0
10+10*+10 o107 =g
When n=k+1 rearranging the LHS of @ by using @.
1n+1n‘=+m=+---+m'+w‘”

_10 (1pr—1) 410"
ey

T Y S S R e e e YAy S N W i) ..ﬂmﬂ.‘uﬂ‘ l
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= /- r——) [ — —_ = [ : ' e —
) 1. Given that n is a natural number, prove the following equality by mathemnal:
9 induction.
1 | e | 1 et
4 2 ira T AT, e
E [Sol] (i) When n=1,
£ 1

el e e g
LHS =175 =5 RHS=727=7%
Therefore, @ is rue when n=1.

(ii) If @ is true when n=£k,

. e | = IRy
Tt s R, BT Y
When z1=#k - 1, rearranging the LHS of D by u:sing@

T O B 1

1.2 723 34 " RGEED [fa—l}[tk 1)=1]

k 1

1’ {fe‘il}[k'rE}
__k(k+2)+1

(fe=-1)(k-+-2)
_ (htD)?

(k+1)(k+2)

fei-l

f-‘."rE
T 4

(k1)1
Therefore, @ is also true when n=& -+ L.
From (i ) and (i), © is tue for all natoral numbers .




'3b

iven that » is a natural number,

: prove the follown i .
hduction. £ cquality by mathematical

{143 4, ntl_ . n+3
L+ =2 -0

1 (i) When n=1,
] 1+3

LHS =1, RHS=3*'2—1—1 -
Therefore, @ is true when n=1. '
(ii) If @ is true when n=Fk, =
- + R A '
When n=F-+1, rearanging the LHS of ® by using & i

2 g 750 W hd Va5 | =

i

..........

e
2.3 S = e
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m_ﬁivcn that #1 is a natural number, prove the following statement by
mathcmatical induction.
2+ 2n is a multiple of 3.

[Sol] Let the statcment sy 4+ 257 is 8 multiple of 37 be @.

(i) When n=1

] +2ﬂ—‘D—'2 _l_J

Therefore, @ is true when n=1.
(1) If @ is true when n=k,
using an integer 7,

k‘+2k=Em @ € (W2 s mmitiple of 3

When n=4k+ |, rearranging by using @,
(k+1)*+2(k+1)
=(k>+3k*+3k+1)+(2k+2)

=(k'+2k)+| 3 |(R'"+k+1)

=113 m-l-ﬁ(f.-‘-l-kﬂli
=g [(m+h*+k+1)

Since m-+k*4k+ 1 is an integer,

(k--1)*+2(k+1) is a multiple of J.

Therafore, @ is also true when n=k+1.
me[i]und{ii},@islruufmal!nnmmlnumhﬂsn,
\#

§F 8RR e T

o

NLLELUVLL LUV E B s S8 08 00

G S




a_ .
2n°—3n*+ni6is a multiple of g,

[Sol] Let the Statement 93—
(i) When n=1.
2n1‘3ﬂ2+?1+ﬁ=2-]3-_3.12

3n'tn+gisa multiple of 6™ be )

+1+6=
Therefore, @ is trye when =1, E
(1) If @ is true when n=pk, el W
| using an integer m, ~=n VIS
; 2k’ =3k +k+6=6m --@ - |
When n=k+1], rearranging by using @,
~ 2(k+1)°—3(k+1)*+(k+1)+6 pat )
| =2k°+6k*+6k+2—3k*~6k—3+k+16 . . .
o 2 At
I =6m+6k* 3 | )
| =6(m+k?) R

Since m+k” is an integer, .
2(k+1)*—3(k+1)*+(k+1)+6 is a multiple of 6
I, rm @ is also true when n=Rk + 1.

* From (i, and (i) , @ is true for all natural numbers 2.
From (i) and (ii). s ,. _

A & m B nn .= . o
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1. Giventhat n is anatural number, prove the following statement by mathematic

induction.
3%"—1 is a multiple of 8.

[Sol] Let the statement “3”"—1is a multiple of 8™ be @.
(i) When n=1,
3—1=3"—1=8
Thercfore, @ is true when n=1.
(i) If @ is true when n=4,

using an intcger M,

AR PR SRR AR A

32 _1=8m @
When 1 =k+ 1, rearranging by using @,
G ke | : —
i —9-§%—1 43 @f_af gian]
=9(@mED) 1 ) [F'Ffﬁjﬂtl
=0-Bm-+8
=8{(9m+1)

Since 9m + 1 is an integer,

47*<1'— 1 js o multiple of 8.

Therefore. @ is also true when 2 =h+1. |
me(i}und(ij),@islruufurﬂunumlnumbﬂ:in. |

P,

399330 LAY
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- Gwcn mﬂt 71 1s a natural number, prove the following suiemer :
I1*"'+12% Yisa multiple of 19.
0l] Let the statemem =117 + 125" is 4 multiple of 195, ©
(i) When n=1,
11*+12%"'=11"+12"=133=19-7
Therefore, @ is true when n=1.

(i) If @ is true when n=k,

using an imteger 771,

e =19m @
~ When n=k-+ 1, reamanging by using .

&
&
&
&
6
6
C
¢
.
I
.
‘
{
:
‘
i
‘
i
é
'i'
I
l
1
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P Given lhal 7 is a natural number grn:amr than or Equﬂl o 3, prove thej
following incquality by mathematical induction. .
3">8n @

[Sol] (i) When n=3,
LHS=3"=27

ris=8: 3 |=| 24 |
Therefore, LHS > RHS

Thus, @ is true when »n=3. "Proof of
(ii) For k = 3, if @ is true when n==Fk. | LHS —RHS > |
3> 8k @ LI 94)
When n=Fk + 1, considering the difference ofboth €
sides of @, then from @,

g —g([ k+1[)=3-3"—8(| k+1 \:- :
>3 8k |-8(| k+1 ] ¢ =
—st@nu ¢« |k

Zh—1>40 |

Therefore, @ is also true when n=k + 1.
From (i ) and (i), © is true for all natural numbers 7 greater Ui

or cqual to 3.

1+4 T-% T+4 ¥ 1+% Yoy Ve T2

As shown in [BY, i[ thte stutment is proved when =13, then frvsen ¢ 1 ) omed € ), thie Steies
prae fior all pestom] mumbkrs g greates thmn or exqual to L.

ﬁt
|
|
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Grven that # is a natural number greater than or cqual 10 3, prove the follow:

inequality by mathematical induction. A
2" >dn+l. =D

bol] (1) When n=3,

LHS=2"=8

RHS=2-3+1=7

4 i 4

Therefore, LHS > RHS
| Thus, @ is true when n=3.
(ii) For k > 3, if @ is true when n="F,

2> %F -0
" X
1

g4 [g(k+1)+1]=2-2—(2k=3)
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Find the general term ol each given sequence (a.) defined by Lhe following
conditions,
Ex. 1 ——
a.=2,a...=2-E* == (D a,=2
i i
[Sol] From the conditions, = :
4 5 | 'ﬂ_:EE
ﬂl.:zl ﬂ]='§2'-l ﬂ;zﬁ'r g.= Tl:_ | & | 5 i

o |

Therefore, the gencral term of la.] 15 assumed o be

atl @

o=t

Prove that the assumption @ is true by mathematical induction.

(1) When n=1,in @,
_ R

ﬂ;—ﬁ"-“ 2
1]
Therefore, @ is true when n=1.
(i) I @ is true when n =4,
= k=l
ﬂ.——:
L]
When n =k -+ 1. substituting #n=Fk into @.
Lo
ﬂ'gn—z ﬂ* "I-“‘
k
=2—5 71 <€
k42 (| k1 |)+1
="k+l  k+l

Therefore, @ is also true when n=Fk+ 1.

AR ANNBESeOEIVOIYSTY

{1 o T mr——

B

R

|
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{1) EI:Z. ey = 1 E‘I‘ ___@

[Sol] From the conditions,

. a, =2, ﬂ:‘_—%' G-_-='§-, gjl:“'?‘:'nir
m&mmﬁﬂmlﬁmtﬂm
R
~ | @-=%-"7 =12
| ?{W&Mﬁ:m@n@hmh}'mﬂhﬂwmduﬂm
Ui (1) Whea n=1Lm @.
o B 2 -
aieT i1 -

Therefore, @ is ree when n=1.
() IFD Elmr.:wi:n n=Fk.
a2 1 _
mua—-ﬁl.aﬂmnmn-kmm

—




Given that #1 is a natural number, compare Lhe values of 2" and 3r+ L

(Fill in the gray boxes [] with either > or <.)

[Sol] The table below shows the values of 2" and 37+ 1
when n=1. 2, 3, 4. &.

" 1 2 3 4 5

2 2 4 B8 16 | 32

In+1| 4 7 10 | 13 | 16

From the wnble,
when 1 = 4, the following inequality is assumed 10 be rue:

2" E an+l @
Prove that the assumption @ is true by mathematical induction.
(i) @ is true when n=4.
(ii) Far k 2 4, if © is true when n=k,
2 >3k +1 @

When n=Fk -+ 1, considering the difference of both sides of
then from @,

g —[3(| k41 }+11=272'—{}
> 2(| 3k+1 1—{:-
=| ah—2|>0

S 2% > 3(] k1)L

Therefore, @ is also true when n=k +1.
From (i ) and (i), @ s true for all natural numbers n
whim z 2 4.

Thus, when n=1, 2, 3, 2" < |3a- 1 and

\ “‘.w.ﬂ‘w'wl!z!;r!d.ﬂl&’ﬂmm W W W™ W Y ‘

when n = 4, 2" |>"{3n+1

E‘ ey LT W HE U ENE VAR Ay - ~E3
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1

Grven that 71 is a natural mlmbﬂ-mwtlbt?nlmsafs‘m'
=F e

>al] The table below shows the values of 3° and 57+ 1 when n=1 2 3 {5

ol 1 2 3 4 35
* | 3| 9 | 2z7| 8i]2a
= = = |
)] on—1| B 11 | 16 Z1 25
-

From the table,

when 1 = 3, the (ollowmg nequslity is 2ssomed 1o be e

=
| T

=

- |

Ll

Prose that the assumption @ s tue by mathematical mduetion.
(1) @ s true when m=3.
(o) For k = 3. if U 15 true when n=k,
3*>68+1 —D
Whenr m=k = 1. considermg the difference of both sides of O, then

2>

| = |

from 2.

1 1[5 k+]1)=1]=3-3"—(5k=6)

= >3(5k+1)—(5k~6)
= ' =10k—3>0

3"t >olk=1) %}

"!_ Therefore. O is also e when p=k+1
3 rom (1) and (0), & mm-hmmﬂmm.nmﬂ >
i Thos. when n=1.2, 3"<5n+1and
whenn >3, 3°>8a+1
A
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1. Given that » is a natural number, prove the following equality by mathemar

induction.
1*::-I-E-{n-l'.i+3-(n-2'.i-l---'-~+{n-l]-2+n-1= é nin+1)(nm'

[Sol] Let 1'n-l-?-{rr—1}-I-3-ln—2]+"---~+(nr1}-2+n-l=é—n{n'fii{n'%il =

(i) When n=1,
LHS=1-1=1 RHS=-—1-(1+1)(1+2)=1
Therefore, @ is truc when n=1.
(i) If @ is true when n =4,
k42 (k=1)+3-(k—2) %+ +lff‘l]'ﬂ'?fd-l:%k(k*-lﬂk‘fﬂ} :
When 1 =4 + 1, rearranging the LHS of © by using @,
Ve 1)+ 2[R+ 1D =11 +3:[(R +1) =2 ) + [k +1)—1]-2+ (k4
=[1:k+2:(R—1)+3:(k—2)+ - +r.--1]a|-'L&%H-;fi-;zl;%rﬁ»ﬁwﬁ;%ﬁﬁ

=—'1}~;;{k+1}ua+2-)+ }? (h+1)(k+2) &

:%{IzHHHsz-ﬂ) @F‘%"ﬂtnﬂj]

= LGt DI+ D+1] (ke +1) +2]
Therefore, @ is also true when =4+ 1.
From (i ) and (ii), ® is true for all natural numbers 7.

I GV 8 Bl bl SV | ey Sy e |
_-;}_ Lk ‘14_'2;..'1'[_'1.'.‘—]:} 4I-5F”§.:--3J o=ty R ] |
1 +2 3 T T T




len i
3" ,]at 71 15 a natural number greater than or equal to 2, prove the followi
uality by mathematical induction, 0llowing

Lol 1 2n
-+ +— 4 ...q 1
2 +3+ +M > pri @

LHS =

Therefore, LHS > RIS
Thus, @ is true when n=2.
N ii) Fork >2, lf(D is true when n—k

|1 20

When n=k+1, cuns:dmng lhc difference of both sides of

et | o womil

A 1)
)"(k+‘11+1' %

= ) Z(k-l-l} *‘
=R+l k+2 1 |

i (2k+1)(k+2) 2(k+1)"’
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1. Given that 7 is a natural number, prove the following equality by mathermati
induction. = N

174274324+ n?=gn(n+ D(2n+1) ~O

[Sol] (1) When n=1,

LHS=17=1. RFIS=%-1-{1+1}I’.2*1:-1}=1

Therefore, @ is true when 7 =1.
(ii) If @ is rue when n=£k,
114274304 R =k +1) (2k+]) @

When 71 =k+1, rearranging the LHS of @ by using @,
174274+ 3%+ -+ 7+ (R+ 1)

=-%k[k+ 1)(2k+1)+(R+1)?
=-é—{k+l}{kl2fz+ 1) +6(k+1)]
=L (h+1)(k+2) (20 +3)

=—:i-[k+1}[(k+1)+1 l2(k+1)+1]

Therefore, @ is also true when n=Fk+ 1.
From (i) and/(ii), @ is true for all naturnl numbers 2.



'ggﬁ'j‘ju?? Isss et il g b g

. Yhien é}dﬁ{{ﬂfﬂn“nl'ﬂ“ IR i Lo
RHS=4.9=g "I weif !

g Ll. IH l;r - ]_"I

..! e | |

L+ .ll.l Lr [ e e f - . _
¢ when ﬂ:z'r] I 0 <Hf ]=*) L
. Hﬂ’@is Hu&wh':n’n_gkm” #3100 2 gl
R I,il—lt el or et a1 (01 (o RO

BAS (L= =g _pare, 08
L. considering the difference of both sides of 0.
TﬁY Lo 21 51l groeg i res - 4 nomell

e '{' f o J‘li“? e ;,Jk M IE 0 l'r
“1)=3-3"—4(k+]) ]
' B T B b

> 3-th—4(k+1)

g 2l U J‘ﬁ]ﬂmﬁ
1) bne (1) @]
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A sequence with infinite terms @, 4z, 4y, ... dn ... I8 called an info
sequence, and il is expressed as [a.).

[

Given the sequence 1. % % :1 ... [llin the following table and |

the points representing the values of Tlf when n=4. 5, 6. 7. Bonthe
coordinate plane below. Then, consider how the value of % changes a3 n

increases infinilely.

(Sol] When n=1, 2. 3, 4. 5. 10. 100, the values uf%mn&ﬂhﬂm i
table below.

10 | — | 100

i |

n 1

1 1

il e 25 ==
5

10 100

S| =

paf—| B
mln—- [ ]

U1 (1851
H

i
nl‘f Therefore, the value of —::- decreases and

approaches| 0 |as n increases nfinitely.

L
*-
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0'wsgargrcetln ’ | | or glrle|E T
ANV 1 i ol (el el 10 i
b4 oal ol gl E]E] T | ™
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iy

Given the sequence (a.), il a. approaches a consinnt value a as n approachy
infinity, then (a.) is said 1o converge 1o a, where il is expressed s follows: |

Ha,=a af ds—ragasn-—r = ;
The value @ is called e limit value of (a.). In other words, U limif of |
is . I thie value of all terms of the sequence is constant ¢, then the limit val
also considered as ¢ und expressed as follows: limc=c

The symbal = i% read ms “infinity” md represents an unboursded quantiry thal is real|
every resl pumbsr. ;
I
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For cach given sequence (.), plot the points

Fepresenting the valyes
n=1, 2, 3, 4, 5 on the coordinate

ol a, sy

Plﬂﬂc,al_ldlhim find the limit valye
= T S ity - I Sy :*
oA G Y Rt Nnin]l SR
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émo% o0 | ~BO%w [ ~70% | 68%-|
o L] 7] ] = "E‘-"'

When the sequence (a.) does nol converge, (g .) is said 1o diverge.
When (a.) diverges to positive infinity, it is said that the limit of (g.) is poss
infinity and is expressed as follows: ma.== Of de— @ "=
When |a,) diverges to negative infinity. |t is said that the limmt of (4.l is negd
infinity and is expressed as follows: lima.=— of da— — 232507
When a divergent sequence does not diverge [0 positive or negative nfimty
sequence is said to escillate.

6
|

1. For ench given sequence (@), plot the poinis represeniing the values of @« w
s=4. 5 on the coordinate plane, and then find the limmt. (When it escill

write "Oscillates.”)
m—1 Aey 1
{l} 1- 2, ‘I.. “way 2 e 16 ga=2"
[Sol] EJRE""=°“
Bt -
pe -
0l 1 23
@ =1, =2 =4 —27 - s P S
ol =
(Sol] fim(—2"")=— i
i |
—16 gu=—3a"
@ L =2 4 .. (=27 Y a=(-29
[Sol] Osclilates
B
* i
' T
—§




Diverges

]j.[l'lau:m
L B
Ji_[-nax-—-_—m

Oscillates

2. Classify each given limit b
If the limit is classified as

(converges 10 a Constan

(diverges 10 negative ip finity)

no limit)

=0

y indicating the appropriate number @ 1p @),
@, state the limit value,

value a) 1)

(diverges 10 Positive inﬁnit)r] ()

,!irgl['Zn )

( @, limit value 0 )

( @, limit valae 0) (6) lim(—5)"

M(z-'-—i—) ( @, limit value 2) (7)

lim (—3)"

@.

( @, limit value 0
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Infinite Sequences s -
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/100%] 00% |80 [ 70 [ 69| T .
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When the sequences (a.) and [b.] converge. where im a =@ and lm b.=#
Mkﬂ.:ku (k 15 a constant)
Eia.+b,}=a+ﬂ. }i_j_x}_{a.—b,}:a—ﬂ
_!i_J;g.a.,b.=n*B
lim 3 =7 (8#0)

VDD YD WY B w W - -~ < = -

2 .3
= pme B
NI el ot
=
n
B 5
B—Hm . " o
@) Ed'!'ﬂ " = 4 =
L)
H
y 1-1——E'-+ ", |
@ lm=3"g, -t 3 ==

=
T
-k
&n
-]
4
i
=
=
i
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o /00%[oon|-eow | 70w 60| g 0

L‘ Find the following limits.

i T

=8 fim logs 105, 4= im oz~

=3 = loga 8

i
. Lt e
(1) lim log, =3, == Jim lo&a 3
= logad B ie———
3 | logaa=1
=1
: oni—1 , [lew.dM—lom
@ lim[logs(2n’— 1)~ logs (6n*+2) 1= lim logs e 5 €| _ M
N - T2 |
-
=lmloer—=sr
6+—3
7 |
3
=—1
(3) M[Inﬂ:#dn‘-l-ﬂn~Im{2n’-hn)]=ﬂmH
JI+—3-3—
n
= lim log 1
9 b
H
=llog Ll N
losal =0
Lo ==y

fﬁ

loga=1 log,l =0. low. ﬁ = log. M — log..N
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Ex. |

lim 1+2.-‘f‘3+--.+” o
o 3’:! "[l_m

BRSO 2024974 ...t P
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infinite Sequences M
Cato / /

/100%] ~90% | ~80% | ~70% | 69%-| =

= — . — F— e - =

Find the following limits.

. g = I 3 =
lim{n"—3n) 11_|;|:|_n (1 =

-

(1) 11mqn=—1u";=liﬂ,,=(1_.lug):,,

(2) Lim(2n*—3n*+4)=lm n’(2~—§-+ 43 ):m
" /]

Jy = - B

| 1 =
@ Jm(an'~2n)=lim (S —2) === &[;(“L’)*”zl
=y :

(4) m{u—ﬁ}=_gﬂn(1—7’:)=m

) jm (i -nt)=limn* (1) ==

In (B9, sincs Jim #*= = md im3n ===, the limit becomes un indeteominaie form =
Thmfm.inmd:mumupmlunlmmhummmﬂ




K D

e *-=“.-'-?'="Jim( At ut1-n)(\)
A—m —= "J(\J‘f -r--n-.;-l,_n,]
e
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Infinite Sequences r—
Datn / /
/100%] -90% [ -80% [ 70 [ B9%~| .
[T = = ) i
Find the following limits.
1 1‘.?!1"“5?1""?1 &
"—-J_’15n n '—"(Jﬂ o — H)(vn +5n+ n) :
IM'.E.IJI:}[ME;
(755 +n -
L S P ——
by {m*=Em—
12k
. n
S
—id
kﬁ*
3 s E(Jdn +on+ +2n )
1) lim Jan® +2n—2n == (J4n? 1-2::—21:)(1;["‘;2,113,,)
3(Van*+2n +2n)
=L 2n
42
s
= 9
=6
5(/n'+2+/n)
L ’42 Tn A (Tat2—/n)(In+2+in)
J(# '+2+Vn)

—- n'—n+2

Re=2n

__;.__
1= ﬂ,
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@) fm =3y

1}1-1——-

:.-t |

"TI

= (‘H“3‘— i -1 -
3 E(*H_—'l‘_'\;fh—h‘n_r-‘

—

(s =ﬁ9;f~"ﬂ+3~f¥.>a‘r-1ﬂ

x‘-h*

ALl+Vy) i

i 3

Al o

H—T_-a—.'—"'-n 11,: Foesy 11'
E—F
Wi o i I —a g

——

b--n-&—ug_ "M=3-vmilig=] "(_}

-—-{‘r 1-—‘!”;“ 3_111}“'"-.‘._' ']

: : -
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/100%)] ~90% | ~80% | ~70% | 69%-| .
_,f._=ij" - — i e 1 5T . i+

_ (Timils of Sequences and Their Refationships y—
1. Forall 7, when @, = Da.
if liman.=a and lim b.=8, then a = a

L] T -

if lim a .= %2, then !Eb.=m

He—a

2. Forall n, when @n = € & Da.
if ﬁma..Zliﬂb.=a_. then limc.=a

Find the following limits.

i =" Refernce] %y 5L
VL
[Sol] Since —1 < (-1)"<1. - = ST
1 (—1)" 1 (J n>0 0 iz;,r*":
< < - .
n n " ;:H;__E
—f+ & [ ]
Then, since ﬁm(—L):I} and ﬂm-1-='[h
Ho-=wmm ki e ¥
o (=1)" _
| hm )
= (=15
(1) !’E_ﬂ;_

[Sof] Since —1 € (=1)" <1,
R A il
Vn s n < In

Thm,smm(—:%)=0mdlimj%~=u.

(SN
lim T =0

As for Liﬂuuf&qmwmdmrltq]nﬂmhipm.mmmuml is also oue whem a. < &
mmmmlﬂisulmlrmwhma.ﬂc.{b-., Q. < ta% ba, < Cu< D
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(2) lim ; sin ?:; ‘

|
[Sol] Since |

= Siﬂﬂg' ‘5;1:

o _1_ 1 MT HT

n ‘1‘} '_Srln 2 n ~ b
Then. since lim (——’1;-) =0 an

ey el

ik
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Find the following limits.
Ex.
,1,153_3 (n+smnﬂ}
[Sol] l’mzn (n+ sin n0)
= n 1
H(En 1 ﬂ“"ﬂ
“““-'-15“-2:: ltm D € EE?'-"“‘
Mﬂmsmce—lra:muﬂﬁl .
T <+ —sinnd < (- LEE'.——J—I:.H
Zn—1 i | m—1
= = , 1 g
mﬂn,smwyﬂ( n—1 )—_l'i_nnd'!:ﬂ T _E
,!iﬂlznl_lﬁinnﬂﬂ 0| @ ¢ |1
From @ and @, .
',!i;‘_:,l;z.ﬂ_l{ﬂ+ﬁi.uﬂﬂ}=
F.F 'T_'_HE [
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Infinite Sequences Nerre
Eiau ."I /
/@Q% ~90% [ ~80% | 70 | 69%~| —=

1. Given the sequence (a@.): @, =3, a:=12. a;=21. a.=3Z . _when 1

sequence of differences (b.] of Lhis sequence becomes an arithmetic sequeT
solve the following questions.
' Ma):5 12 @A 22
(1) Find @a. (laESEIze
[Sol] (b.)is7, 8. 1L ... & |l6J: 7 9 ..
Lobe=T+(n—1):2=2n+5 € | 5. is the mmithmetc squeses Wil
1" term 7 e coemmen dilferones

When n = 2, -
an=a,+ 3 (2+5) ¢ [Wemn>2
el u.=a.*:~gﬁrq
=5+2'%(ﬂ—11n+5{ﬂ—1} (N32)
=n*+idn @

Since a,=5, @ is also true when n=1.

L a.=n'+in

(2) Find E(Jﬂ_n*ﬂ)nnd lL_l_]l( d- —E).

[Sol] From (1), : —
(Vo) = i (VT — ) = g LR o
—m iy hmm In*+dn+n
= in
s== Jpi+dn+n

= Jim ——
‘f1+i+1
=32

n
tim | |/ "'-J?:)=|im_( "”‘”‘—G)
I n N H

=h1ri_]-11{-"r:~1-41—#q]
- ('-"H-i-d—f;){#n*l-tl*l'#‘;)
= lim S =
o f'ru+t1+#'n
= lim 1 =
e Ju-ﬁ-eH-JH
=0
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/100%| o0 | 80 [ -70% | 69=-|

T 5 - -

Find the following limils.

D 4
: 5-—2:1’_!. n’ 2
) lim o g~ A 4 3
]
H
23 1
on’+an+1 H nh
3 7 B e — 1 —0
@) #hﬂl.?n’-“lﬂn o 18
12——5
n
n-i-i
(@ ni+6 = n ==
w== JBn’+4 "== ‘/5+?4;

@ lm(n—6n")=limn*(1-%)=e

-
#{.'

i
__d

-
'_ji"-J
T
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{'5 . ‘r_—;-_:______ f_?:___-_ / =
) ,!15_11( VI =95 —p) =Huﬂ_(~l.”_____g_1‘__?fi(_f_ﬂ’-9n +n)

YR =05 —

Pl == gy / 2 "
V7 —9}1 - i

= lim —_—
H—um _--g_ .
1 = 1

) fm———i— —jy - A Su )

"= Vn*+3n—n == (Vn +3n—n)({n'+3n+n)

. 4(dn’+3nxa)
= Lim In

4(H+1)

y
\
\
1
|
\.‘ TR S S

B Ng5

B Néb

B Nb7

0
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Infinite Geometric Sequences b
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/A00%] 50 | 0 | 705 | 64| .., -
[rmsnzmer] } - L] & i
A sequence @, ar, ar’, ... ar- ' is called an infinite geometric sequa

with 1* term a@ and common ratio 7.

Find the limit for each given infinile geometric sequence. { When 1t osallz
wrile "Oscillates.”)

Ewg,
(1l 2, 4, 8 16, ... 2°. ... 1/ P
70 ;
[SB]] M2'=E| 10- ™
=l ¥ w
0 1 .5
B3] T T LR S LR
ﬂ—“
e
[SDI] _!i_ﬂiln: 1 14 = »-m—w-—a
2\ T U S s O 1234°
Bl 5 7 8 16 (2) .
& (.L
L] =
o 14 [ i
T
il e = = I (__1_)' o 1231
3° 9 27" 81" 77 3 %.“ [
[Soll Lf 2l ﬂ":(_
0 hm(—*) =10 | B
—=\ 3 G-—-'—é—"r-f-‘!
_l -
a
5] =11 -1 L <. (=1)% ..
d”h nﬂ'.u=(—=-.
(Sol] | Oscillates s
£ I EATERY
(6] —3. 9 —27 81 ... (=3)" .. =
i !.I.u"—_{_"'
_ 1004 e 3he
[Sol] i Oscllintes 8 = '?3_' 1
_m ]
~ 300

SawsQ SIERsg 0 0 1 ‘= =
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—
4100*’ ~00% | ~B0% | ~70% | 6%~ . e
Tremmre] [1 1 zZ 3 a- < fuie . —

Find the following limits.

o bR R R R SR D e

Fsmb, 3!! ‘1!! ety 3 L] I
1) i the demormizmtor (17 m 55 =

550055550808
|

1
!
\

e —2) 43
@ im B = (Haé.. =2 X
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/100%] ~90s | ~80% | ~70%
e 1 — i 1

ik

Find the following limits.

[ Allgrmative Solistion

(1) el (-




Ol A A A A e . sl S e ke o e

ce S o Lo el i e
i il R A o o
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Ditay Jlr |||r S
/100%] 00 [-80% [ -70% [ 89%-| T - .
Find the following limits.
R
im——= (r*-—1)
n—w | ¥
(Sol] (i) When |r| <1,
: el [V (Em——;
im0 ol
(i) When r=1,
. pEae il S
UmoeT 1+l 2 € |fmrl
(iii) When 7| > 1,
S 1 Sl iy
e (L)"-l =Tt S E'S-'-'i-:(?) 3
r =
W) e (=)
pe= -k

[Sol] (i) When lr| <1,

= 1=0
T )

=]

(ii) When r=1,
== =l
1L el B0

(1ii) When |r| > 1,

1
s r 0= _
Jin e A (L)1 SR
r

In (BB sbove, wikn r= L ihe denominntor becomes O i g is an odd number. The
e comditiom r# — L is ndded.
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" —1
e

Ly =

f01] (i) Whea bri < 1.
e

L=

l

|

: (1) Whea r=1,
= =1
| e

ﬁﬁ)w‘mﬁr“}h

=i
1-1
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Infinlte Geometric Sequences Niarra

Dat= a'r ) 1"'

100%| ~90% | ~B0% | ~70% | 69%~| _ ,
~= = Tirra 13

- gremesne T (1 o= )= —]

Find the following limils.

o
‘ B prI E*EF (r=—4)

[Sol] (i) When |r| <4,

r '...(L)'
piE2s 47/ \2 el
'!‘E rn-l.'_:__du -l-l'_l:i:]-' L)._Ll -0 =)
l -

(i1) When r=4,

g™ o _1_”
r+2n koY - [1 (2)]_1+0

e Mg ML 54t 5

(iii) When |7| > 4,

e (
lim — g = _]'(

= r"-

(1) E%g; (r=—6)
[Sol] (i) When [r] <6,
A r(% --i' (_.'1?.'"):“I r-0+0 _,
T A s
(i) When r=6,
pipgr . RS ﬁ'[“(%)-] =50 _

Im = S im e e AR 26" 2
(iii) When |r| > 6,
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(2) hm Jh] 5:-'m

eyt ?_,HII'JLS?II

1

|

[Soll (i) When || < 5,

Iun il (5
A r""+5" e

(ii) When r=5

=

| W e L

Al ___'é"'ﬁh o P
H—m 2«-5'-"7.’ (KLY (.\

7> by madi?f (1) {107]

.

il

o v ol (10
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Infinite Geometric Sequences e
oo ! e
/100%] 00 | 80w [-Tox [ 69| T .

Find the range of values of T for which the sequence [(x—117]
converges. Then, state the limit values.
[Sol] Since the common mlioisr—1, —1<xr—1<1 €
S 0<zr<i F‘fhmmﬁim
Also, the limit values are, "'H'_"'l <r=k
when 0 <z <2 lim(z—1)"=0and €— |When 7| <L J=r==0

r .
when r=2, I!j_]g.l_[.r-"l}"II (—-*LWMF:LI‘E#':I:
g

1. Find the range of values of xr for which the sequence [(x+2)7) converg
Then, state the limil values.

[Sol] Since the common ratio isr+2 —l1<z+2<l
Lo =3<rs —1
Also, the limit values are,
when —3<z < —1, Eimzr‘:um
when x=—1, m[r"FE}”=l

2. Find the range of values of x for which the sequence l( 3 : )] T

Thien, stale the limit values.

(Sol] Since thie commen ratio is Ijl,—lcl‘;—‘ <1
L =< r<2

Also, the limit values are,

when —4 <x <2, yE_(L}I—) =0 and

when T =2, yg_n_( Ié:“l—) =1




A < T <O l<r<y Im (F—r—1 )= 2q
mﬁ-'-'w—l; 2 Bim (r*—r—1 )=
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Infinite Geometric Sequences Pizsmm [
Dato / / B

L00%] g0 60 [ T 6| ]

1. Find the range of values of x for which the sequence

converges. Then, state the limit values.

r'+2r—5H r+2r—5

[Sol] Since the common ratio IS — 57 775" — Iees——= 2*-- <1
Since r'—r+2 > 0, rearranging the inequality, €— | | f—r=3 :
—(r*—z+2) <xr’+2r—-5<r’—x+t2 .='(I’"!z") "'Ti""
So,

—(r'—z+2)<r*+2r—5 O andalso £’ +2r—5< ' —x+2 G‘.[

From @, 2r*+x—3 > 0; thercfore, (2+3)(z—1) >0
L s Tk 1<zx @ |
From@,3r <7

'-I‘i% (@ o !

From @ and @, the range of values of r is

=8 i
T < E.l{.]:ﬁ.".g

Alsop, the limit values are,

=3 T
when x < 2.1{1{31 Ll_tl;( =A=—=%

whun:n=*§-. ,!JE(




_____===—=-!!!E!!.!!I!l.lll

A77b

. Grives a.-=*’4ﬁfﬂ'24:0$9~4; - fod the e o
| sequence (4, ) converpes (< g« =

=J

(©l] Since the common r2io is =0~ Zeoeh—3 ~1<4salpn
' T A0 2ameg-3¢
A0+ 20050—3=4(1— co5%6) = 2e0eh—3 — =

—1 < —4¢c05°0—2cos0—1 D znd also — 4cof-Tenshi-1 <] B
From @, 2c05"0— cosf—1 < 0; thevefore. (2c0s6~1) (e0s6-1) <0
= *% <cosB<l -3
From @, 2cos*0—cosf > 0; therefore, cosf(2cosf—1) 20
. cosf <0, *é— < cosf D@
From @ and ®, —L < cosf <0, 5 < cosf <1

2
Since0 €0 < z,
—2
f W]Iﬂ'll mﬂ’- 2 ¥ B'_ 3 =
! ‘ when cos8=0, 9;‘%
i 1 =
| L"'-Eﬁ'lwll ms6=§-., g= 3 \
_  when cosf=1. g=0 - _. |
! fore. lhemgc of values of 05 N =

e L Wy .
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Data / /

éwu% ~90% | ~B0% | ~70% | 69%~| L : i

Find the limits of each given sequence (a.) defined by the following conditior

a, =1, nn..=%a,—1 {n=1 2.3 )

[Sﬂl] Siﬂcﬁ ﬂ'..-1='%'ﬂ'u_1. E!-I+3:_§'{an+3] 6'.:

Let ba=a.+3. 'rnzpmm;mmd
{b.q—%b. @ | L““i’iiﬁ:}l
bi=a#3=4 <@ % ([ e geomene
From @ and @, b.zfl(%) € m%
a.=b.—3=4(-§)ﬁl—3 mio
P

\f
(1} al=3- an-l=%ﬂu+3 {ﬂ=1| 2. -3.. ..-]

[Sﬂl] SMW ﬂ'unziﬂn'lﬁl Ameli™ =_;-':ﬂu_ﬁ'] (_' = with ; :
Lﬂl bu= :‘.I,.-ﬁ. ol r=f

l bHIIZ%bH

@
b,=a,—6=—3 @
From @ and @, b= —3(%—)“'

g . e _er-l
i an"‘bnlﬁ 3(2) +ﬂ

m-l
li_q!iﬂ.=ﬁm[ —3(1) +6|=6

L
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Data / / .
/100%] ~90% | ~80% | ~70% | 69%-| ., - ,
L ) = = 3 = : = - o =
1, Find tt . of values of 0 which satisfies mng+2 _ 1
' Find the range of values of 0 which saushies i 5,2 g -5 = 2
(ﬂ anaﬁ)
[Sol] (i) When 0 = tanf <1,ie.0<0< i_
.Ei_J;tltan”ﬂ=ﬂ

S Iam0 b 2ena0a 2 m =
Nmo gt 2042
I

(ii) When tanf=1, 1LE, E=T‘

l}i_:_tlmn"ii':l
N rei2 ez 3
Mmoo g 2-1+2 4

(iii) When tanf > 1, Le. % <0< —g—

b8
hm > =5 0
1+ 2
e n"0+2 _ . an™@ _ 1+2-0 _ 1
s S a2 == 2 —2+2-0 2
by
Lan'Q

Fram ( i )~ (iiD), the range of values of 0 is

n ax
T <0<




N79b

. Given the sequence (g, | which i defined b

ﬂ ﬂ...q:"zfﬂ'g_["'gﬂ‘} {H:I. 2 3
= Mhive the
]._] Lﬂb.zaﬁnl-—a.ﬁ (H:I- -?— 3 E‘:TE:: ]

VLR EROEE R D D D S D S S e A S A ae e
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e
/100%] o0 | 80w | 70s 65| L -
% : .

1. Find the following limits.

BN
0 e )((>l e

rh—l -
(3) Mm-S = N
[Sol] (i) When vl <1,
rﬂ'\‘l ﬂ
I e S T
(ii) When r=1,
y 1 .l.
SR T B G
(iii) When r=—1,
) (S |
L o R R 2

(iv) When |7| > 1,

o i 1

..:.-_-:—z | ._.__,L rﬂ_ l.

T e _!_(_1_ 1Ty
r

I - rn "‘Ir' l I e i




-80b

11U A4

AFind the range of values of r for which the

= 5 (53] e

Then, state the limit values. t( ; l |
» N7

i o ; PRI oy o -

i[] Since the common ratio is i -—1<‘r434’.1

Ry i o < |

] Also,ﬂ:r.-[u:n.ll values are,

| whem —7<z<]l, Hm(_r;z)=“m

| e

~ Ei)‘:

| whenz=1, fm(557) <1

A

i:.i - - :

[ ; J

_ce (a,) defined by the follgwing cOREIIONS




SISNRS RSN LY

LLLLLL

\!

N&I|a KUMON® MO8 |

Infinite Geometric Series Maens
Cats |I|r ,||[ e
/ﬁ]ﬁ% G0 | ~B0% | ~70% | 69%| .o : =
a1 = = = ] @ —

- J..-ﬂ-!a- —y

). the expression d; Td: 417

Given an infinite sequence (@«
and a. are called the 1% term and the n™

o called the infinite series, where d,

term respectively.
Also, given an infinite sequence [a.), let 5. be the sum of the first n leyms.

When the infinite sequence (Sa] converges. the infinite series O is said Lo conver]

When Llie infinite sequence (S _| diverges, the infinite serics @ is sad 1o divery

Likewise, a Tar+ ari 4 tar® !+ which is the infinite semies that 15 dertv

from the infinile geomelric sequence with
the infinite geometric series with 1* term & an

17 term g and common ranio r s call
d common rako r.

Determine whether the following infinile geomelric $enes COnvVETges o diverg

atar+art+-tar”'
[Sol] When a=0, all terms become 0; therefore, the infinile geometric s<i

converges 10/0.
When a 20, let S, be the sum of the first A lermns.

When r#1, S.=i[—:§£—] =@

When r=1, S.=na

(i) When || <1, since limr"=0, lim S.= im al=rt) _| —a
D amm A= 17 =17
Therelore, the infinile geomelric SeMes CONVETEES and the sum
i:sl o
=l
(ii) When r=1, —
<ince S.=na and a* 0, the sequence (S.) diverges. |‘:?:" : ﬂ‘: ‘
Therefore, the infinile geometric serics diverges. |i{m Jimmit).
(iii) Whenr < —land r > L. |Wh::;:‘;
ginoe the sequence (") diverges, IE&T‘ "=
from @, the sequence (Sa) also| diverges , |¢i‘ﬂ1‘ﬂ=ﬂ!
= diverges.
Therefore, the infinite geometric Sﬂﬂl.‘.‘l' diverges l
=S A= 4=

saflisarp =admAp 5




S W Ol |

=}

gence of an Infinite

NILE geometric series g + gy

Given an infi
IS true.
When a=0,

ar’+ -+ gpmiy

if [7] < 1, then the series converges and the sum is <2
_r L

if 7] > 1, then the series diverges.

When a=0, the series converges and the sum is 0.
Determine whether cach given infinite geometric series cony erges or diverpes
If it converges, find the sum S.

e T 2 i
. 5T
[Sol] The 1% term is 2 and the common ratio is %.Sincc E <.
the series converges.
f§=—2 =4
1
szﬂﬂa
Sl Bl
D e 1 1‘/1
[Sol] The 1% term is 1 and the common ratio 15 E,Smcc Ih =
the series converges.
| —)
11 s: ] _ 2
=53
3 3% :
=10, ~ 1000 : ,,.l<ll
(2) 3—70 " 100 1 ” 1._;311;:8‘ L

[Sol] The 1< term is 3 and
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Infinite Geometric Series N
Dao J'I ] ."I =
/100%)] 00 | B0 [-70% | 69| . e
v [ = — [ L e 2 —
Determine whether cach given infimie geometric SeTies COnmVETEes ot diverges.
If it converges, (ind the sum 5.
N 1
() I=—5—F5= —&'-4"'- :
[Sol] The 1% term i 1 and the common ratio is __*'23 . Since | — % < 1.
the series converges.
v 1
) _ (__"2)
2
-
22 % (Multiplying (ize pumeranr and
= 2(2—42) (J (i demomminator by 2— 2
(2+42)(2—V2)
2) E—Eﬁ+2-£§—i+
=9
[Sol] The 1* term is 6 and the common ratio 18 —'t’.l—ri*: = —{,__3—
/3
Since \ —*31 < 1, the serics converges.
i i
" S = (-ﬂ
3
. 18
3+ V3
18(3—¥3)

=Ta+43)(3—73)
=3(3—Y3)



[ —

Bk

a JE—:—{QHEJ-{B&—-H—Fm—?&]f---

p—
I

I —
I1] The 1% term is +2 20d the common ratig is 2=0 2
| Simee [+ 21| < 1. the e e 2

=+42=1 Je

-

v — (2—1%“2-" 2)

A = 2+1
“I 1

| L -
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Infinite Geometlric Serles Name
_ﬂﬁ:ﬂ = / J'II
100%] ~90% | ~80% | ~70% | 69| o, =
- —_ — 1 2 - S
Find the mnge of values of a real number x for which cach grven mﬁ'mtr:

nd the sum 5.

geomelric series COnvergEes. Then. [1

—

142r+4z*+ -

[Sol] Since the common ilio 52 —li<er <] €

= ([t a be the 1 torm s 7 be
the common rmie. I 7l <1
when g=0, then the infms
JEOIEITC ST CONVETEEs-

(1) 3-!-r+£3-+~--

L —1<5<l

[Sol] Since lhe common ratio is 3 3
. =3<x<3
\lso, S= KE e b
1-X 3—x
3

@) 1+(2=1*)H(2—r") +
[Sol] Smculhaunmmﬂnmnnmz —pl —1<2-x"<1
o, —1<2—x" @ mdalso Z2— -ri<l @
Frmn@r <3 lhﬂw[um,—ﬂ"_{::{f --@
from @, z* > ; therefore, z < — L. 1 <Z @
From @ and @, the range of values of x is

—J3<xz< -1 1<z <3
o
Also, 5= =2=z") =1




3D

r4+x{l—x*)+2(1—x2)%4-.

( 1) When xr =0, since the common ralio is J=r =1 1-r*<1
So, —1<1—x? ~@andalsol—x*<] -

@
From @, r* < 1 2_|, Iht‘:re:fure.< x <‘ V2 =)
From @, x* > El; therefore, x <E. \El*i xr @

From ® and @,| —v2 {I{E" E.<I{E.
x
Also, S= I—L-T:"“I:) =E

:'. (ii) When =0, all terms become 0: therefore, the senies converges.
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infinite Geometric Series rp—
e i s e o
/100%] ~90% [ -80% | ~70% | 69%-| 1, e
/T i— T = = = T i e ————————

Given the infinite geometric series whose sum is 9 and 7 term is — 4.

find the 1# term @ and the common ralio r. —_— - .
Since O som is & the |

[Sol] Since the sum i59.a#0. —1<r<l &  infimic gromeEs s
e

a___q . —_—
\ V=7 @
ar=—4 @

From @ and @, o From @. a=9{1-r) 'I
g(1l—r)r=—4 & Sabsttuting this mto @
9r'—9r—4=0
(3r+1)(3r—4)=0
LA -

33

Since — 1 {r{er——]&-

From @, a=12

| Given the infinite geomelric series whose sum is 3 and 2 termis 2. fin

the 1* term a and the common ralio r.

[Sol] Sinr.eth:sumis%, a#0, —1<r<li

a— _8 ...
1—r 3 @
ar=-2 =@

From @ ond @,

%(-1-1'}-1':——2
Ar*—4ar—3=0
(2r+1)(2r—3)=0
) L |
T




2. Given the infy

. . nile geometrie series whose s
Series gives another infinite geometrie serie
a and the common ratio r of the original

[Sol] Since the sumis 3, a0, —1 <y <1

um is 3, SqUArng each tepy
s whose sum is 6, Find the |
nfinite geometric series

of (he
" lerm

@ | Altomatne bty =
1—7r =8 Sl "":'“«-a_'ml
ot =6 @D &~ |-i"m’“’-mmnmn .J ‘“]-:\I@
1-r* ratio: ', sum:§ Jijr |
B
S 4 (From ®©.a=307) | | font.c 1 o
[3[1_’;}1 =f & |Substitmingthisino@  jm o g
1__?" Frem D and
9(1—7)? - -r =g ier
(1 +r](1—?') = | “:q" ',.rllrt
3(1—7)=2(1+7) ek
. i)
By =——— Sinee -lerilrsg
5 13

12
From @, a=—¢"

3. Given the infinite geom Bt
ries gives another infinite geometric series WhoS
. ratio 7 of the onginal infimite

etric series whose sum is 2. cubr

term ¢ and the common

[Sol] Since the sum is 2, @ +0,

1

ﬂlﬂ. ]

=0 @ _E—a.. .

o ¢ach tom of e

49 1
e Fed el
(1 13 b

geomel g e

)er.ﬂflfsm"'a
—1 {r { 1 Wr;“:'l_._l.:"l'

r

=

SRR R e ® . WS @ W W m
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Infinite Geometric Serles e
/-i Data / /
00%| ~90% | ~80% | ~70% | 6%%~ . -
£ 1—1_1-0“5'-,‘ﬁ 1}6 E?m — EE-— T"T'ﬂ_ Y _m —
ock of digits thal repeals withouat end m [

A decimal which contains a digit or bl
decimal part is called a repeating decim
placing “." over the first and Lhe last repealin

0.33333...=0.3. 0.154545...=0.45.

Also, the repeating decimal can be expressed by

al. The repeating decimal 1S expressed by

g digits as shown below:
0.123123123... = 0.123

a fraction using the sum of @

infinite geometric serics.

Convert the following repeating decimals inlo fractions.

0.6

[Sol] 0.56=06+0.06+0.006+
0.6 is the infinite geometric series with 1
0.1. Since 10.1] < 1, il converges.
0Gg _ 2

| HUSST=or S

(1) 0.i2

(Sol] 0.12=0.12+0.0012+0.000012 -~
0.1% is the infinite geometric series with 1* term 0.12 and common ratio 0

_Since [0:01] < 1, it converges.
0.12 4

—_—

S 0d2=7"go1 =33

term 0.6 and common ratio

(2) 0.500

[Sol] 0.306=0.306+ 0.000306 -+ 0.000000306 + -~
0.406 is the infinite geometric srics with 1% term 0.306 and common I
0.001. Since 10.001] <1, il converges.

. 0306 _ 34
S 0806=7"q 001~ 111




Sol] 0324:03;0.&?.4%.0&1124*0.{30&%24----
TI:.te 2 and subsequent terms of the RHS is the
with 17 term 0.024 and common ratio (.01,
Since 10.01] < 1.7t cony erges.

nfinite geometric serieg

4
r Y
=

0024
soosd=lgals ) 23 . 4w
S

255=195+0.02=0.002- 00002~ N -
[Sel] 352=35 0-“2 { the RHS is the infinite geometric seies

W W OWEONE R OW W OR W W W W R T
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Infinlte Geometric Serles Narne
/100%)| ~90% | -80% | -70% | 69% 7o, S _
e | — = = o - —

ar

“&@W LLLLLLLLLLLBb LB OO S g

m On a number line, starting [rom ongin O, point P moves 1 unit m the

positive direction and then moves :l»j units in the negative direction.

its in the positive direction and then moves 55 umis p

Then, il moves 2}; un

in the negative direction. When this motion conlinucs infinitely, fmd the

coordinate of the point which point P approaches.

[Sol] The coordinates of point P are as follows.

1
1-3 o Y3,
l—+5r ==

Let x be the coordinate of the point which point P approaches.

e ) B
r=1 2+~2, 2:,+

T is the infinite geometric series with 1* term 1 and common rat

—*12— ~ Since \ ——_,1?‘- l < 1. it converges.

Y. E= 1 :%—

5

Thus, the coordinate of the point which point P approaches




YOS ] g jm&h
3 Unils jp ICgative gy,

L Uﬁlﬁ[ﬂlh%
ON continyes nfinite]y, find 1 4
Point which point P approaches.
[Sol] The Coordinates of point P gre 46 follows,
1
I
1=3 e E
Lt i S
Lol g
Ll




u
,n

)

b
y
)
)

L REAA VAR g

M BT

N&8/a KUMON’
Infinite Geometric Serles Kiame
Catn = /[
/100%)] ~90% [ -80% | -70% | 69%| iy ——
= = = 1 bl S -

Ex. On a coordinate planc. starting from origin O. point P moves 1 unit in the
positive direction 10 the r-axis and then moves 5 umiis i lhe pOSTIIVe
direction to the y-axis. Then, il MOVES 3 units in the negative direction [0

1-5- units in the negative direction 1o the y-xxis |

the x-oxis and then MOVESs
y, find the coordinales of the poir|f

When this motion conlinues infinitel
which point P approaches.
(Sol] Let (z, u) be the coordinates of the point which point P approache-

The z-coordinate of ponl Pis

1 1 1
telsastgian

£ is the infinite geometric seTies with 1"

| IW
= . Since

term 1 and common rab:

l < 1. il CONVETEes.
1 -_=@ il
)

0| (L0}

=
4

y is the infinite geomelric Series with 17 lerm % and common r=

o
1—( -+

_'T]i._ I Since ” '_Tli' ‘ < |, Il converges.
1
| 2

)=E

Thins, the coordinates of the point which point P approaches

T =T

=




N&7p

l. On a '
coordinate plane, Starting from origin O

K., s PO P maves | iy ;
Posiive direction (o the I-axis and Y

9

then moves = ynite

; Nk in the positig direes;

10 the y-axis. Then. i £ 3 e
« Alen, It moves 3 units in }

= i ¢ positive direction 1o the x-axs
and then ‘3] units in the positive directi

moves ( 3) units mn the posiive direction 1o the l-ax1s. When this
motlon continues infinitely, find the coordinates of the point which point P
approaches.

Soll Let (x. i) be the coordinates of the point which pomt P approzches.
| 1 0 paint P apy
The r-coordinate of point P is

(2NN 2N
Ile(g) T(i)"l‘ 3 L
1 is the infinite geomelric geries with 17 term L and gommon Rt g

{%\ < 1, it coVErges.

Since

A\ <) converges
1 Since | g
| 2
‘ Iﬁ-Jﬁ% _QE[
. I . " =1
il et
o s twl“ I]
h coordinate® of h poit \
Thus. the
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Infinite Geomelric Serles Narrs
D [
/100%)] -90% | ~80% [ ~70% | 695~ .
—T"TIs] — = — = it e

Given that 2 ABC has a perimeter of 3, form /A AB.C, whose vertices
are the midpoints of the sides of / ABC and then form /. A:B:C; whose
vertices are the midpoints of the sides of AAB,C.. When mangles are
formed infinitely as
AABLC, AABL: AABLs ... AABLa -
find the sum L of the perimeters.

=)
4
5
o
o
o
o
e
e}

[Sol] Let L, be the perimeter of AABCx.

B
el
L =13=3 .0 T;H-%Tﬁ.:c“iia.ﬂ.%ﬂlm
- N T =5 ' :
From @ and @, BB B s Coidl = AR B =LA

3,31 .3 L)J i(i):...._.
L=5"+75 2*’2(2 to\2) "

L is the infinite geometric series with 1% lerm % and common ratis

% ‘ Since l % “ < 1, it converges.

4
2

@ (M ond N are the midpoinis of two sides AD and
AC of AABC, e following relationships are true:

MN md BC are parallel, MN=5BC
This is called the Midpoint Theorem.




1 {I[',c]] that _'EHT:_ has 4 peTimeter {]f'ln ﬁ:an:n 4

AB.C,. A-B.C.. _'..J\;B:.C-_g. e A
find the sum L of the perimeters.

[Sol] Let L. be the penmeter of AA B.C, .
‘ I_..q-::iLu ‘-(Ij

L.=5-10=5 ~@

From @ and @,

-5} () (3

L is the infinite geometric series with 1< term 5 and common run |

Sioce %—l < 1, it comverges.

[Sol] Let L. be the circumference of C»
1 L,=2=7y=84 @
From ®and @,



)

=
- ____..-'_
=
. -""'---
_—
i e
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Infinite Geometric Serles KT

S—

Cuzin J’ J‘r

é1002 ~90% | ~B0% | T0% | 6%} g - |

1. Let 7 be a positive inleger and r be a real number that sansfies 7 > 1.
Given that the sequence [4.] satisfies are et d =y —1)7

solve the following questions.
(1) Express g, @z, @y In leTms of r.

(Sol] When n=1, a,r=—L; thercfore, a,= -1

When n=2.a‘r+a,r‘=1;ﬂmmfum a:=—f,— — —1+rgr =1
When n=3, ﬂ.r+a;r’+a‘,r’=-1; therefone, ﬂ"':_% h
(2) When n > 2, express da interms of 7. Lraxr=-1
[Sol] When n > 2,
a.r-!-a,r’-l-----l-a,,,,r"'*:{+1}H (D)
ﬂ'|?'"1'ﬂjf1+"'*+§._l?‘r'+gﬁr“:{ —-1)" -—-@, A
From @ and @, (=1 =(=1"
arm=(=1r=(-1)""" { 1}!"{ d
- e E— n—1 = = S ) Tl T
o n.=( 1) ri 1) =z(_%) - =
_a-1

(3) Find the sum of the infinite series @, +a;+ - +d.t .

(Sol] From (1) and (2). da+ ay+ - +ant - is the infinite geomelric Senes

with 1* lerm —E,- and common mtio —-1;.

Since

-% l < 1, it converges.

9 ﬂ1+ﬂl+"'+ﬂ‘“i' =
=a,+(az+ayt=-tant=)

2
rl
= -
()
r
__r=1
yir+1)




eyt [ine o ﬁiaﬂ'&ﬂm ’if_fk-ah:’
l:?:u__* znd oxtend thr e of sie BR f“—pf—egmﬁw
direction o por=t B rhﬁmmﬁaﬁ:tmm&ﬂr&m
soch r-wL- BC, Gvampo=s B. B. Bo _u.é:s:mm[m
Z_l_.j f 1be lengihs of lme segme=s AR BB, BB,

E:EB‘{;Q%

1]

[z

—BB-—BB.
BiBa:iEBB:'_BB’
=(+2—1)-(¥2-1)a
=(J2—1)a
*—B‘IB!-B’BE
~ Bsz_J' B,B.—B:Bx 5
1 —(V2-1)-(+2-1)"2
| __(J‘ —1)’a

-I

ine <um of the lengh "
| Let £ J—-_l)a,&{r*—ﬂ at

L=a*(¥2
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/100%] ~00% | -80% | ~70% 69| 1 =
kU = = 1 7= | e
|. Determine whether the following infinite geomelric Sies COTVETEES or
diverges. If it converges, find the sum S. = NE|
16+8/2+8+AV2 T |
; . 8Y2 2 v2 | . |-
[Sol] The 1* term 18 16 and the common AL 1S == "9 Since | —5—| < L,
the serics converges. = '
o= 16 |
/2
1=
__ 12
=)
. 2(+V2)
(2—/2)(2+Y2)
=16(2+V2)

2 Find the range of values of a real oumber
erges. Then, (ind the sum S.

geamelric series conv
2+E{I’-3]+E(r’—3}’+---

[Sol] Since the common ratio is =’
So, —1<x*—3 -+(D and also r’ —

me@,;r'}zzlhﬂmfmxﬁ —42.

From @, x* < 4; thercfore, —-2<zx
From @ aod @, the mnge of values

_p<p<—V2 V2<x<2
a2
Also, S==p7—g)  4—=’

r for which the following mfi
= N

-3 —1<z'-3<1

i<l @
f2<xr ~@
<2 @

of T is .




4 O8 2 c==her Br m=mis o omig () o

| ¥ = = T e — S
- A ek § 1 _m

;‘, s BB B pester e = S s _— o o Al
po== wisth po=t P pmoacis g B NE
[Sel] Tee carfimm= ofpot Pt =




Wm!ﬂ‘ﬂ'?{'%‘"ﬂ‘_*' o W

1311000

N9 la KURON o
Infinite Serles Pz
—— &
/1005|9080 | T [ 65| e = b 5
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Given the infinite series d,°" a,-!-cr,+---'-=-'a,+

lerms
S,=a,+tdstatTdn

is called the partial sum of Lhe first m e

be wrillen as ,i-;ﬂ i

ms of the infimite SeTIES.

The infinite series (D can

Determine whether each given infinite series converges or dIverges.

If it converges, find the sum.

i 1
| \G"*]_'Fﬁl

#n+1—f;

1 =
[Sol] Takl o {Jﬂ+1+ﬁl}(\"'n+1-4’n}
=~‘n—‘r1—~G

Therefore, let S, be the partal sum of the first n terms.
S..=tf2'-—ﬁ‘1+lﬁ—JEH(JE—JEH---J.-H;FT—T-'F}

= —1+Vn+l
© imS.=lim( =1+ mFl)==

L Al e

Thus, the series diveTges.

- 3
W E JAn+2+Y3n—1

[S;nl] 3 = 3{»"'51-1-2-—&11—1]
Jan+2+V3n—1 {JT:T:|+Z+J§H—1){1’3"—5'2-4’3!1—1}
=Jdn+2—Y3n—1

Therofore, let S» be the partial sam of the first ;1 lerms.
S,r—-{JE—JEH(Jﬁ—ﬁ}-l-lfﬁ—JﬁH---ﬂJanﬂ—Jiﬁ'—_

=2+ 3n+2
- limSa=lim( =2+ fAn+2)==

Thins, (e series dIverges.



[ —

m L B
__h_________ i __u-_
e T —" T g 0 |

—

;_ﬂ'-ll“ ;-l" I_I

:Fr*! = .-—lql'l

e




ABLLRBA B

WY

N92a KURON: s
Infinite Series Name —
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1 -
infinile series conveTges of diverges.

/100%| ~90% | ~80% | ~70% | 69%1 1y =

Determine whether cach given

I[ it converges, find Lhe sum. = _
_l__ .___.___]-_ e ,-1 im———l
T tgatad | Antl)
1 __a__ b sliiplymg beth sides|
[Soll Let T 1)~ . mFl° 3|b;rnr.n =1)
l=aln+1)—bn L o ' Sines 1=(a— ;,_jn+g+]
—(g—b)n-+a - lnhbmﬂ
o a=1 b=1 & | =l J

Therefore, let S, be the partial sum of the first a1 terms.

S :(_lu__!'.-)_J.(_l._..l)__(l___l)' _...-'_(._II.'..___I_ )
SR R S R I "‘\n n-+l

Thus, the series coNvVeTges and the sum i5 1.

SN A a3 3 +-
) 577 B A A ) bt Ea—2)@n+1)
3 =—a— b
[Sol] Let o=y (@n+1) dn—2 3n+l’
3=g(3n+1)—b{3n—2)
=3(g—b)n+(a+2b)

- a=1, b=1
Therefore, let S, be the pariial sum of the first 2 leTms.
Do N S U N (== 1
5"‘(1 4)"“(4 7)*(? m)‘ "(3::—2 In <1
)
1 An+tl

i o ) =
'Ms"‘l@.(l ﬂu-i~1)_
Thus, the series nnn‘ﬂ'ﬂ'gﬂuudlllﬂﬂuﬂ'ml.




1 :
1J3 E :“F § C lﬂ_ ‘:Jn_l i3
o] L — L il X
IZE I iﬁ—i ’2-]—_4 _{H—L

e 3 )
-il 27+1
Ll
- 5"':,'?-'-‘;%(1*2?—1} 5
fJ— | ‘L
Thus mascﬁescnnvergesandﬂwsum Is

1l ot vgzmr.-+n
13 —}“*’T%‘z"*"ﬁ‘ﬁ? ki )
| L =Gy
[Sollzz=—=" Tn(ntl)

b
2 __-f=—0u
Let 5 (n+1) 2 2

2:5(?! "'"13‘“_&?]

a

1 M

simb(-3)-4 (5B

n+l
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Infinite Series Nawrm

Cizdn = ||r =" _Jlr_ =
ﬁﬂﬂ% ~00%, | ~80% ~70% EQ%*—l e 2 o
P — = = = — e

Determine whether cach given infinite series converges of diverges.
[[it converges, find the sum.

1 T U SRR

() 1337234 345

: == —___a : :
[Sel] Let ain+1)(n+2) nin+=1) =1 (nEt2)
1=aln+2)—bn
—(a—b)n+2a
il L
- d=g h-2

Therefore, let S, be the partial sum of the first m LeTms.

'225'2612'21225' 2| pln=1) (n=1lm=

:l.[.l__ 1 ]
7|2 (n+1)(n+2)

, s 1 [l e 1 =
--,‘.5!315-'._..2[2 in+1}(n+2]~]_4

Thus, the series COOVETEEs and the sum is %




— 1
[SC'” 1_2_;_2_3‘:_3_4_1__“_:_”?1_—_1-' :'_i__'l——

Zhik-]

1

l ——

F;p-ji asiiin-])- %Hi-n"”

1
g, qincam ide 2g
—a(n=1)121=1-3]
b




Ng4a KUMON’

Infinite Serles

Cain

/00%] o0s| 80 [ T0% 80| e i
i) £} = = = e = ————

ng infinile SETICS.
|

Find the sum ol the follow!

E(cnﬁ T o8 k—J:‘—l)
[Sol] Lel S. be the
S.=(EME_E&%EE')+(EUEE ’Enﬁz)+"'+(ﬁfﬁ i ‘Cﬁﬁ—rﬁl

LETIS.

partial sum of the first 71

el e LT e
(1) El(mn o S0 2k+2)
[Sol] Let S, be the partinl sum of the first » lerms.

(o5 &\ gnE—sine )t et S
S“’(m“z 5“’4)*(5"14 E“‘ﬁ)' +(m211 S5 8

3
5
-
I
T:—l
I8
—
i
o
2
-
+
~—r’
|
|
It

= gins— EnZ= o
2 2n+2

gty B
=1— 807,

Ay . ] T
o msu—_lrjﬂ(l 5"]2-11-5-2) 1

e

AL ) S P
‘E‘(“‘”zk E"’zk-bz)'l




R S | TS R

Rusl il
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Infinite Series Mz
Cato JII B _'_I'rF — B

When the infinile SETIES }i‘.j a,and i‘. b, converge. where i; a.=3 and

:E;l b.=T, the following propertics are true:

(kisa constanl)

'i_lkﬂ.ZkS
S\ (antba)=S+T

3 (@b =S~T
oilciseries PN

Find the sum of the following infinite senes.

HEBBYVT VST v =

}

r—iﬁrl __l-_
1=
=ifige A N_« 2 -l Gl
ngtt(ﬂ" ﬁ"l) EH' §:E"“'_l 5 b
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Infinite Serles e -
Data / / -
/100%] ~90% | 80 | ~70% | 69% e
J i = 1 = == P

Let S, be the partial sum of the first 1 terms of infimite SETICS i‘la._

'w-lll..['lﬂfzﬂ. Srl -Snl

When the infinile series E anC
IunS..—‘lm:S.. =5—=5=0

onverges, let S be the sum. Then,

limn & » ~I1m{S — S - 1}—

m—=m

Therefore, when E a, converges, lim @.= 0
does not converge Lo 0, E a  diverges.

Y YUYV YUY W |

Also. when the sequence [da }
From the above. the following statement is true.

If the infinile series E a, converges, then im <= 0.
dm:s not converge 1o 0, then the infinite series

If the sequence [ﬂ,.}
;% a . diverges.

converges or diverges.

Determine whether each given infinite seTies

EX. 1.2 .3 A
eyt

i . i "
[Sol] The »® lerm dx 1S Q=50 1"

liman=

o - n—-u. 2-_]__

The sequence (a.) does not converge Lo 0.
Therefore, the series diverges.

o e M e
e T
Y 5 — M
[Sol] The n® lerm da 1S dx I
lim @ »= lim 12 =

M — -

n
The sequence (a.) docs nol converge 10 0.
Therefore, the series diverges.

————————




3 L A S
g 6 85 1
x " e M)
[Sol] The A™term @,1s @n="9, -
8
S 2

lim a.=hm—73"""3
The sequence (an) does not converge o 0.

Therefore, the serics diverges.

9 wlben

1 .-1 g e "-::
@ 5+st0 W _—
n' 3
[Sol} The 2" ter™ aniS @n= 3417 (=
| T

1,..~ 5
hman™ l}_{_t}_ y =
= 1+ i —
1 ~100) —
a.,) does not converge 0V :

uence | —
The sed series diqﬁ]'gﬂs-

1

=i

Therefore, the . =i
g A i

=

3

4
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Infinite Serles Ko
Eata b / —
/100%] -90% | -80% | ~70% | 695~ .
i T - = L= I — e —
Determine whether cach given infinite series converges or diverges.
If it converges. find the sum. i

e —

b — e

i 2i 3 3 e . ATl
4 n+l n-+1 n+2

o3 3 A
[Sol] Let S. be the partial sum of the first n terms and m be a natoral
number.
(i) Whep n=2m-—1,
s:=s'ﬂ-—l .
O (O VY [ G Pl G SO f
= ( 3+3)'( "l-r-l]' ( m'l'm'-l)f
TN TR
-‘-E- 2l = gl;_ﬂ.i i _1.“.1'
< a"( :3"’:3)*'( rr'm).
(ii) When 5= 2m, e |
REEE il e Zm® tom) |
| | S = S Hi(tRE ~ tzrm)
=S“'I+(- Fﬂ"‘é) (J 1 — 18
RS !lFm( i 14._';115;5,..1 = i
bt 1 /
T i L ) T 3
.lll'-.[-n-sz" EE- Som 14'_2_ 7 =
m
From ( i ) and (ii), lim Sze- # lim Sam
Therefore, the series diverges.




N97b

4 T M L 5

1) 2_ 5.5
n (1) 3-242 §-+-5‘__... :2+::+2 nty

H u+1
| [Sol] Let Sy be the parual sum of the f

’ sty .
'S.._'_'shl-j

=_-i3:.+(~2+2-)+(——;’—+~g—)1l-~--+( ik L"’*?] T

. e © it 1) ot Yo s
. *”hﬂﬁm-: 3

SR =S
=Spit(- 253
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|
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Infinite Serles MNarmo
D:ﬂ? / .."I
/100%] ~907% | ~80% | ~70% | 69%-| 1y ————
AT — = = 1= e - ——

Determine whether each given ‘nfinite series converges or diverges.

[f it converges, find the sum.
E_l T L e
e +§=—+—'—+ iﬂa—-!' 31+§,‘T3“r‘
[Sol] Let Sx be the partial sum of the first 71 terms and m be a panral
number.
(i) When n=2m,
S,.:Sﬂ.r
/LAY (.1_)’;,.. (Lﬂ {l- l_’._(L‘__, o (1)
[2*(2)* 7) Ttz | 3*(3) 3) | (3)
T AN L (A
2[1 (z)] 3[1 s ]
= +
— ol
2 3

(ii) When n=2m—1,

S-=S:.-1
=5=--—(
msmms-(3)]- 3] &
me{i}and{ﬁ),HS,.:l@Sw. ] ;”‘
- e

Therefore, he series converges and the sum EE]‘




N98b oM

-_.-._,—.._-.'_._____

[Sol] Let S, be the partial sum of the first n'.mnsandmbu'mm
(1) When n=2sm_ =




Ngga KUMON N9 |

Infinite Serles Mame il ﬁ
Dma f J'II i

/100%] 90 | -60% | ~70% | 6%} 7 = b

femmn = = I - = e |

1. Given lhe sequence (anl: 1-_5_27. —2_—:‘;_2:. Ej?'_—za- 1_;’,2; |

solve the following (ueslions.

(1) Find the general lerm of [ax).

_ = nt2
[Soll a-= 705 1) 2"

(2) Find the conslants b and ¢ which satisfy 2":1.:-'!:; +- nil'
. e [ by
[Sol] From (1), 2%@»=",7055 1) ®©
g » _._.£_ 5
Since 2"@x="
=k
(h+e)n+b —®

2"ax="py(n-+1) i —
From @ and @, n+2=(b+c)ntbh () [Ehﬁgﬂ*'ﬂi—:{h+c]n+b.
l == |

5 b=2 e==1
b=2 |

—

(3) Find the sum Sx of the first 1 terms of (a.) and its limit value ES..

e N N L -

s34 (b))l

——|




N39b

Z. mecmdlbg:ﬁ:ﬂﬂwtzi-ﬁ-ﬁn

= /208 e
14 1 4‘ d H -
T——T——_+‘—I——"- &

s W=y '

e
=

(Uscthemaim;iﬂnz =0 =B 7] <13
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KUMON"

N [00a

infinite Series
_| [:':'.-:Eﬁ — S
/400%] <905 | -80% | -70% | 69%~| 1y =
Faar—— R ] 2= L
1. Delermine whether cach given infinite 5 series converges or diveTges.

If it converges. find the sum.

= 2
e
(L) .?:‘11 In+l+dn+2

mp N9

(Sol] (S nrl—vnt 2)
Jn-i—l-l-»"'n-f-i ;HJ'TH-JH*LZ‘,I wﬂ“'l_ﬁﬂ"l'z‘.i
=—=2(vn+ —Jn+2)

Therefore, let Sq be e pnrlinl sum of the first A feTms.

5n=—2':.~"'§—ﬁ]-itﬁ*ﬁ]—ﬂﬁ—-@}""—E(ﬂn+l—v'n.-
*—Z(f Jn+2)
. 1imS,=lim [ —2( (f2=Vn+2)]==

n—=m=

Thus, the serics diverges.

@ t5 a?g"kg-lm*“'"‘“ {4n-3;'(4n+11+
[Sol] Let ﬂn—az:ltsw-u = =3 i
fl=a(dﬂ+l]-b{dn—3]
=d(a—b)n+(a+3b)
s ag=1, b=1
Therefore, let S. be the partial sum of the first 71 {€rmS.

(i) (b)) (i

] |
=1~ +1

; = ___1___)2
§o “‘I[I.Sl”_“.tti(l ‘iﬂ"ll
Thus, the seTies CONVETEES and the sum is 1.




I Dot wiede &mr:__:‘_:_—:ﬁ:ﬂ:i__tﬂ

M2 o e ool

4 4 6 6 xy 3 zg-3
2 3 7 7 Za—1 I=-1 o]

ﬁ#-‘&ﬁu'ﬁz}ﬂmtlﬂm
e s : L
- . .'.'.[. ' ’
20 ' i B) [ =
T

7
v o= 2
3




3
Ib NIOla KUMON® N 10
l“*ﬁ Limits of Functions 1 Nearre
i, =
ﬁ\ Cixta .If /
E‘\ 100% -90% ~B0% --?Em 69| :
e Ty 0 T e L] s

enl

wﬂg@‘
D ) )

Given the function f(x).if S '[,r‘.l approaches a constant
value o as x approaches &, then f (x) is said Lo converge

to a, where il 18 expressed as:

Iunf{r} o ar. flE)=raas Ti==d.
value of the

-

|
Ly

The value a is called the Jimit or \he limir
)as x—"d. As with limits of sequences, /0 —

functions.

function f(x
the following are true for limits of

lflim,"ll.r]-annd hmg{r] =@, then

I—=d

(k is o constan)

LULY

}igldhf{.r',l=hﬂ

liml/(x)+g{x)]=a+8. %lj‘lr)—at:)ha—ﬁ

lim f(z)glz)=ab

i) e
m " B (g +0)

8 \

Find the following limils.

E pg]&r—l:@s—L:JE '

(1) }i_q;»*’arrﬁ:- J32+5=v11

@ fim3=3'=3
42 e
@) ImGrnz=3 (—1r(-1-3) 12
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Limits of Functions 1 Nama = ——
Dats ! |
/1_00‘% ~90% ~B0% ~70% Aeg;s:\ Tirna ; 1o ’ s
P = 1 = —_—
Find the following limils. - —
m_ (Jz+1—-2)vr r1+2) &« "Multiplymsg e
im———3. W~ (z-3)(Jx+1+2) rumeraiay md
— 1 S fiae (CTHETTTTEIECT
~ X (z—3) (Vz+1+2) by JEEL
] 1 - Sk—
T =3 Y+ lt2
= 2

_ Jr+5-3 _, (Jz+5—3)(Jx+5+3)
lim— 4 = (z— 4}{1"’: 5+3)

=1 u—a}{E—a—a-rs}

= 1
=lm 5 +3
=15
6
R et o A (JTrz—Y1—x)(Vl+z+Jl —x)
(2) lim T _!’ﬂ (N1 +x+J1-1)
: 2x -
=l iy +V1-1) %

= Z
=) Ji+x+/l—x
=1

r—1 = {I"']-H‘Y;E‘i'l]___ mnm
(z—1)(Vz+1) Gt

=1

-
"

=p_1_;|(-.r’}'+1)

=2




= (=) (VT “‘l‘?d&;ﬂﬂ
-gm;’"z“*ﬁ‘ﬂ'j(-l—:—q—r} ¢ dEr-d—
_ (AEz=F—1)(1-z =1 1)

H“g - zr{J1=z=7=1) SRS j

. (=r)(A=zsd1-z)
B (A0




N | 03a KUMON"
Limits of FLIHG“GI'IB 1 M
el

/TOU% a0 | ~80% | ~70% o g
—p = Al a ] s - ——

W .

tions. Circle the correct lerm in Lhe

Given I[I]:“— solve the following ques

brackets [ | buluw‘

e valoe

LLLLALLBLB LB LS
:
E
.1_1
4
b I —

[7] From the answers above, when the value of r approaches 0, th

f(::}=}]*rhﬂﬂm':5'l, smaller ).
¥E rhﬂ?l;=

= -@im 'ge00T ot v 00001 1T1] B

1. Given f(z)= _}1_*,“ solve the following questions. 1

w s(5)=-1 @ f(f--%):--l
(2) I(Jﬁ-)=—1&n (5) f(-—llﬁ-)=-1uu

2 Using the answers from cquestion 1, find the following limil
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]
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Limits of Functlons 1 e
D=t / /

éwu% ~00% | ~80 ~70% rs%-\ — =
1 =7 == = Ll . |

1. Determine the following limits for each dlﬂ'-rn:nl case of I.

hrn L
=1
(Sol] (i) When x> Las x— 1, 11_.,3;

Egﬁmgmg&“g‘!“ﬁ!@! Y |

[u}“ﬂmnril asz— 1, —-——T—r--—m |
# 1
(1) lim——3 ,
. =
[Sol] (i) Whenz >3,88 % —» 0 \ =
_ o 3 :
e r
(i) When z < 3,83 1 3, 1l _ .o T
1—3 _Td"_
@ im(-3)
[S““{i]%mI}U.MI“'ﬂ,—%ﬂ—m
0‘—1---*w

(i) When z < 0, a8 v — 0, =

(Sol] When 2#0, T 2=| z+2

2.
(1) When z > 0,3 70, f“ —pia3

i
£ A2 _ g2

(ii) When z <0,a8 20" =
wm;:&.w"—"i—- o -




104D -

r&mr&).&m*ﬁ:mﬂ
.m!&:ﬁgﬁiiiﬂﬂcdlb&:ﬁghr-m&i@_
Iy s Es:l_i_;-uﬂ_f{I} i
i Ihnhwtm:apwmaﬁamﬂrkﬁ_‘ﬁciﬁi
!kﬁ-&ﬂﬂdﬁmﬁ[ﬂdhﬂﬁm&ﬁﬁ%ﬁ;i_

)] Find the followmg limits.

S g \

| B 5= -
| ' s
2 ) Yt T I

| P— =
l e | £ —
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Limits of Functions 1 N [
II."-.:[u____ J'r : J'I
/A00%] o0 |0} T0% | 6] o == el
1me{:) is equal o lim f{x), then hmﬂ:} exisis.
Also, if Imf(r} is not equal lo lim f(x), then Lu-nf{.r‘} does not exist ]
3 - ¥ &
lim /(2) =] Jim /() 4 Jim f (x)2 fim /() u=1!
= N I
*“ﬁ.;r"“ f(x) f‘/j
0 :—g::a-- ; ﬁi e (]

From the above, (he following statements are ruc.

li'hm.fl.r}-um,f[.r} =a, then I:'mf{.rl=-:r exisis.
Ifhmft:}'#llmf{.t} then hmf(r‘.ldn:s nol exisL.

the right-handed and left-hand

f the following limits exist by finding
limils. If they exist, find the limits.

Determine i

Ll

= .
(Sol] fip ==~ M-z
Thercfore, lu:q-———dncsnul exist, €.

. LE“ #ML-IJ
W s I
1 3—X j j
1 i

(Sol) Jim gy Iz~ RIS

Themlare, Iln'r—"— does not exlsi.

e e




Sol] lim o= Jipyl |
B PG
Mherefore, fim— L _

7 (r—7)F —o® é-]

; 1
M
li Al ) .
!t—q] ?_E:-Z_F‘ = M {H I ] rf—"_ 0

Therefore, fim 1 es not
T (g does not extat
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Limits of Functions 1 Fame

Erecte / i
ﬂ% ~80% "E% ~70% | B9 | 1 : o : |

Determine if the following limits exist. If they exisl. find the Limmts.

.

Ml. II:+I B
D i =TT “t /
. ],e;f

. ZET Sl _
=i j+ \ — = =
Wi (z BU=IE SN0 2
—o |l —0°
.:-.:. :+ { " ] ﬁh
rag [H}WhEﬁI'f.ﬂ I_E-E_-—l-—-_rrl —1
|zl x
i+ - ———

XL
(1) Bm—g

. | P=2r z(r—2) _ y
[EuI](P_lWhEn.::}U, G s =r—2 N
2

' x—n’fl;lzx :'lf_l._.ﬂg*l:.r—z]"—'-z

. -2 xiz—2) _
{Li-]‘th:n.r{ﬂ. i =—x+2
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Limits of Functions 1 N
T S SR
/100%] - 90 | 80 | 70 = . =

[x] denotes the greatest integeT less than or equal to a real number .

This can be expressed as follows:
(f o1 is an integer and 7 < £ <7 +1, then [x]=n

wy .T.-- = — — _._]'. e
an.mmplc.{zl 2 [2]=2. [099]=0. [ lﬂ] i)

Detcrmine if the following limits exisL. If they exist, find the lmits.

iigr;[r]
[Sol] (i) When 1<z <2 [x]=1

M

S lim[zl=1

F i

(ii) When 2 <r<3lzl=

s gmla=z |
From (1) and (i), (] does potexist. €~ CEEE 2

(0 fim, (7]

[Sof] (1) When —oic < —i1, [z]=—2 G
1f ==
i 1 — e —2 _.'L
s lim [2)=—2 s
[ﬂ]WhEn*IQI{ﬂi [I]=_.'l 'ﬂ:——‘fl
— =
"'M--[I]'_--l i ____1_3

From (i) and (il ]'*,llfl‘l[—f] does not exist.

i remd s “Gonss x°

The symbol | ] is called the Gauss symbol. | x)

|




a (2) I.un[—ﬂ-
=2 T
[Sol] (i) Whenl <z <2,[r]=1 / 0
2 o S
' . 1%'.'.?7‘::'_}.::‘;‘:
(ii) When 2< x <3, [r]=2 '_1 4 vl

A b ll:*;—:Ei::—z—:
1M s o 1

From ( 1) and (i), lﬂﬂ%l does not exist

r—3
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Limits of Functions 1 Marne
Dato / l’
/A0 |00 7O o [ ———
: —— - = . -
Find the constanis d and b which satisfy -:m:l: given L-quntiun.
eI ———
artl |
R

[Sol} Since Jim (VZ=2)=0: m:—-LmW
: mmﬁm:._mlmum
]llﬂ(ﬂ.l?'i'b}—-ﬂ LC. da+b= 0 ('. Lﬂj;[‘ﬂ;ﬂ_ﬁﬂhmﬂ—-m ot B
 b=—4da @
Then,
art+b _ .. alr—A4)

ljﬂix—2=yﬂ Jr—2
alz—{({x+2)

PH{JI 2)(Jxr+2)
alxr— (Y r+2)

=¥“11 r—4
-lm!ﬂ( r-+2)
=ja @

From @ and @, 4a=; herefore, a=| 2 | ~ @

me@md@.b=
a=@, b=

GLLN sy REE B -

——
—



3
P
-:'q"r- H=s=h =3 =D
.:' x—2
A =T +b)=0. e ab=0
Un.
_1‘: e + ﬂ[.,‘;'*- l}
axz 1 b ﬁ"l -2
T=1—1)({z=1%1)

,1?"'2}{& —1+1)




=M A1+ x+x’ 3 1+ar)

P
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B Limits of Functions 1 . -
FJ — Erﬂj______._.",_.—-—-—-—‘r—__.__
' /10| [0 [T | 89| o i ..
——re e
g 1. Given ﬁﬂ'—l—:__r';%,_il;ﬁi:b (a#0), find the values of a and b.
5 ¥ . - bl -~
% [5{!]] llﬂ Ltrrd _.j_“.l_.il-r—l.
| = [1+z+x’ —(1+a:]][J—+: r*+{l+e ax)| {,;
ﬁ =0 X’ [J—-l-.ri-r“-i'{l-rﬂ.ﬂ]  —
B Multrpl?mgthm
g (1—a’)x’ H’.l—ﬂa]x amedl e demormmmtor By
- AQarrr+l+az)

-’ o =abstl2a
'%I(ﬁ+:+r’+1+ﬂ:‘j

Since }i_iﬂ.r{-.‘l-'rrl-x’ +1+ax)=0,
1=0, e 1—2a=0

}i_l_lgl[(l‘ﬂ’lr+1—2a

=
i

=]
il




When point I? on curve y=x" and point Q on the posi

satisfying OP=0
y-axis. Given that point ? is in the 1

tes of the point which point R approaches.
4 p=x

find the coordina

[Sol] Let (L. t*) be the
point P, (£>0)

Since OF

tive r-axis move while

Q. let R be the point where line PQ intersects with the
* Quadran! and approaches orgn O,

coordinates of

OP—*-JFT-WE_:JEH‘:tﬁ?F

—(0Q, the coordinates of point Q

are (pd/1417 0).

tion of line PQ 1S

Therefore, the equa
=
- 1+t
w-hﬂn.r"‘ur
e
y=U 7=

\
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!‘\ Limits of Functions 1 Nama |
!\ Bt / /
P 100%)| ~507 | ~80% | ~70% | 69%~ 1 7 =
= — e ——
g 1. Find the following limits.
ek (2r+3)(x—1)
(V) limTrpy—3 A @D Ep NS
o 2EEY
"").El'{ I"i"?}
bk
4
s
.
7 - 712 . (z+1-2)(x+7+2)
2) ;"-IE: r-+3 = lm, (I+3}(JI+7+2‘; = NI
: T x+3
=i, 5 3) (Jz +7 +2)
—i 1
=, Jr+7+2
=
4

9. Determine if the following imil exists. 1f it exists. find the limmt. = N

1zl
lim -~y
(Sol] (i) When 7> 0, Z=T=1 ’
TR 1 [ ]
rh-ﬂ* T 1 )y o—
(iiy When 2 <0, ol =2 ===
. “m_l;ﬁ.-lu-'-—-l *‘_l
U e I

From (1) and (1), lim =" does not exist.




N110b

4 Find the constants g znd b which satisfy the following equation. ) N |0

[Sol] Smee 1&5(1*1):0!
Elq(aJ:+1—b}=D,i.c. J2a—b=0
s b=vY2a @




Nilla KUMON® N LI

Limits of Functions 2 s
Dezn [ /
/4009%)| ~907 | -0 | -70% | 69%~ = — —=——
—] e = k] - o H w ;

Find the following limits.

Lo o ([Ee=mmeg
i3 ,wim.ﬁm'mgltnminmn
' | denpomumsiLor (" in this case)

(1) lm—, ——y — Lm

(2) lim

(3) lj_.l'..lfl."'_T ;—'Ijﬂ]. = 5

()







|
NIl2a KUMON’ N1IZ E
Limits of Functions 2 M :
Date / r
/100%)] ~90% | ~80% | ~70% | 89%~] 1o . |
Lo ] — = 2
1. Find the following limils. _ N
S )
B [JI’+1_f—r)(f '+2r+x) i
E]*:rl(#.r’+2.r—.r}=j'___ \'III:'i'E_;'."-I‘I ("-?-
=0 2r Camilermg ____ |
ST Emeet
e rrmaliipl g e messmmoy
gh&mﬂmmhﬁf?ﬁ%:

—het 22
\/1“‘“_"!'”1
X

Lﬂ/
Jo—z—p) (VP —r+x)
m H(J:’—:—z)=gjﬂ{ i f:ﬂ(:f-r r+x

< =
gl

. =il

= im——
it

X

b
2 !;
) (J:’-rz:-.*’}’+1}(./?+h+f:=+',
@ Jm({FF2zz—r*+1)=lim Jrit2r +ir'+1
o el
= o + Vi 1
i
= 5w
I Ry

=]




¥ Pt

@ oy o~ @ VF F

-E'---_-_-____-'_‘.‘——
=== A= =gy
) | / :
25— Je=2
1 ==
==




|
N| |33 KUMON" N
Limits of Functions 2 P —

Ermte i'r f =
/100%)| ~90% | ~80% | -70% | 692~| == =
g | — = 1 = i e
Find the following limils.
,Ii;rn._(ri:u-:’n!i-dl |

[Sol] Let z=—1t. As x — — ==, | == == thercfore,

ﬁm{d-rg.. 1_|' — — L -'l.'—"}l ".r‘_'!]"'__ |
hm o f‘}—lﬂ{ Y i of e '1} (_'_ I.::{'_tl::lr

= fimt*( 4 )

= — oD
(1) Jim (2r'—x'+2r—1)

[Sol] Let x=—t!. As x— —e= [ — =; therefore,

Jim (2z'—r®+27—1)=im (2t* + 1"~ 21 - 1)

— A e U )
ey

=
n _ dxt—r+2
[Sol] Let z=—1. As x — — o, [ —> =; |herefore. I

Ar*—z+2 QA2
dm =5y TIm Ty




VE="L. As x— — oo, f — oo; herefore,

. Y1+x'—1 {14471
lip —= & YlFe—k

ke I F— - —r

=!i_nl(—,/-},-+1+%)

=-1

Lm (JVz'+3r—1-Vr’—x+1)

.MLct.r:__t AsI_f_m‘t—rm:mmrﬂm,
lim (J;'J.-EI-I'-J;’—IJ.*I)

0 ==

; o t'z_.gf-——l‘ff’_‘:'f*"‘l) 1 \’i
o 1
= e (i et G
l: H —(-—-L'—-‘__SL-— 3 = e 7
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NI l4a KUMON- .
Limits of Functions 2 N
Dt J'- J'Ir
/100%)| ~90% | ~80% | ~70% | 695~ | [
T i— = i Z 3= s =
Find the following limits.
> i A v
im() == ()
5 = i |
_r]'—l-q].-(T) =0 _."5_':--—""'/
e D .
(1) II_i_]_;lf_i.?’r="|=l'ﬂ' WA =
=1
N o
— 0
{3} !E(E_)‘zm

W ym () =0

® Jim( ) =0

# —
E- ' [Reference 1K 181



N114b
M lima* (a>0)
[Sol] (i) Whena > 1.
fima=| =
(ﬁ}'“’h'm'd=.1;, “

lima*=| 1

A -

(t11) When 0 < g < 1,

hma'= 0

& =l

(When a=1 ﬁi‘l



NI Ilb5a KUMON® N

Limits of Functions 2 Kl

Coaster .IF /

/100%] ~90% | 80 | ~70% | 69=-
L st i)

i ] a ]

a

Tizre

Find the following limiis.

)f]zﬁ & Facwming by the = with
lacrpest abwsiine valie of i b

i

J'_ungm'—s‘):pgis*[h(

T Frp——

@) ﬁm(lﬂ‘—ﬂ'}=ﬁmlﬂ'[l*(i)l]:m

: [l
(3) iﬁ(gfdﬁl}=yﬂﬁ‘[(%)*l]=—“ (—lj_h_;[(%)'ﬂ]:_l

[d} m{a:_zh}:pﬂtsx_d.l}:hmd,[(%)l-_l]=_m

X -

(8) =!Ji_'1'l;(ﬁ“*—"ﬂ*'!=yg;{d‘—3‘}=limsl"[l-( %)']:m

e

(6) lim (5 -"'2'”{”3:!1&[5*_(?41*)!]




Ai) Whena> 1,

T+ =
ITE a’ar'r-}-j' :.r——'
L : L+

i) When a=1,

¥

a

| s
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Limits of Functions 2 Koo
/100%)] ~90% | ~80% | ~70% | 69| »
a1 — 1 Kl 3~ | 2
Find the following limits.
Ex. ¥y -
Eﬂ{lnﬂﬂ:: [="2] — =1
ol /1 — ¥
,Iuj;tﬂl» logy,r=—9°
(1) Jim log; z= e A 2 =
o 71 =%
(2) limp, logz z=—o° /
g_m
(3) Ili__m_.luﬂ.;,.r:—ﬂ -
\l L
O —T
(1) liplog}x=e
—= = |
(5) lim log} r=—c° =
%m-
m— l ol
( S
i) log) r=so .
1&% % =

[ Paference 1L 1616 When a”=x, = log.x



T EEE———

I16b

) lmlog.xr (a>0, a#1)

sol] (1) When a > 1,
lim log..x=|_e=

(i) When 0 < a <1,
3 [Whena>1]
e i
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NIIl7a KUMON" N
Limits of Functions 2 T
Fiasa ||F ,“I

/100% ~80% | ~B0% | ~70% | 69%~
AT N — - 2

T : Fx]

Find the following limils.

'
" Jim [logs (4z-+1)— logs (x—1)] = lim logs "~ 11 .

Br—2
2r+13

(1) lim[log,(Br—2)— log,(2x+3)]= lim log,

(2) }E[ ot (z--1)— logy.x |= lim lost} _{ﬂ.

=Iimlug.}(1a|~~1f)

Fram

Slos s
2 ()1 o 1= |

ﬁ



Iim (logs | 2" +52— 14] — Jog, | r—2| )

xr’+5x—14
r—2=2

4: Im]lng,l IITT]{:—ZJ I
I—En]lbgﬂlr-?ﬂ

| Jmlogs(z+2—Vr+ar+4)

L (z+2—J/r*+ar+ A)(r+2+ /7 +3z 3r+4) E
_ Jimm foxs :—Z#—ff ﬂz HE ‘j
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NI||8a KUMON" 3

Limits of Functions 2 s

Desta / /

/100%

~00% | ~80% | ~70% | 69%~

AT

= Tira ; o

[Sol]

‘ Find the cubic function f (x) which satisfies im

and Jim

f(zr)—2r7+3
z =

4

ilz)=b e

T
Let f(x)=axr'+br’+cx+d (a=0).
From @,

=2t = +bhriter+d+
umf(.r) ;?.r 3=Iim(a N +bxr'+ecxr+d+3
£ — - _r - _r':

Therefore, the values must be =2 and b=4.
S M) =2t e +d

2 +dx'+ex+d =5 _
I

From @, lim 3 @

Since lim.r=0.
Pﬂ{h=+u’+cr+d-5}=ﬂ, i.e.d—5=0

. d=|5

Then,

 2r'tariter+d-5 _ |2 HATFer

lim r = lim) r
=;1113{‘ 2xr’+dx+c |)
=c @

From @ and @, c=| 3

Lo f(o)=| 22+ 4+ 3x+5

'—

Q+TE 4+ X¥+ T2 ' F+TV+ I T4 IV 4+ I =



-, NT12p

b Vind the evie s
anclin f(r) wheet [zt
f %E = =1 —@
wd fagy =3 -,
[S50l] e jf.r) A T - ey = g fa=p)
From ),

i —TJ .
. = — f —

= :—rl

=h!iﬂ —Ijz=p=L_ d]

Emi{r"—r—ez—d) =0 ile Z=r—d=0g
-d=—p—7 —@®

Th=
Frreez-d _ P2
= =—1 =& =1
E F“l

From ® =md @ e-5=—2 therfore. c——8 @

From @ ==d 2. d=6
2 flx)=x'+xr—Bxr76



NI19a KUMON :
Limits of Functlons 2 Msma

Dain J'Ir r‘ll —
/100%)| -90% | -80% | -70% | 69%-| | e

1. Find the constanis @ and b which satisfy the (ollowing equation.

HM[J‘III_IE_I'F]—{H—E—.\‘J}]:{] D)

Fo==mm

[Sel] When a < 0, lim[Var*—12r+1—(ax+b)]==; therefore.

T R R U TR

it dees not satisfy @©.

“a>0 @
Then,
lim[VAr*—12r+1—(axr+b)]
- [Yarr—12x+1—(ax+b) | [’ —12x + ] +(az+b) ]
= lim ; — ¢
zmem Jar’—12xr+1-+(ax+b)
| _ (A=’ )= (12+2ab)z+1—p? |Comsdemg
I =fh"]']';l" Jir—12r+1+(azx+b) =12+ I —(ar=b
i e e B &
! g “l—ﬁj = 1
g i (d—a®)x— (12 +2ab) 5 e e
] i— ‘/4_“@___“_1;* b mnd e denominior by
5‘ T ' O x =12z S 1+ (az b
From @,
5_ [ 4=a’=0 =@ € [[a—at=o,
! _ 12--2ab=0 @ _,gl_@__[.fm —{ax b))
!. From @ and @, a=2 @ ey Tl xR TR
! From @ and ®, b= -3
; Jooa=32, b=—13
B



—_‘__—_h—_____\“'\‘
NII19b

2. Let | be line v=axr(a>0)an
d P be the point =
such that the distance to ! is maximized, potnt on curve y=x*(9 <, ¢,
(1) Find the coordinates of point P( p, p7).
Sol] Let Gt 5
[Sol] : d be the distance from point (£, t*) (0 < ¢ < a) on curve =t
line y=ar.
et =2
d Ja’+( —1)? “"' {Eis;llﬂfm_ﬂﬁnlnl’nim'mn[fnﬁmzsﬂ
at—¢? i [Since 0 < f < g, - v=x" |
et Ll - M iy g 3 ]
fmu ¢ | lat=l=at—t ;
S =) [(:-i)’__ai e i
va*+1 2 4 !
Therefore, when £= g,d is maximized. i / I[I
-_ p:% ‘I'. D ;!] ;
. pfa a
. p( 2 &)
(2) Let H(k ah) be the point of intersection of the perpendicular from P!
and /. Find Jim -
Sol] From (1), the equation of line PH is — — —
a R
V== ;(-1: g) € lhir e of line PH.is m}!;
Since this line passes through point H (4. ah),
P
abi = h=73
i ala’+2)
4(a*+1)
"N Thercfore,
3 =
V% ala ':f-*Z} 1+ :_é_




{

N|20a KUMON" N
Limits of Functions 2 Mama
Dats .|'r
/100%] 905 | -80% | 70 | 69%-| -
L e ) = 1 p— =
Find the following limits.
3
. 2r-30 - 2+r 5 = |
M 1+3 o Jl__1_+i
ey
@) Hm{ rrEe 22)=lim {v‘ Ar’+r—27)(Var’ +r+2r) ol
YAr*+x+2r
— x
r—-JeLr":+1r
=lim
\/4+L+Z
{ x
i
X
@ T ot |

[Sol] Let x=—1 As x — — =, { — =, therefore,

: x —_ —1
e e L e g
: —1
:H_Hz ;
T
=]




NI120 I

=]

g () Jim -4~
B R

= Np
(SOl 1) When 4 > 1.

(a>0p)
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Limits of Trigonometric Functions FrR—

Dats / /

/100%

~008, | ~80% | ~7(2% | 69%-

Terray : o

£ rm—

Prove the equation lim— —=1.

[Sol] (i)

(ii) When '-3—27" <xr<h, €~ h sl ng,

SIN.x

- ' R . HNE 1
é ¢ Ccmlmng;l_q;h_ TJ
consider sector OAB with radius 1 and central

angle r as shown in the diagram. AT s atangent O,
1o the circle at point A

As for the areas, L’A mMﬂ&ma—nﬁca
AOAB= -—ﬂmr €

WIlt:n [} {I < - y

mdfncnﬂ:ﬂlﬂh"fi!:’j

SecmrDAB—-—,r (—- e o s QA B £

AOAT=—+ 1 o lanx f"‘" ﬂ,T ﬂﬂm=mr1
Also, since &DAB < sector OAB < AOAT.

1. 1 1 ==l | |
5 sinTx {E,r{ plant | ie.| ST <r<|lanx |

Since sinx > 0, dividing all lerms by sinx,

[l . p—m

1 NNy _ cosY
Since all the terms are posilive, ' :
1 }%}m: & LWbmu{;qﬂ-b'fm}L}%i
Since lim cosr= I‘. hm SILE _ 1 & menl"ﬁmhn
Lr=gp* —da* X .”

L‘!"ﬂrfﬂ’wsuh

let r=—0.As x— 0,00 ; thercfore, ﬁ*um{ i)

. ginr _ . &in(—=@) _ .  sinf _ N ==
lig === lip —=—=lipy =] € (emlGHs
-0 0
From (i )and (i), lim =1 =1

¢ '0— ‘1 'Ll L oTwm orus ~:mn_i}. -xm..t.l'? o




Find the following limits,

Ar. mﬂ’mﬁmans___!

m’_l 511'15.1".' N Sl.ﬂs
I A T T =155 ¢ (R e e

s for = uuﬂdcﬂﬂmfuﬂmgwmm
' cligns and Their Relatlonships |

For all 1 close Ip @, when /(1) < glx),
if lim / (r) =a and bm g(z)=4, then a < 3
LFE{LIJ'*:"*. then [m glr) ==

arall relose o a. whem fix) < hix) < glr),
'Lr}zggﬂf.ﬂ:m then Ekuha

flx)<hiz)<glr).

?. e when f(x) < g(r), md satement 2 is also e
M | glz), flr)<h(r)<glx).
‘-! k —
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NI|22a KUMON®
Limits of Trigonometric Functions N
/100%)] -00% | -80% [-70% | 69%~| . _
oL p— = i = W= :
Find the following limits,
7 T B ir 1
(1 Pﬂsinuqllﬂsﬁndr p
=EI_I!E 5-“-.1;]_1- -_l;_iJ_-.
Ar
—JU AL
=R
=1
4
_2r _ r: 2
@) lim-— e = lim e g
=1 =i
=M Gn3r 3
ix
—
1 3
i
K
gindr . sin3r 2r 3
@ M on2: =M 3y mnor 2
= sind.x 1 3
=M=y ~@nor 2
2r
=7.L.3
=117
_3
T
Simijﬂlﬁ:ﬂ'=!‘iﬂ Ei:ll_="}'::l.iliﬂﬂﬂﬂiihhlﬂmh’ﬂl}}'lﬁmg ME:;T‘L
K




I-:E.} [ﬂ:ﬂ‘ﬁ o 1 =

=1 . l—cos’r
=8 (1 —cos.r)cos’y

= fim L 208 2) (| — coa
=BT —cosr)
e

/fn?\ g _;m-—’;_-
| i 1]
b '[1

4 :

;

¥
" -
W
-
S




)
)
)
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)
)
)
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N|23a KUMON®

Limits of Trigonometric Functicns Fiarra

M|

Cimta
pAITE EA ST S m

Find the following himis.

B sindr
sin 3x

i I
: = :
h‘"l.::+sm.r :L—rﬂ 1+ sin.rx

s:in.r
EI.H.I'

1) hnlrl-smx_zlml
i o

il

1+1

— L

2
sinz.*r
Ij'nl r-l21; !JIIL .ri—E
GIN2T
=Y IS

142

0+2







?
3
»
»
B
»
>
»
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N |24a KUMON

Limits of Trigonometric Functions Nama

M

Dt /
Al S BT KT S -
Find the following limils.
inA=cosr _ . (1—cosr)(l+cosx) o Muliplymg the
!":‘-]} a0 r(1+cosx) mumerztor and
: 1—cos'r r.h:l =
=0 T+ cos z) A
sin’r

= hin r*(l1+cosx)

g ginr \* 1
_:hlrﬂ( T ) l-+cosr
1

02

I—1

. xrsiny _ . rsinr(l-+cosr)
(1) MW”Jﬂil—cmrlil+ch]

. rsinx(l+cosx)

=i 1—cos’r

. rsinx{l+cosx)

=L sin’ I

_ o Lhcosr
= lim Bin X
T
=2
ginfe . gin'x (1 +cosx)
(2 }mrfl—mrl__!J—HEI{I_EEEI]':].';'EQEI)
— ginx(l-+cosx)
= lim x(l—cos’r)
e gin'r(]l-+cosx)
lim ZEIn'T

=!iﬂ%-[l+ cosx)

=12




ﬂ:msﬂﬂ[l.+cuﬁﬂ:)

311(1'--:0531)

1 —cos Ax
T (1 +eoadr)

reosx(l +eosz)

Allernative Salution

snril -cn\sx}.(1+.cna1-}

. 1—ecnsdr
hm gz

' 5 A
rsn

e

1

=5
e —

{. Amle

ll‘ﬂ"‘m-l]ﬂ..
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Limits of Trigonometric Functions i

Cele / / .
/100%] ~90% [ -B0% [~70% [ 69%-| T . =
i 5—___1ﬁ_ o — 1 T ALt — |

Find the following limits.

. 2tanr .. 9sinr(JV1+xr+1)
() ‘hﬂ:1+r—l+-!lﬂcnﬁ.r{#fl I—l]('rl‘"_r’rl}

2sinzr(v1+xr+1)
=y ICoS T
_ . sinx 2(J1+r+1)
= i COS T

2) J1+:m11 i Yt rsinr — 1) (VI rsinr +1)
) ’ r*(Y1+rsinxr+1)

= TRINT
=7 ' (Jl+zsinr+1)

o BINT 1
=y N+zsinr+1

it
2




N 125D
J2—cosr—1 _ . (V2—cosz—1)(/2=cosz+1)

@ M= M 3 (Z-cesstl)
= 1—cosz
M 3 (V2—cosz + 1)
s (1—cosx)(l+cosr)
HEI’{JZ*MI*'I)(I-MMI)
1=—cos’x

= o) e (V2 —cosz +1)(1+cos 1)

Sin'x

=12 Aar*(V2—cosz+1)(1+cosz)

= (EEELI )’ 1
LLL R B(J.z—m;r!"-l)-(l"?ﬁﬁﬁ»f}

e (,chm}(ﬂ*r’ﬁ-ﬁ =)
=7 —-2) (J1+2 +J1-%")

 (1—costr)(YiEZEI1=x)
=l 27 (1 +eosz)
 sidr(1+ 2 +1=F)
E 2rf(1+cosx)
A s\ AL T
’ h _Iml(_,r ) T Bl tensz) 2
= A | ¥ I (lsrx"; _|+__;_’_i":r:"’__ -% }
Y ﬁ‘!ﬂ*‘; 4] | =7 g = ; i
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Limits of Trigonometric Functions TN
Data / i

/100%] -0s [ g0 [ 7o 60| T -

e — — i — - -

Find the following limits.

]im:sinl
P ] I

[Soll Let L=, As z— @, 00"

i e AU U
"E‘lxmn:_kﬂ\ﬂﬂmﬂ

[Sol] m%=ﬂ1m:~r oo, §—0

T Al e 3l
o hmjm;r"lﬂlﬂmﬂ

_ .1 _sing
-Jﬂ]ﬂ coslh
_ . gnf__1
=BM "5 “cosb
e
['SQI] -Lﬂlﬁiﬂ.,r:ﬂ;ﬁﬁ_ﬁ—-hﬂ*ﬂ—iu ‘_,, Lﬂ-ﬂr-%l}”‘",ﬂ—-i'ﬂ“
) Asx—0,0-0
Ein(sinr) _ . Therelors, usa § — 0 imstexl
Tl e b ofi@==0" arf—0".

=1




_Zz—8r _
2 Sin (4x—7)




Nl|27a KUMON" N 127

Limits of Trigonomelric Functions g
EXEin Jlr - Jlr =
/100%] ~90% | 80 | ~70% | 69%-| _
S = = i 7= Lt s
Find the following limits.
R L o
ERIN— -
at = | &bl = |zi 1Bl

< x| €

[Sol] Since 0 < <1, 0<|rxsin i‘\=Eri‘sini

Then, since !i_l_‘.ll]fl:m ""'f. Limits of TFumsetims med
PEA (.-' Their Relsiomslaps (N 121)

5 el
'!"ﬂrsm_r_

S
.rsmrl—-ﬂ

0 € [}ﬂ‘fﬂ}f{ﬂlmm!ﬁn mﬁrlﬂ

e I
ll_lﬂ.rcﬂs_r

[Sol] Simce 0 < m%]m. 0% |:m%l=l:|‘m%|i Izl
Thm,&i’ncuji_q;l:lzﬂ,
!i_]_:ll‘xmfi_-':ﬂ

T =
- Ih_qarms?-—ﬂ

@ Jma’sins

o rere) o B
El.l D"Iﬁlﬂrl—r

[Sol] Since 0< lain-}:—
Then, since -ﬂ:q;z-*‘:{l,

[[1111 x'ein— l=‘ﬂ

" i sin =0
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e

i —
-

I

o feid

N1270

@ b

cosI

1
< lcosx) €1 ﬂé\ﬂ%\:\%\““ﬂ‘é\r\

: ._l_-\:[j‘
Then. gInce }1_1_11 =

I
cosX _g
§ b o]
-
(9 M5 gEnx
I 1
X __=lm e
[Sel] M 7% anx ' " | [ l
SInE| —\ L\'.sin:rlﬁa\;\
: ' mzl&ly, Y = =
Linc l
|
1 =0, l

_ s ol Used 2
'ngW‘rﬂluC:n g o U

Citsg ﬁTm, L i
1

r & XEl o “
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Gate / /
/100%/ -90% | ~80% | ~70% | 695-| . ®
£ T—— (1 s — L : L

[Sol] AH=0A-0H

=r—| rcost

=r(| 1= cosf |)

AH
6

(2) Find lim

(1) Express AH in terms of 6.

Let ZAOB=0 (u <6< %) and OA=OB=r.

. r{l—cosd)

. A

1. Given sector OAB below, drop a perpendicular BH from point B to OA.

_ . ril—cos0)(1+cos@)

0% (1+cosf)
r(1—cos’0)

= G (1+ cos0)
rsin’f

=4 0*(1+ cosf?)

r

=1 (<5%)

"1+ cos0
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2. Given fixed point A on the circumference of a circle with center at point O ang
radius 1, drop a perpendicular PQ from another distinct point PP on the

t

circumference of the circle 1o the langenti at point A (EI < LADP*'C:—;-).
Fi
Find the limit of ‘?.;% when P approaches A.

[Sol] Let ZAOP=0, and PH be g perpendicular
dropped from P 1o OA. X
AQ=1IP= sing |
PQ=HA 5 / A
=0A-0H wl—y-
=1—rcos0

Witen P approaches A o—*
Therefore,

=t -{'l-'!f'.-:fnﬂ'ﬂ-ﬂl'—?ma'ﬂi].
ﬁl 1=cosp

= ﬂgl (1+ cosg)
=2

Altzrrstive Salution 7 -
. AY S ] + ooy _ s : :
Epg =l 1—mﬂ_*1$'ri-'-r~ﬂ~mu,@%m mﬂ#ﬁgﬂgl

\ |

= oy (1 comtf) =2
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Limits of Trigonomeirlc Functions O

Eﬂ‘.‘.ﬂ J‘r .I'.

Tima : e

/100%] ~90 | ~80% | ~70% | 69~

[

1. Find the constants & and & which satisfy the following equation.

arth_1 .
Jlf."_a. cosr 2 @

[Sol] Since lim cos r=10,

linl(.-::.r+.{1}=ﬂ, Le. —é*za +h=0 4 [H 108

=l
h= 5 7 @
Then,
a(r—i)
ax+b _ . 2
;a8 cOsST X COS.I
— K g r=0+%
Letz—5 0.x=0+5
_pi
Asx 2,[? 0
Therefore,
a(r—i)
2 af

. ab ¥

=M —cinp €

= —-a

= sing

0

=—ga ...@
From @ and @, _EE_;-: therefore, a= —% @
Emm@-md-@,fj:«’}
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2. Given two poimis A(2, 0) and B(0, 1) on the coordinate plane with origin O,
let ZAOP,=0, and P, be the point intemally dividing line segment AB in

mml'n(n i5 a natural number and 0 <0, <—) Let [, be the length

af Tme segment AP, Find the limit value off h_]_:l—:}—-

[Sal] Let(z.. i) be the coordinates of point P,.. Since point P, internally divides
line segment AB in the ratio 1; n,
n2+l0 _ 2n —nalElEl
TEr e L) (Tt T &

Therefore, since OP,= \/(.liﬂ_ .(__1._)‘=J4_n‘+1

,Cmrﬂmm:ﬁ
of Inicrnal
Dividing

Painis (M)

I_._'

l+n 1+n
=il
- I+n L
snf.= =
Jan*+1  J4nls]
l+n

Also, since AB= V5, [, =—— n+1 ﬂﬂ:

JE ,-rg
/5 bYdn’ o] ﬁ," d4-L
Then, "'IEE(H"" 1) smd, H a+l %E!E"-—'—-—El—:ﬂg,fg
Also, 1s 1 — =, ﬂ.*ﬂ*'-llinmfm:q; 2
Eﬂ]ﬂl_
n—i-l ﬂ H ﬂ
. ._-g —2/E |
P —
| In ACIAF. é :==.£.UF..A R |

=y, I

| R Al A 2 O0P. u{%—#.} wr lr— LOTA) )




— T

Znin' - sin-
| o d—emmz _ i ) = =)
i %‘- eoax EE] reomr !'ITPI( . ) Zeosxy 2
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Limits of Trigonometric Functions Nare

Dizto J'r ;"'
%| ~80% | ~80% | - g7~ .
JA00% o0 | 80% [Tox [0
Find the following limits.
(1) PEMH*MIﬁ?I =y
S GIN2E 2 T
'}'ﬂ 2r coslr
sindr
| _gindr _ . I
m}:—-rﬂiin.r -l'ﬂ1+si|1r = NI
o
M_.q
= 4ir
_Fﬂ 14 8IN T
x
=2
l—cosz .. (l—eosx){l+cosx)
GO = oAz L) r'cosx(]-+cosx) — Al
e 1—cos'r
=/ j't:narfl +caszx)
=l =7 T m:{l*l-mﬂ.ﬂ
1
'ml( “cosxr(l+coar)
ﬂ"f
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3z—]Rr

LR e G=n)

IE}-—T—‘

z"\"ﬁ

««:--.E::_ﬂ’" D, :‘E‘.’f}“‘

;.-—-u-...-n..-.-—l-

i #—-—r~q

00
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Continuous and Kayee
Discontinuous Functions

/100%| ~a0s | ~80% | ~70% | 9%~
A= e O = = =

Do / ."'-

Tirme : e

[1] Choose lwo graphs that have a break(s) within the domaim from (A) — (F)
and circle the letters.

r+2(xr=1) e
(A) f{r}".t—:lr 1. flx)= { L f{,ri“—-"r_—.z

\l;‘ 2l

In\j i -2 O z

(D) f(x)=log:x (E) f{x)=cosx @ flx)=[x]
[IFY 1] ra
____:.]_.: .E.I e | (R .._..
2 1 2 I} -e—
/ /J\ N L
3\/;0' E\/é TEL e
; : ] —o -1
0 i Bl |

(Le | represems s e Emrger les a5 ol ™ )

(A} [} “SmsTry
(Tha dormman o (C) B 5 5 =2 el lhe demsem of (TH i x> 0 Theredioer, oy city ool bresh wntbun the deeme |

Generally, the function ;’Lr]l 15 said to be continuous ml r= g if f(x) satisfies
tlie following two conditions with respect to a, which is the value of x within
the domain. u

(i) .!i_ﬂ.f[r’l exisls.

['ii)lljh{glf{:phﬁalisuum Al
With these conditions, the graph of = f(x) does not —
break at z= a. If the function f{x) is nol conlinuous ot o)
r=a, f(z) is said lo be discontinuous 0l r=a.

' v=/lx)

—— T —
As shown in [ |1 ], most of the Mimtions inredeced thus fir are continecus for all values of ¢
within the dermuin.

.[n-{]lj,-sﬁwu.!jﬂ:!{.rhl amd f{1)=0, lim f () # f(1).
'[E'{-F};ﬁﬂﬁ.;jri_gtl.fflizu"lmj@;ﬁf{,r!=nwlmn n s m integer, Jim /(x) docs not cxst.
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Examine if the following functions are continuous at r=0.

r
l f(:’J:l :

(x #0)
(r=0)

\ (Sal] lim f(z)=limz*=0 €

o

\Examining il

lim / () exists 4 =/

—

Also, f(0)=1 € | Exmmiming if
i/ (x)=1(a)
S lm f(x) * £(0) i/ rues. 1¢
lirmy | N
Therefore, f(x) is discontinuous at x =0, = | (B

|
I )y flx)=

\ r—1 (xz=0)
| 2 (x=10)
Sal] [y /()= fim (r=1)=—
[ﬁu m < mr ) 1 :I u=f{1’)
| Alsa, f(0)=2
=t | —— l...
= !_Eﬂ;:ﬁj = i) 0 x
=1
Therefore, f(z) i3 discontinuous oy =0 /
BNz .
@ f(z)= — (z=0)
|1 (r=10)
[Sol] EE}I(I}:FE; Ei:'f =1 s

Also, f(0)=1
< Im/f(x)=/(0)
Therefire, f(z) is confimuous al r=0,




|
b
1
P
b
)
'.
b
)
|
4
)
)
s
:
)
)
4
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Conlinuous and T
Discontinuous Functions

Dl .‘ll j"r

L0000 |0 |70 [ 605] 1
Examine if the following functions are continuous at r=0.

([ z] represents the greatest integer less than or equal to 1)

flx)=[x]
E e i
[Sﬂl] (I]Whﬂﬂ —1<xr<0, [11:_‘1 (_' [H!{I}ﬂ}

,Ig'-xg_f[:}= —1
(ii)When0 < r <1, [z]=0

Solim f(2)=0  [lEp/dz) # fm S (e)|
From ( i ) and (ii), lim /(z) does not exist. €

Therefore, f(x) is discontinuous at r={.

(1) flz)=x=I[r]
[Sol] (i) When —1<x<0,[x]=—1

- lip / (2)=Jip [r— (=1} ]=1
(ii) When 0 < z <1, [x]=0

o ‘%!(I):}Eﬂrzﬂ e .H’SIILT"
From (i ) and (ii), lim f(x) does not exist. / 7 /:4

Therefare, f(x) is discontinuous at r=0.
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(7)) flx)=zlz]

[Sol] (i) When —1 <z <0,[z]=—1
<o lim f (x)=lim (—z)=0

(1) When0 € x < 1, [z]=0

2. lim f(2)=0
From (i) and (ii), lim f(2)=0 €=~ |/
Also, £(0)=0 ¢~ |Bxam

2 mf(z)=/(0)

Therefore, () is continuous at =0,

@ flz)=(ensx)
[Bal] (1) When —%- < £ <0, [cosz]=0 v
<~ lim f(x)=0 o -
(ii) When 0 < x < £ [ g 2] = — =t
210 — e
From (i ) and (i), lim f (x)=0

Also, f(0)=[coun]=1
Z lim f(x) # f(0)

Therefore, f(x) is discontnuous ol r—=p
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Continuous and Name
Discontinuous Funclions
Data / /
/100%] ~90% | ~80 | ~70% | 69%~| _
a1 = =] T - o
Examinc the continuity of the following functions.
1 }__I’+3r+2
L e ]
[Sol] When z #+ —1, f(z)=— (I+i}if+ll= =y

Therefore, f{x) is conlinuous
whenxz < —land —1 < 1.
Since = —1 is not within the domain, €— [me u'-|

f(x) is continuous for all r, excluding the pomnt at = — 1.

_x'+2xr—3

Ik u=f'[rh
[Sol] When x # —3, f(z)= ‘“‘i{ﬁi"” — /

Therefore. f(x) is continuous
whenxr < —3and —3 < x.

Since r= —3 is not within the domain,

f(x) is continuous for all x, excluding the point at r=—3.

N b 8
; = r+1 = t
[Sol] When z # 21, f(2) =y ;=) = 7—1
Therefore, f (x) is conlinuous 104

whenz < —=1. —-1<r<land] <r.

Singe r= +1 is not within the domain,

f{(x) is continuous for all x, excluding the point at x==1.




|
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(3) f{.ﬂ:—r—

[Sol] (i}%cn:>ﬂ.f(:]=-1:'—=]z|

(4) f{;:}=

(Sof] (i) When x>0, f(z)=22F1) _ 4

 [Sal] (1) When 1> 0, ie. 2> |,

|zl

(i) When x *:B.f{r}=—;i=l—l
From ( i ) and (ii), f (x) is continuous

when x <0 and 0 < z.

Since r=0 is not within the domain,

f(z) is continuous for all r, excluding the point at z=0.

x‘-r.r

(i) When z <0, ,f{ﬂ-’*“—;”- —re]

From (i ) and (ii), f () is continuous

when z < 0mmd 0 < z.

Simes r=()is not within the domain,

f{z) is contlnmous for all z, excluding the point at z=0.

|

1)

flx)= (‘E;}%’j =L
(i) When z— | <0, ie r< 1,

{ |
| =y Ilzl—u i
ﬁm{ ”'ﬂ ﬁi'}ﬁ JLx) 8 continuous

Sier r=1is oot within (he

LTI,

f{..l’} hmﬂlﬂﬂﬁﬂ tﬁr.ﬂu X, excluding the pomnt at x=1
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Continuous and —
Discontinuous Functions

Dato / /
AT AR B T
Graph each given function and find x at which f{x) is discontinuous.
-
Azy=tmag e
[Sol] (i) When |zl <1,
flz)=10 £~ i_ligr"'%
(ii) When x= £1,
fl2)=| 5  [Emr==1

(iti) When |x| > 1,

1

ke
I:In +l

f(x)=lim

I
=t

From ( i ) ~ (iii), the graph of y= f(x) is as shown in the
diagram.

Also, f(x) is discontinuous at x=| *1 |.

% ® 1T® 10 '1- @ ydud 2puo) 15 1 & xSty
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Irl"—-i
{]J I{I’) ]1!]1 'II'!r+1

[M n(il When |zl <Ly
f (IT’-"'].

| f(s:‘u}“ﬁfﬂ

b e

_..‘:




=
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Continuous and N
Discontinuous Functions ; ;

[t
/100%]-90% | -80% [ 70 [ 60| T . . -
N — = = i~ L 5 vt

Graph each given function and find r at which f(x) is discontimuous.

L ekt 2 |
{1] f(-r}_l!l_l:ll I?u+1

[Sol] (i) When x| <1,

flx)=1

(ii) When =1,
f=1 € (Emrsimem

(iii) When = —1,
f(-n=0 ¢ [P =

(iv) When |zl > 1,

[@)=llm———==z

From (i ) ~ (iv), the graph of y= /() is as shown in the dingram.

Also, f(x) isdiscontinuous at x=—1.

b4 u__y

HY
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@ flz)= Em(.r-i*sm"m) (—z<z<a)

l_ﬁil (i) When |sinz| <1,




W
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Continuous and Narrie
Discontinuous Functions
Cazn / f
éﬂ]ﬂ% ~90% | ~80% [ ~70% [ 69%~| .
- — p— T o THD . 10

1. Find the constant @ for which each given function f (x) is continuous for all

values of .

—ar’—4a—1 (z< —2)
—axr—9 (x> —2)

f{.r]={

[Sol] If f{z) is continuous for all z, then f () must be continucus
atz=—2 € [[=2)=lm, /(=) nemls w e sunficd |
f(=2)=—a-(—-2)"—da—1= —Ba—1
im_f (z)= lim —ar—9)=2a—9 €& [m:_r_. —ar. |
;. —Ba—1=2a-9 _fz)=—az—3

. ﬂ='§

| iEzs (r<2)
Wy Mz)= ar+1 (x> 2)

[Sol] If f(z) is continuous for all x, then /() must be continuous at x=2.
f(2)=2"=4
Mfiml=rﬁm[ﬂ*!-1)=ﬂa+l
S A=2a+1

o3
=Lt

. I2Zr—6l+9g (r<3)
. : }_=l
@ Sz a'r*tar+2 (r>3)
[Sol] If f(x) is contimuous for all x, then S (x) must be continuous at r=3.
f(3)=g"3+a:3+2=9a"+3a+2
liq / (z)= lim ( |2z—5|+9a) =%a+1
2o 0@t +3a42=9a+]
9 —6a+1=10
(3a—1)"=0

=T
.;ﬂﬁﬂ
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| 2 Find the constanis a and b for which each given function f(x) is conlinyeyg
for all values of x.
i ( N
) | |k I{—LZ{I}
w f==y*
i ar+b (—-1€xr<2)

|{§,111 If () is continuous for all z, then f (x) must be continuous at r=—1,
ﬂ:n: a(—-1)+b=—a+bh, f(2)=a-24+b=2a+b

Mj{w}a:mqg =-2, _1511’(:] ,Iggx—'"‘l

ar’(l+cosz)
1—cosr)(l+cosz)
ar'(l+cosz)

LA
e
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Continuous and o
Discontinuous Functions

/100%] ~90% | ~80% [ ~70% | 69|
P e e —

Y =

g

Given that the function f (r) is conlinuous on the closed
interval [a. b1, then its graph has no break betwesn
points (a, f (a))and (b, £(b)).

If f(a) ond f (&) have diffcrent signs, then the graph
interscels with the r-axis between a and b

Since the z-coordinates of these points arc solutions for
the equation f (x)=0, the following statement is true.

f(a): f{b) <0, then the equation f (x)=10 has at lcast one real solution
in the interval @ < x < b.

o~

Prove that equation 2+ y*—2r—3=0 has at leasi one real solution n

J
)
)
)
)
)
|
b
1
b
b
b
4
4

thie interval 0 < x <2.
| Reference | w=fix)
(Sol] Let f(x)=x’+x—2r—3.
The fimction f(z) is continuous on the i
interval (0. 2). .
Also, £(0)=[=3 |<0. £(2)=]5]>0 Y
Therefore, from the Iniermediate Value 9 1"2 2
Theorem, f (x)=0 has at least one real /\3

solution in/the interval 0 < x < 2.

Tho interval a < x < b is enlled n cloxed Interval omd the interval Vg = fix)

u{:{bisﬁﬂuﬂmmmmﬁﬁwmﬂmw[ﬂ_mm fib)
(g, b}, esp=siively.
Cizmernlly, g Entermsdinte Vilus Theorem is expluined e Dllows: k|

If the lhm!nﬁ{[,ﬂlanmﬂnuumunu‘mnlmd imerval [a.b] o
and f(a) # f(B), then them is al feast one varlug © Ut satisfles
flc)=hmila<c< b for any value k which lies baiwesn fla) 0

AL
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1. Prove that equation £4—5x+2=0 has at least onc real solution in the F
imerval 0 <x < L. )
(Sol] Let f(z)=x'—52%2. [Reference ], v}
The function f (z) is continuous on the 2 )
| interval [0, 1]. I
I. Also, f(0)=2>0, f(1)=—-2<0 \ : |
| Therefore, from the Intermediate Value Theorem, ol \ ! 1 U
| | f(x)=0has at least one real solution 1n the '
| interval 0 < x < 1. Sppe)

| 2. Prove that equation logyz + £ — 2= 0 has at least one real solution in the

mierval 1 <z <2

[Sel] Let f(x)=lomz+1—2. [ Reference 1 ¥4 v=/4
The function f(x) is continuous on the
imterval 'i'!u 2*] 1t
Alsa, f(1)=-1<0, f(2)=1>0
Therefore, from the Intermediate Value Theorem, ©
f(x) =0 hms a1 least one real solution in the =L
mterval 1 < z <2

3. Prove that — ;
ve (hiat equation = cos z has al least one real solution in the

mierval 0 < xr < g
lﬁ’ﬁ'l lﬁf&}=r—m “Itlﬁ l Tk B fl-l|
mﬁﬂ!ﬂimf{:} Is continuous on the
w _E_ﬁ.-,x 1 wRll=="""/,
GRS <0, f(z)=2+1>0 |
Therelore, from the [n1crm e |
o crmediole Value Theare \
fi.ﬂ - il ¢ | hearcm, i
e ! .“hm[ﬁﬂ ong real solution in the 3
mierval ) < x - -
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Continuous and Nilon
Discontinuous Functions

Data / /
[ o[ o]

Prove that equation 2 —3z" +1= 0 has at least one negative solunion.

. F.m.- : !
[Sol] Let f(z)=x—3z"+1. The function fix) |mhm

is continuous for all real numbers . g 0 Ez) <0 )
Also, f(0)=1>0, f(—1)=—3<0 [Reference | Y 0=/
Therefore, from the Intermediate Value }5' }\ I
Theorem, f{x)=0 has real solutions in i
the interval —1 < x < 0; that is, a least |

]
|
MY

one negative solulion. T =

1. Prove that equation 2" —3x =0 has at least one posilive solution.

e =fix)
[Enl]Lclf{;r]=2‘—31.Thcl'uncLiunf{.r} = [M__, | il
is continuous for all real numbers . [uﬂmw ]

pemmbser x sadslymy
Also, £(0)=1>0. f(1)=—1<0€[£@):/Cx}<0
Therefore, from the [ntermedinte Value Theorem.

f (z)=0 has real solutions in the interval

0 < z < 1: tha is, at least one pesitive solution.

(F1.]

2. Prove thal equation x—2sinz=Fk (& > 0) has at least one positive solution.
(2

real mumbers x.
Also, f(0)=|—h l{ 0 and

X )
Ili_l_li_l‘-f{,-r}'::r 0 ﬁ

Therefore, from (he Intermedinle Value Theorem,
f(z)=0 has real solutions in the interval

0<x< ; (kial is, al least one posilive solulion.

since f-{;)=x( j—2einz _k




| Yt |

2>

AN | 38D

and b > 0, prove that cubic equation (z+a)’ (x—b)+x'=0has

1. Givena >0
one positive and wo negative soludons.
(Use the fact tbat cubic equation cannot have more than three solutions.)
[Sol] Let flr)=(x+ a)(z—b)+x’.  Reference | HEHIJN |
real pumbers . [\ T a’

The function f { ) is contimuous for all
Al&ﬂ,,f‘.ﬂ]=—ﬂib{ﬁ. f(-d}:a’:‘-*ﬂand :
—d

e r1=2] 12 (-2 e

Y

lim flx)=—% 119__]'(1):::1
Therelore, fom {he Intermediate Value Theorem, f(2)=0 has real
mluuunﬂinmshmawul s —as g cr<0md0<r<®
Since 8 cubic equation cannol have more than three golions, f(z)=0hs
nn:pnsiﬂvvmtl;wa pegative solulions.
[ v [ Reference | A
| 114 fl_;-}c:'[j’*rﬂ'}“‘_htwli]i*f- | u=fl.r.}brl I
T (ometion fl;liimmmfwiyﬂ el promlieTs X
Also f ! _gi=a’" 7L f(y=—a’b <0, £(p)=05" >0 md
N B \aL
\ et JHI]"’ Ill(l""gf){pl—?)'l' I]'
(i -
| Jn _ i
= Wmmmwﬂﬂ-ﬁmw
(g} ntaam!mmﬂnmmmw e eps—a. —a<s
J.;,;g 3 culie mummmmwmmm solukions, f () =0 b= oTEe
el T ,ﬂ;ﬂxﬂwmm
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Contlnuous and N
Discontinuous Functions - ——

I:i:_::ﬂ .". = .l'r
/100%| ~90% | ~80% | ~70% | 69| : -
J im—— 1) — — — 11— - —
pumbers r. Then,

1. Show that the following infinilc serics CONVETEES for all real
let f{x) be the sum. Graph the function = Jf (x) and find x al which f(x)
is disconlinuous.

D e x? T
—— 1 e

1-Fx* {1+.’c"]=+ 1-+x7)

?+

[Sol] This infinite series is ihe infinite geometric series whose 1% lerm is " and

I, 1 m
common ratio is -3 & [NB2
(1) When x #0,

1-++x* > 1; therefore, \ <1

I+
Thus, this infinile geomelric SeTIES CONVETESS.

The sum is z T 1+

=+

(i) When x=0, all terms become 0.
Tﬁurﬁfme,lhumiﬂmmmmdllmmmisﬂ.

From ( i ) and (ii), this infinile series cOBVETEES for all real numbers £.

Tins,

14-x* (z+0)
flz)= - (=0}

Therefore, the graph of y=f(x) is as shown in the diagram.
Also, f(z)is disconiimuous at z=0.

ot p= [z}

|
=)
k¥
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9 Solve the following questions.
I:H ITI“I_E_HI']__I_bI

(1) Determine f(z)=hm ]

[Sof] (i) When |z| <1,
f(x)=ax’+bz = L__. W’“ﬂ

(ii) When r= 1,
f()=—7" ﬂ'i'b € ;i;__:llm’“‘= l‘unm""""'IJ
(iii) When =~ 15
=2 Tim !"ﬁl
f(— 1}—3.__’-’__—2- & ( ' 4]
| lim ™"
(iv) When |zl > 1,
S frs
(7) Find the consianls @ and » tor which the function f (z) determined abor
continuous forallz,
then f (z) must b¢ contin®®®

(Sol] From (1)1 f ¢ is continuous for all z,
aL r : i

lim flx)=lim! ax = hJﬁﬁ*‘—.‘*ﬁﬂfﬂE{E
| {r) 1 i : =
lim Sz _.h'.'.r'.(} = ) 0

1 s 1=t (1-L) =2

im f{x) JI'm'L (ax* r'}I'F:ﬂ_b

a-—h

) a—bh=10 @)
g — -y

'I,_:"—"z 2=a—b - Q@

| rom m’ﬂﬂ@.ﬂ_ |, b=~1
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Continucus and N
Discontinuous Functlions

Caate 1, 1’!
/100%] 005 [ -80% [ 705 | 695~ . . .
£ im— O = = 1 : : .
1. Examine if the following function is continuous at = 1 B N[3I
Fo
e =
0 (x=1)
- ST =1 w=[ L)
[Sol] lim f(x)=lim—"—; =limr=1
Also, f(1)=0
S lim f(x) # S
Therefore, f () is discontinuous at z= 1.

2. Graph the following function and find r at which f(x) is discontinuous.

f=pm Z 0 e
[Sol} (i) When |x| <1, y
f(r)=x"
(ii) When r= %1, :——| =/
f{x)=0 “'1 ~ 1 :
(iii) When |z] > 1, : /1,_1 ___\:fm
f{x)=lim Iﬂ(lfln_l) —
W-ﬂ

From ( i )~ (jii). the graph of y=/(z) is as shown in the diagram.
Also, f(x) is discontinuous at =X 1.

|
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9. Find the constanis @ and b for which the following function f (x) is continugy
forall . D N3

r—r* (r<-—-2 3<zx)
f'.'J:‘.l={
ar+h (—2€r<3)
[Sol] If f(z) is continuous forall x, then f(x) must be continuous at x=-2, 1
f(=2)=a-(—2)+b=—2a+b, [f(3)=a'3+b=3a+tb
Em f(r)=lim (x—z")=—6, limf(z)=]lim(r—x")=-6
. | —2a+b=-6 @
"\ 3g+b=—-6 @
From @ and @, a=0, b=—6

2. that exquation wanr= cos z has at least one real solution in the
eyl «::-::.-ff;‘;___ m NI37

The fmetiam /(r) is continuous on the

interval [_ﬂ -}]
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Differentiation 1 Marra
Cain / /
/100%] ~90% | ~80% | ~70% | 69%~
pis ) £} — — 1 T Tirrm ‘ I
Given the function f (), if the limit value lim Lk H;:Aﬂ a) exists, Lthen

it is called the derivative value of f(x)mx=aand expressed as fla).

In this case, f{x) is said to be differentiable st x=a.

For the following functions, find the derivative values at z indicated in the
brackes [ )

fr)=x-z (z=1]

(Sol] f/(D)= hn][(lﬂx}’ (1-};}:}]—{1 ~1) e

_lmah!‘l W+ 2h [;_-(ﬂ}_lg fla= lll' filal

=ygglh=+3!:-!-2}

(1 flz)=x'+x+] (x=2)
((2+h)+(2+h)+1]=(27+2+1)

(Sol] £(2)=im :

h2--5h
hm =

= Jim (1 +5)

=5

ﬁ

| Reforence 1L 44
Let gt h=x Then, h=x—a. Ash~ =0, x—*d. Therefore, /(@) can abso be exprossed os

£ (a)= Jimy Sla Ihf:—fiﬂl Pﬂ!i:]:a{{ﬂi
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(2) f(I]% [I::B]

T
(o1l £/(3)=img—28_3

11 1
(Sal] )= U+h}‘ I’

= -'L!["*-'ﬂj +13h)
5 iany
—o —(h"+3h+3)
= (1+p)*

L
— 5. 1
R

M flo)=Vz (z=1)

[Sal] f’ﬂim@l h-Jj‘_
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Differentiation 1 Hame

/100%] ~90% [ ~80% | -70% | 895~ | .
[ ) = = T | me : - -—

Il the function f(x) is differentiable for cach value g on a certain interval, the

function corresponding fo the derivative value £ (a) on this interval 15 called the
derivative of f(x) and expressed as f ‘(). The process of finding the derrvative
f'(x) is called differentiating the function f(x).

Using tire definition of the derivative, differentiate the following functions.

:
flx)=—5
I
e N, B x B {r=h)=f(zx)
[Sol] f'(x)=lim 7 €— L‘i:)—[g};‘r i z |
= (2hz 0 ‘
=[n hix-+h)'x?
. =(2x+h)
= Jim (x+h)’z?
—
IJ’

. el
1 f (x)= =]
{ 1 1
: s —r _.F"'I"Il]"i'“l I‘+1

ey —h
=M zrh+ D) (r+1)

= -1
lim (x+h+1)(x+1)

:__-_Fl—
(x+1)*

ﬂmduﬁwﬂiwufllmfmniun p=/fix) is also expressed by symbols such as

v, (At %md*fi:ﬂ.rl ﬂ“xu-ismdm“dy.dx.“




@ f)=Iz

T Em~&_
M Trli= o h

(4 I'.+h—&1{~’r+_£!i:@-
=fm— lj(e’:ﬁ-'ﬁ*'ﬁ]

?
= Jz=h+Vz)

| 1
= Treh+Vx
=) (i
2ix
W flzy=42x
o _ Gaen-in
{Sal) )= Jim— i

[Im—'ﬁgfl ‘o
=m h[ﬁ! il g

2h
E:H _H;E' ~h

3l F ey
1

Py

e e oo ®DR '-_m_f_"Li |
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Differentiation 1 M
Daza :'"I "'I

/100%] ~90% | ~80% | ~70% | 69%-
Z i3

L |e—— 1 B

—(Properiis of Dervaives )
When % is a constant and s is a posilive inleger,

ify=x", then ¥’ =nx""

y=kfiz) then y'=kf (x)

if y=f(x)+gl{x).then y’'=f(z)+g'(x)
ify=f(x)—g(x) then y'=f(z)—g'(x)

Differentiate the following functions.

p=z'+3r’—dxr+2

[Sol] y'=3z"+6xr—4

(1) p=2x+5x (5) ﬂ=f1-1"’+—2'1‘=_%r

3
[Sol] ¥’ =6x’+5 qo
[Sel] ¥'=12r"+Zx—r1

@) w=z'-2r-1 (6) p=-r'+5r'—4r+2
[Sol] ¥'=2x—2 [Sol] ¥'=—3r*+10x—4
(3) y=z'-2c'+3z—9 ) ,,=_gra;_.:’la_ra_h+l

[Sﬂ]] y£=hl_-ﬁ.l-!+3 [Sﬂl] y’=_ﬁ.r=+z_'il

(4) u=%;";‘+.2;‘z:—3 (8) u=—%_rl+%r‘+r—%
r_m3n
[Sof) y'=2z'=2r+2 [Sol] y'=—z'+5r+1

q
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Differentiation 1 Name
Chria / /
/100%] -90% | ~80% | ~70% | 69%~|
Y e ; == e = : =

— S a———

Given the two functions f (r) and g(r), prove the following equality nsmg the
definition of the derivative,

[f{x)g()'=f{z)glz)+flx)g'(x)

[Sol] Lev y=f(z)g(r).

flx-th)glx+h)—flx)gl(x)
v = lim I g

hnlf(.ﬁv.ll]ﬂ(.r +h) = fAx)glz=m+ = figlz=h) — f(r)g(zr)
h

[| flx+h)—fix) |lgle+h)+ f(2)] : g(x+h)—g(z) |]

- im
| rarm =gz 9(z+h)—g(z) ‘
=H[ ' P (e D AC A — - ]

/@D D) & (g LG |

(I}ﬂ —(X- t-rrﬂ (I)S = (Y+-Xyf (X)B—(Y+X)B (X)f—(Y+X)/ sDmsu=

[f(.r} [?{I}] =f()glz)+flx)g'(x)

Using the formuln above, differentiate the following functions.

y=(x*+1)(x"—2)
[Soll ¥'=(z*+ 1) (*=2)+(*+1)(x*—2)
=2r(x'—2)+(x’+1)-2z

=dr'—2r

1) y={(3c2+1)(2r—3)

[Sal] ¢'=(3x+1)(2xr—3)+(3r’+1)(2r—3)’
=@r(2r—3)+(3r"+1)-2
=18z’ —182+2 [=2(0x'-9x+1) |




- *
N144b Wt

(2) y=(2z+4)(—x-3)

[Sol] u'=(2r+4) (—-.r—3J+(2J:+A!}(J=m.-Laj’

=2(~1-3)+(2x+4)-(=1)
==4z=10 [=-2(2z+5)]

@) y=(25"43)(~r"+52) |
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Difterentiation 1 N
Diatn / /
/100%| -90% | ~80% | -70% | 69|
Vi —— T I e = == o SO
1. Differentiate the following lunctions.
py=x{zr+1)(2z—3)
, ! ) gln)] |
y=2r+1){2x—3)+(*+x)-2 =[x glx) = f(z)g (x),

=6z'—22—3

 ———
(1) p=2r(r—1)(3x—1)

[Sol] y=(2x"—2x)(3x—1)

p'=(4r—2)(3r—1)+(2r*-2z)-3

=18z’—16x+2 [=2(9r'-8z+1)]

(2) p=(zx+1){z+2)(x+3)
[Sal) p=(xr*+3z-+2)(x+3)
p'=(2r+3)(x+3)+(r'+3r+2)-1
=3z'+12z-+11

@ y=(z—-2)(z+1)(20+1)
[Sol] y=(x"—r—2)(2r+1)
¥ =(2z—1)(2x +H1) +(z"—x—2)-2
=@gx’—2r—b5
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(1) p=(ar+2)(xr—1){2r+5)
[Sol] p=(3r’—r—2)}{(2r+5)
v =(6r—1)(2r+5)+(3r'—xr—-2)-2
=18°+26x—9

(5 p=(r-3)(z+1)*(z+3)

[Sol] p={(*—9){z*+2z +1)
y=2x(r’+2r+1)+(x*—9)(2r+2)
=4z’ +62*~16z~18 [=2(z+1)(2z*+x—9) |

2. Show that the derivative of the fumction y=f(z)g(z)h (z) is given by the
following expression.
v = (z)gle)h(z)+ f{r) g (z)h () + f(z)g(z)h’ (x)
[Sal] Simee p=[f(z)glx))h(x),
=L (D) glx) Th(z) +[f () g(z) 1A (z)
= (x)g(x)+ f(x) g () Ih(x)+ £ (2) glz)N (z)
= (x)glxih )+ f()g' ()b (z)+ f(z) g(z)h (z)

3. Using the equality shown in question 2, differentinte the following fimction.

y=(z+1){z=2)x+3)

(Sol] u'=1-(x=2){x+3)+(x+1)-1(z+3)+(z+1)(x—2)1
=3r'+4zr—5
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Differentiation 1 Pr—
Bt / J'F

/100%] ~90% | -80% | ~70% [ 60s-| - ——
L = 1 = sicad ' i

Given the two functions /() and g{(x), prove the following equalities using the
definition of the derivalive.

1 ’__ g(r)
(1] [ﬂ(.ﬂ]_ [g(z)]?

1 £ | " nr = 3 =

—
[Sol] Let =ty

e Dl
v=lmo | T Em glx)

| gz +h)—g(x) \]

—jr DU (S
= lim h ﬂfr+h)ﬂ[:)

| : ‘ o(x+h)—g(x)
_P—]-]l i glz+h)glz) h ] "‘1
o L
= — g'(x) €
i ‘ g L= () i
SSFEDk :
[2] [ ;;E;; =/ {I}E{G?(I{}{f}ﬂ (z) (Use the equality in [1])

st [ 4655 [ <[ 10 55| Utxial)]

— s || (RO ’ : 1 | Lf'La:lﬁLIH*ILﬂﬂxj_
=f(x) S(Z) -rf{.r}[ T ]( .

t 5
o = f{ﬂ.[ _gilz) }( =]
glx) [g(x)]?

_Lx)glx)—flx)g'(x)

lglx)]?
| L._)HLTE]_ R VIR CT TR (IR P ey
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From the results on side 8, the following formulas are true.

[)"Lr}]' f(.r}ﬂ(r) flx)g(z) [ 1 ]’= gix)
g(x) lg(x)]* g(z) lﬂ(r]]'

Using the formulas above, differentiate the following functions.

==
r'+1
| (D + D) —2(? 1) _ 1+ D) —z:2r 2’1
L - = e
[5ﬂn D) {I:_I_U: == {I;_:_l}g [114_1]1

(1)

P =
=3z -1
(Salf] y=12 (£)(3z—1)—x(3z—1) _1:(3z—1)—2:3 _ 1

(3r-1)? = (3z-1)¢  (3z=-1)

(x+1)* @
@ =
il =t =17
() HP}ri—I
LU= ﬁég:n“': =

ST

_1-(z+l)=(z=1)-1 M=

e — T
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Differantiation 1 e e
Dmo ,I'r J'r

/100%] -90-. | -80- Tmleee| o, .

Differentinte the following functions.

-rl

{1) "=EI_1
2z(] 2x—1 ]_Ii'? (F stz _[ixigle)— H:lg’l:]
[Bol] v = (2r—1)? €« [%}T g{ﬂf.rll' J|
_2r'=2zx | _2x(z—1)
-~ (2z—-1)? | (2z—-1)°
_ =1
{2} = I:+l.
= 2r (i) =(r'=]) -2
[Soll v (*+1)?
—__dx
(*+1)?

N )
@ w= r*+2r+3

- 2r+2 g'lx)
[Sol] = (42 +3)° — [[ Ef.ﬂ] [Iﬂ.‘r}}*\‘

_ 2zl
2+ 2x+3)?

D=

r =z
o =] =z (2r=i1)
Soll v/ ="F s
) | __(z+1)Mz—1)
(@ =z+1) (x’—z+1)*



':I'-IHI:‘.I_:I_

l'ﬂ = 1_,——

1)(x—1 H'ZEIfI—l]ﬁ'(I

[Sol] [(2*+
,_Iax*;:r—ltx‘ﬂ(rl+1
o

: x

 F-2x+3
p ==




o
h *

NI482a KUMON" NOJ4B

Differentiation 1 barma

Dt / !

/100%) ~g0% | ~80% | ~70% 69~

£ i— G i z

Tirme 1o

-

Prove (z")'=nx™' is truc not only when 2 is a positive integer bot also when
is a negalive mieger or 0.

m

[Sol] When # is a negative integer, el n= — m. Then, m is a positive inleger.

(") =(z"")'= (_'1;) R e
T =D e
Therefore, (£”)' =nx™"' is also truc when » is a negative inleger.
Also, since r”=1 when n=0, (1)'=0; thercfore, (") =nx™"' is rue.

i ]l <=memy

[Sol] p=x"* [Sol] y=x+2r7"

U=t == p=lt2 (D=2

I

-_.gr
.[n_"ﬂ;ii!'m.uf;‘ﬂ’*" —3r " is not n wrong unswer. However, generally, the answer lus o

b wriizen fn the smme form) s the question. (Fm (B9, use e finction (b such = :l;)
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£ +3

x

B=143:(~ 1)z =1—3, [ﬂ_

r'—

iﬂ

3

|

o ——




N|49a KUMON® N 149

Differentiation 1 Nama L.
Di'ﬂn f f
/100%] -90% | -80% | ~70% | 69%-| =
W = = = U ' S
1. Giventhat f(z)= Iffj—f‘l satisfics f{2]=-;— and f(0)=2, find the valpe
of conslants a and b,
_ a-2+b _2a+tbh
[Sol] f(2)= —grl - 3
: _4 2a+b_4
Since f(2)= T 3
c. 2a+b=4 Q@
oo alr*—z+1)—{az+b)(2r—1)
fiz)= Gl

ar’+2bxr—(a+b)
(*—z+1)

Since f(0)=2, a+b=2 -—-@
From @ and @, a=2, b=0



| NI49b

2 For all nawral numbers n, when r#1, the following ¢

qualily is (e

1 +I _rl =] ;
s L .-F"ii @©

Using this equality, find the following sums.
() 1224358+t

B 3 r L,
1 | |
Lo Y s

_ mﬁﬂmﬁ‘m f.ntﬂhts"" -1

)
)
)
D
D
D
D
p

l-r‘-‘-l]] 1 || ||I |

@
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Differentiation 1 Fiorea

Cato / i f ——
/100%] ~90% [ -80% | ~70% | 69%~| '
i — 1 =g slia 5 D

. Using the definition of the derivative, differentiate f (x)= ‘; . mp NI[42

. V=

(Sol] f'(x)=lim & p 4
s Jr+h—+Vz
=i 2h

_ . (zEh—Yz)(JzFh+/z)
i 2h(Vr+h+vx)

_— h
=i Yz +h+ V)

—— 1
=) S (Vz+h+7x)

"z

2. Differentiate the following functions.
(1) p=(x’+z—3)(2z*—5) m NI&4

(Sol] i'=(2x+1) (22" —5)+(x*+2-3)-dr
=8z’ +62°—227r—5

@) y=(x+3)"(z—1) m NI4&E
(Sol] p=(z" +6x+9)(z—1)
y=(2z+6)(x—1)+(x"+6r+9)-1
=3+ 10z+3 [=(z+3)(3z+1) ]

Aliermtive Solution
P BLE KUK IE St WA (x4 D)1 (=140 3)" L =ax"+ 10x+] [=(r+3{Ax+1)]
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3 y=———r
V=i 5r+3
.\ 2x—5
Sell v=—Gi_5z+3)°
2yl
W v= ' +3r—1
o 2(r?+3z—1)—(2x+1)(2xr+3)
[Sﬂﬂ W= (IE"‘EI'I)i
2’4 2r+5
(z*+3z—1)"

(5) u=¢’-—2r+£—;
[Sol] y=z'~2z+3r"

¥=2:-2+3-(=2)z =252

a

Aliemative Salution —|

'=2r-2- 3'?{'{ 2x—2—-L
— 5 I‘
(g) y=35—2rt5

x
[Sal] y=3x 2 ; 3x—24 5>
i =3+3 l )2 e i gz =1
3 X

[ Allerry v 4

JeiBT=2) L. 3x'~5

X _T,'j

/

B Nlig

B Nl4b

L TIA . swa o S~y i o Rk <o e - - B~ =

o NI143

’Nlﬁﬂ
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Differentiation 2 M
Do / /

/100%| ~90% | ~80% | ~70% | 69%-
L) - = ir=

Tene : 0

Given the two functions f(x) and g(z) where the range of f(x) s withm the
domain of g(z), let u=f{x) and y=g(u). Then, p=g(u)=g(f(x)) can be

denived.

The function g(f (1)) is called the composite function of f(x) and glx).

1. For cach given pair of functions, find the composile functions g{ f{(r)) and

flg(x))-

m_fl:}=r’—1. glx)=2x+1

[Sol] g(f(z))=g(z*—1)
=2(xr’—1)+1

=2r-1

(1) f(x)=x+1, glr)=3r—2
(Sol] g(f(z))=g(x*-+1)
=3(zx*+1)—2

=32"+1

(@) flz)=z" glxr)=yxr+l

(Sel] g(f(=))=p(x")
=yz'+1

_,]

flgln))=f(2r+1)

=(2r+1)'—1

=idr’+4r

N —————————

fla(x))=f(3r—2)
=(3r—2)'+1

=9x*—12r+5

flolx))=f{Jr+1)
=(vr+1)*

=x+1
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——a

;f_'iivm hat the composite function y=f(g(zx )) can be differentiated when both
y=f(u) amd u=g(x) are differentiable, prove that the following equation is

true using the definition of the demutwe

| dy _dy du ( di
[i dr du dr < i A"

f(ﬂ(x+h]]—.!{[1(rl)

(Saf] 4L i
m[!(u(:-ﬁ-h)] flgts)) BGEER

Lﬂfi‘{:+l:}—ﬂ(.r)=k.ﬂ(r+h)=g(.ﬂ+ El=ut|k

Also, sh—0,k—| 0

oy [P [E]D=1 gem gt
) k 2
 Mut kDS p(rth)—glz)
'=E-’Eh ke ,Hj h “*ﬂ'-'
=f"(u)-g'(x)
_dy du
du dzx
oLligin Rule [ )-

Z umkahMMu differentiate y=(x*+1)2,
Bal) La =21 |,

s,
i o ‘iﬂ_..dl'j rfu —
dx du ., uor Zrx ﬁrfxli-lil

e — e, oW ol N TR
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Differentiation 2 Nisra
Dz / / _——

/100%] 00 [ -80% | -70% | 69%-| T

S —— ) i — B ] e il : LF'_

For the formula on N 15 | D, since -{:TE--‘;_JF'(MJnnd ‘:; — ¢ (r) when y=f{u)

and 1= g{x), it can also be expressed as follows.

CChain Rule 1L )
[FlglzN)=f(p(z))g'(x)

Differentiate the following functions.
y= (=)

[Sol] v/=4(&EFEN)"- (E=E1lY
=4(x’+1)"-2z
=8z(r*+1)"

(1 p=(£2+2)° (@ p=(1—-2r1)"

[B'Dll Ij'J:EI{IH'Fz}i'(I:'{'zT [Sﬂl] u;=lu{1—hﬂ}1.{1_2::l}f
=5(x*+2)*'-3r’ =10(1—-2r")"-{ —6x")
=15z(z"+2)" = —g0r*(1—22%)"

@ wp=(22"+5)° (5) p=(3r'+r—1)

[Sal] Y =6(2r"+5)-(2r*+5)"  [Sol] p=2(3r*+r—1)- (3’ +x—1Y
=6(2r*+5)" dx =2(3ar'+xr—1){9x’+1)
=24x (22" +5)°

@ p=01-1") 6 p=(—-T7x+1)*

(Sol] y=301—2)" (="  [Sell v = Al =T+ 1) (2 —Tr+1)
=3(1—*):(—2x) =4(z*=T7r+1)(3x*—7)
=—Gz(1—x")

[=—6z(1+z)(1-2)" |




|
1 u—‘-l,- . '.\,..
:r‘“”dﬂwsib

.
2r')” (- 6x")
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Differentiation 2 e

Data / /

/100%] ~90% | ~B0% | ~70% | 69%
— ]

/ ; 3 _F-:_ Tarra : in
Differentiate the following functions.

Ex.
p=x(dx—1) L [[_I‘d:—l'}?'—I'=.§!{?i.r*:*=il~'ﬁ‘*fét='-ﬂ.-'|

(Sol] v'=1{4z—1)"+x- 3(4z=1)"-4 €

=(4r—1)*[(4x—1)+12x] [fzyela)l ]
=(4r—1)*(16x—1) = friziglz)+ flzhg

I
(1) p=(3zr—1){z+1)
[Sol) y=2(3r—1)-3:(x+1)+(3r—1)*1 _&\
=(3r—1)[6(x+1)+(3z—1)]
=(3x—1)(9x+5)

(2) p={(2r—1)*(z+3)’

(Soll ¥'=2(2r—1)-2-(z+3)"+(2r—1)*-3(x+3)*1
=(2r—{z+3)[1(z+3)+3(2z—1)]
=(2r—1){z+3)*(10x+9)

@) p=(-z+1)'(3r-1)

[Sol] v'=4(z'—x +1)M2r—1)(Ar—1)*+ (£’ —r+1)*2(3x—1)-3
=2(x*—x+1)"(3r— Di2(2z-1)(3r—1)+3(*—x+1)]
=2(z’—x+1)*(3z—1)(152"—13x+5)
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d) w= (;’:_—1)1

1 1 = f(x) f’{nlg{ﬂ-ﬂﬂq
[Sel] U’=3( ril) = (_?::ii}'x o [_ﬂj.{i:rs.?] la{=))’ _

R
 (z+1)

\::3(14.%)(1 : )(1 i):l [= 3.(;’-+1_}=1:f+1um-1}]

Ty 2+12\ Zzx(z+2)—-(z'+12)-1
[5"'”"'( z)‘ F2)

A2V Az —12) |[ 12z +6) (=D

z+2F

D s

_ A1 2(  1) = (22r—1)"- 2 (22 +1):2x
[Sal] ¥

(x*+1)*
_ 20 =130 < 1) =22 (22 1) ]
@)
_ 22—zt -27—3) 2(2x~ 11‘(:—:’!")’1@@%.-1:1_]
41y’ Sk

N . L
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Differentiation 2 Nssrrien

Data / /

/100%] oo [aon [0 [0 [ -

[] - = . —

When the value of g for 1=/ () is determined and then only one comespondimg
value of x is defined, r is considered to be a function of p. If this function 18
expressed as =g (i), then the function y= ¢{r) wherc r and i ore switched 1=
called the imverse function of he original function = flx).

Find the inverse functions of the following functions.

p=2r+1

(Sol) z=ty—1 ¢ (Sl e extion for x]

Swilching  and v, y= ﬂé—rr%

(1) y=—3zr+2
e ) (S |
[SIJ'I]:I aui*:,]

Swilching z and i, y= ——;-::+%

{_2'] ﬁ=3* — | |
[Sol] z=log: ¥ Dlmm}-@m,ml

Switching z and y, ¥= logsX

(@) p=lox () —
[Sol] z=2"
Swiiching z and y, ¥=2"

minmufumumufﬂ.rl I expressed s/ '(x). /7' (x) is read e T mverse of X7
nm[ﬁyg‘j[ﬂl:'j"'fl:l,MI':fEU’.
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y=r*+1 (zx=21)

[Sol] The rangeis iy = 2.

Since r’=p—1, z=xJy—1 Imﬁiu
Sincer 2 1, z=vp—1 (e corrmin sl the
Switching z and y, y=vr—1 (z > 2) €

() y=1-z (r<-1)

[Sol] The range is p < 0.
Since r*=1—p, r= Y11
Smeer < —1, = V1=
Switching zand y, y=—Y1=z (x<0)

5) p=3zr—2 (D<z<49)
[Sol] The rangeis —2 < ¥ < 10.
e

Switching x and nﬂ":’;ﬂ**% (=2 <z <10)

@ w=vz+l
[Sol] Therangeis y > 0.
Sinez P =x4 1, z=1" ~1
Swiiching r and y, y=2"—1 (z>0)
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Differentiation 2 Farn
Do / / -
AT e e e

dy _ | dx
Prove gy = dr e du 70
duy

[Sol] Differcntiating both sides of x=/f () with respest lo x,
Tom
LHS = = 1

TR dl =i dp gz.. I
RHS =" (1) =/ (W)~

dy
.| dz | dy _,
\dy | dx

Q

dx! o di L
Therefore, il 7T 0, T

Usinj;thsi“urmn]nnbﬁm:.mmmﬁs—l-mmsnfr

I

. uﬂ dr_y, i BN
W y=Yz
(o] Simee =", =0’
Sl
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(2) u=E

dx _
[Sol] Since =1, E,—EF—Z[,I

=

=

|

b

|- ﬁ'\g.
= gl'l._.
& |
I b3
<. E l""

5) r=it+u+l (F}".I'!._)

[Sal] %—%ﬁﬁﬁ 1

Sincz ' = y < 1=z=0, y= "“'l-.:!:..- .
Since p;_._% = —'ﬁmw,azr;;_—g
! i
o SR 1
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Differe ntlation 2 Mo

G Ilr .|Ir
£100ﬁfn ~90% | ~B0% [ ~70% | 69%~| : -
— ] i - _m e _ﬂ —

In™N 148, it has been proved that (z")=nr"" is true when 2 is an ineger.
Here, consider if it is also Lruc when 71 is a rational number.

Differentiate funclion u=.r%. (mand n(n > 0) are Intcgers. )

[Sol] Raising both sides 1o the n® power, "=
Differentiating both sides with respect 1o I,
d d [, du

LHS = 5" =T d.r_"" dr
RHS = mx™"
=041 = =t
ny g MT
Thercfore,
dy _ mx™ mz™' _ mx™' —m :IL"t

dr  pyl= 3 "(I_';)t—‘_"lj_w "IB.'IE- n

I I
— ._ﬁ e CT—=0 T—H ] T— NIy

From the above, (J:"}' — s17™" is nlso true when 7 is o rational number.

thnpmnmunnul numhcr (*) =px™!

ﬁ

Nigmibers it ezn b expressed in e (rmction feerm, such ss - -, 0re calles! rational e
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Differentiate the following functions.

i e T e’ SO
S e



»
)
D
v
)
B
)
D

NI|I57a KUMON 9 /o
Differentiation 2 Mo
Catn / N
AT AR e B L
[ e A L) — [] —

DifTerentiate the following functions.

y=var+4

[Sol] u={3.r+4}JE & -Faﬂ_-fg;

b
y = (3z4) %-3=

(1) p=V1—4dx

[Sol] y=(1-42)5

p Moo e AN 4
() p=+V2r’—3r-+5
[Sol] y=(2'.r"+'3.r+-5}?'-“
=l a = o L av— 4r—3
¥ =5 (22 =3r+5)73 (=3 =" =

gL =




. Alz+/2 L)
i

-




)
)
)
)
D
]
4
b

N|58&8a KUMON’ e
Differentiation 2 —
Eato / /

100%| ~00% | ~80% | ~70% | 65~

pmenny 0 7| i = <
DifTercntiate the following lunclions.

(1) w=03x=1){z+Z

Thrma / L]

[Sol] u=t3.r—nu+zﬁ

« Tt

y=3(z+2)7+(3x—1)- "-ir+23' = fix)glz) = fz)giz) |

=
ddr=2 oNr+2

_9z+11
2Vz+2

@ p=(zr+4)/r"-+4

[Sal] y=(z+4) ()7

pl=1 (" 1)%+ III+4H-~%{1’+4]_;'|-2;

j+'l.
_ 22’4 dztd [ 2(x’+2x+2)
Jz'+4 yx'+4

(@) y=(2z+1) Ja—x
[Sal] y=(Zx+1) (=)
[ﬁ =2(2— *.E'j}‘i"*f'{ﬁ_g 0 o 1} *hL{z - }-';;- g { —or)

-1 — r(2x-+1)
=B

At +x—A
g

=
p—
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(4) u=7f:iv

[Sol] y=x(z+1)7%

Y= 1'(I+1)-%+r-( —%){I-I-l)'%

I.J:+1‘_;_%._m“-|
r+

o 1R Wit
2(x+1)Vr+1

|

p=

et ! e L - xr+2
Vr+l 2(x+1)Vz+1 DVl
X ED _ (2 2) ViRl [%]
20x+DVx+1 | 2(z+1)’ | '
5) v=—7—2
V= o+
[Sol] y=x(2x*+1) i = Altemative Solation
I-szuq--%-m'ﬂﬁ'-u
l —— =
g =1t e 1) 1ep L) (et s 1) e 5 2+l
= {2+ 1)—2x'
] 22 (e vl
—7 [
J2r® fz.‘r *l) lort+41 2+ D2+
= ! [ _Jzr*+1 [m-—-‘%]
It e+l | zrr |k B
: S -
6} w V z+]
: | 1
[Sol] y=(xr'+1)2(x+]1)"%
i = :i,".r“ L1) e 2r(z+ 1) Ee (L) 7 (,_,_%.)(;—1]
=5 £ 1?1“‘1'_1
e lvr+1  2r+1)/r+l
r’+2r—1 " (r*-2x— ,UJm-l-]
20+ 1) r+lva'+1 | 2(I+11’Jx’+1
AbFmnsiine Soliun
B 1()) =

I'T'l |

ir'e2xr- 1}
iz =1)"
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Differentlation 2

hizrr
Daza / /
JA00%-gon [ [ T0s oo |

(Sol] f(z)=(axr’~1)2

fi(x)=1(axr’~1) T 2azx

ax
ar’—1
: Y= A =
Since /' (1)=2, —=——=2 w}{__ ——
a’—da+4=0 ¢ —
{a—2)'=0

L a=2

2. Show thal (y—z)y'=p when y=z+7Vr’+a’,
[Sol] [,s=_1-:.+{._r,’+a‘ﬁ
§= 1 (P a?) 2

_dr+a'tr
vz'+a®

=[P Jr’+a’4z

Vr'+a?
=r+Jr'+a’
A=) =v

Soly—x)y



."'" 1 . 1 :,_
_ i |§|‘ ,r:u.-r' _..J';II

:(Eiiié?% r:":',f?*’e?

'{;‘I’ -:ll'.:.;l:,__,_n_ q::)
{7 ---__-.[EIP'_._".‘: :_,__: =
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N|60a KUMON® N
Differentiation 2 s
e .i"
/100%] 00 [ -80s [ -70% |60~ | _—— . _
g — 1. = L = 2o '
Dilerentiate the following functions.
(1) p=(3r’'-5)" » N
[Sol] ¥=4(3r'-5)"6x
=24x(3z’—5)"
=) =
B v=iG=zy =
[Sel} y=(2—2)" | Alterrtive Solution
i e .__3[E—I}='E-'l'|
y==3(2=x)"*(-1) T =)t
: a
3l 3
[E_I}I = 2—x)
< »




_l ' - - |
N[60b
|

(1) p=Vir+
| 7} 1 = N|57

[Sol] y=(4r+1)7
e 2
HZ":TMI‘T-I} :'4

= 1
3V(4r+1)?

B) p=zJl+1?

[Sal] H=r{1+z’}%

B NI58

= : 1
i _1'(1'4'1:}!-!*1:-%{]-{-1:)“%.2;;

=f1'+_z7+7-—_1”
1+x?

=1+2r"
Y1+

(6) y=—7=
Jrie] = NII58
[Sof] y=x(r*+]1) %

w:.l'fl’,'f“ll]h%wivp(_,%_){rgd, l}%-

= 1 r
V4] (*+ 1) /7%
= L _ T+
EF 2L |~ Py
Alzerestine Baltion
1-{r =1 —‘.::*:-%"Lr‘-s- 149,

" T A - - I: - e I|I
WERL ) owl | Teene

L
e

Zr

i . e — —
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) Differentiation of Hama

Trigonometric Functlons
| Peptay .I'" ."r

, /100%)| -90% | -80% | 705 | 69%-

F ;

[ 1] Using the definition of the derivative, differcntiate = sin .

T H [y

gsin{r+h)—sinr

[Sel] v'= lim i

9cos {I+g)+rsin [r+gl—r _' —Em“"‘l;ﬂ =
BNk
21:05(.:’-1' 9 )sm2
=m fl
h
=i curs(.t--'- b ) =7
2 2 h
2
=| cosx |1
=| cos.x

A — T —
The Sum-fo-Product Formules intreduced inM |77 are often used for the differe=
mmd integration of Wrigenometric (unctions.

A A-B
i+ s A= AL D oy AD

A~ s B A B i A=

e+ con B=2eox A7 B o A28

_ArB . A=-8
mﬂmﬂ_zﬂgmg
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(1] Using the definition of the derivative, differentiate V=coszr. b
[Sol] /= Jim cos (r+ ;:} COS X
~ —2sin (.r-l-fz:)+.r = (,r+121)—.r ;
_Pﬂ h €
5 " e d—cos B
-Zsrin_(_r+ o )sin‘z—_ !=~2m-‘3§£~m‘1£ﬂ
=l|__|;|‘] i =
h m%
2 :
=| =sinx |-1 {‘;

=| —sinrx

[e—

(0] Differentinte y=tanz.

(o ﬂ"=(~—~|ih—l- =)

s r

(| minx | )'roe r Y
(e

Y L]
i ua,"t_r g“

& T
45

COR X b Sin'x ;

T
|
” T
— — ] 'ﬂfm = .
[ TS ¢ reo rmE SEOMW +
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Differentiation of i
Trigonometric Functions :

G / !

/100%)| ~90 | ~80% | ~70% | 69| —— e - il
/  T— ] — i — y.—— 1. _C

From the results in N1 &1, the following formulas are true.
_Derivatives of Trigonometric Functions )

5 e 1
. [l '

Differentiale the following functions.

y=xsinx
A gz}

[Sol] i'={(x) sinr+x(sinr) € [_—fi-ﬂﬂ(ﬂ‘ﬂliﬂ’bd

=]:'sinr+rxcosr

=gnI+IXCosT

—

(1) y=xcoszr

[Sol] ' =(x)cosxr+r(cosx)
=]-cosr—rsinrx

= COSX — THINIT

(2) py=zianx

[Sol) y'={(z)'tanz+r(tanr)

1
=]- -
1 tanx Teen

e, X __ sinrcosx+x

(3) p=(3r—2)sinx
[Sol] ' =(3r—2) sinx+(3r—2)(sinx)’
=3ginz+(3r—2)cosx




N162b

@ y=(2:"+1)cos
[S01) 1/=(22%+1)'cog 1+ (227 +1) (cos x )
~1zcosr—(2274 1 )siny

x .. [: "Ein.rf';:ﬂﬁai" f'
\ codz
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Differentiation of Finrr
Trigonometric Functions = / /

Cate
/100%) -90% | -80% | ~70% | 69%-| - -
P I C —Z 3 = '

DifTerentiate the following functions.

- PO T I

[Sol] u'=—sin2r-(2r) € [LlgeNI=/{g(=))g(2)

=—2sm2r

(1) p=sinbx
[Sol] ¥ =cosbx:(5x)

=HcosDx

(2) y=tan3x+cosdr

(Sol] = m;’ax .(3z)' — sindr- (4z)’

Semde o
T cos’ix 4sindx

(3) y=samn(2r—3)
(Sol] ¥'=cos(2r—3)-(2z—3)’
=2cos(22—3)

(1) p=cos(3-2r")
[Sol] y/=—sin(3—2x"):(3—21")
=4rsin(3—2z")







| N|é4a KUMON®

| Differentiation of e

Trigonometric Functions
I Dan /

| /100%)| ~90% | ~80% | ~70% | 69%-
L : = =

Tirr= 7 I

b Differentiate the (ollowing functions,

7 _.,L'.-:rzr e g g
’(-jé'é)' (== =

=Zrain—s ¢

e a=1 f =LY
(o) o' =cos 25-(E57)

_z=1 1@+ =(z=1)-1
e | (x+1)*

a1
izt x+l




(5) y=sinVz?+r+]

[Sol] ¥'=cosyr*+r+]- f-.v’;’ri-; {f}j” |

s _--*"_.J -
~cos (PRI L r

i o e

s 2N

_ (2x+1)cosVxri+1 +L .. iz

| —

s




)
:
)
b
)
)
b
)
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Differentlation of it

Trigonometric Functions

/100%] -90% | ~80% | ~70% | 695~
[ ey {] —_— 1 —_— i

Differentiate the following functions.

p=sin'x | |
(Sol] '=3sin’z:(sinx) € |¥=I0 W

=3sin rcos T

(1} p=cos'x

[Sol] ' =3cos’x (cosx)’
= —3cos’rsinx

(2) y=tan'z

[Sol] ¥=2tanz(tanx)’
- ]
S2anz cos'r

2ianx o 2sinx
COS'T cos'x

(3) p={(sinzr+cosx)’
[Sol] '=3(sinz+ cosx)? (sinr+cosx)’

=3(ginx+ cosx)’(cosx—sinx)




- NI165b ?
>

@ y=sin'(3r+2)

[Sol] '=4sin*(3x+2)-[sin (32+2) ' -—
=4sin’(3r+2) cos (3r+2)-(3z+ 2) D @F[&mmﬁwﬂﬂ
=12sin"(3x+2) cos (32 +2)

i

(5) p=cos’(] —27%)

[Sol] w'=3cos*(1-227) [cos (1_'25"“’@}?

(6) y=xgin'(2r— 5)

=2rsin’(Zr—5) 4 2.

=2xsi0*(2r —5) + Arigin? (2
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Differentlation of Kl
Trigonometric Functions 3

/100%) ~90% | ~80% | ~70% | 6%~

f - Ter— n 1 o
DifTerentiate Lthe following functions,

y=+cos3dr

Chiaay !’ J"

T ; o

[Sol] p=(cos3x)7 &~ e fom =" |

u’Z%(nmirJ"'}-(cmﬂr}’ (-* iy’:%."'h.'i

3sin3r I ¢ — )
=- (eosdz ) =—smIr-(Ac)
Ezmﬁﬂr ¢ (== ]
l\#

(1) y=vYsnzx
[Sol] y=(sinz)7
y'="% (sinx) - (sinz)’

__Cosx
2; sinx

(2) y=vVl—sinx
(Sol] y=(1—sinz)?
u’=—%[l- sin.r}'%-{l—sinr}’

_ . coaz
2v/1—sinx




_,."_'._

i =-—( cnsz.r-.:)r“‘i' (cos2r

(cos 27—z )’

@ y=vV1Fsiniz

lanr

(Sol] y=2(tanr)-3

VAT () O e s
e 1
lanxv tan r

= |
ﬂm.rmaxf’_tau_x

B
S

—
e

!H .ﬂ'.m::]



< — - — e
e e =

v
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Differentlation of P
Trigonometric Functions =
Batn /
/100%] -90% | -80 | -70% | 69%-|
L ) — [ — 2 ficns
Differentiate the following funclions.
1. I
V= tanr
,__ (lanx)’ ‘ L T _ dgis)
[Sol) v'=—" x & [ glx) I; [glx)]® |
= 1
~ lar’rcos'r

@) = Ei.lli‘--

(sinz)’
[Soll b/'=—"goiz

Zginx- (smz]

2cosx




II

Ml tany
Dsy= 2

[Sal] /= (tanx)cos r—tang(
cosr

. =R . ﬁx— : ",
cosy OBt — o
= o COST

- cos'z
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Differentiation of Nisrmes
Trigonometric Functions
Pratn / /
/100%] ~00% | ~80% [ ~70% | 69%-| =
J Tt [} - ] = n =

Differentiale the following functions.

W) v= l-f-ﬂél‘u.;.r

(cns.r'.l(1+mﬂ.r] —¢coar(l+cosx)

[Solliw (1+cosx)®

_ —sinx(l-+cosr)+cosrsinr

(1+cosx)’
_____sinx
(1+cosx)®

__ Sinr—cosx
@) v= sinr-+cosx
[Sol] ¥ _ {sinr-— —cosr) (sinr+cosx)—(snr—cosxr)(smr+cosr)

(sinxr+cosx)’

_ (sinx- +eosr)?+(sinr—cosx)’
(sinx+cosr)?

= 2
~ {ginx+cosx)’

(3) p=sinzcos's

[Sol] ¥'=(sinz)cos’r+ sinx (cos’r)’
= cos’r+ ginx-2cosx-(cosx)’
= cos’T— 28in' T COS T

[ =cos’z—2(1- m’z}cua.r:'
=3m5';p —2cosx

= mariﬂmﬁ’x—ﬂj

[ =conx(1— —3sin'z) |

[ Altenative Solution

y=snr(l—=n'r)
= gInI— SmE
¥ =cosxr—3sn'r-| mnx
= conx— 3xin' Foosr
—cmr—31—aw'srlc
[:Jmfr—zm:
= coscr (Beos's—2) |
[ = cosx 11— 3uin'x) |




—&\'\

NI68b

(1) p=sin2zrcos3r
[Sol] p'=(sin2z) cos3r+ sin 2r(cos3z)’

=2¢082xcos 3x —3sin 2xrsin 3z ~,

=(cuaﬁ.r+(:ns.r}+—g—{::035:—cns.r) &

=-%—(5:035.r-ms:c)

comarron fi = -l%-i_m {ars B con -

ey —%«-[mu-u-m--mh
con{ = 0) = el

Alternantive Solution

F—é"f. EN3T—snr) & ﬂnmﬁ%[m{ﬁﬂuﬁm{a-ﬂ}j

=-é—f5m5:r— cosx)

b

(5) v=sin?rianz

|

[Sol] ¥ =(sin2r)tanx+ sin2z(1anx)’ D

e X ol (7 » 1
=2¢c0a2Ttan r+ 2sin rcos o i

=2cos2rtanx+21anr

=2(cos 21"1?‘.[}*—511*’1"] e

: sinx |
=2-2¢c08" r—— “_l
Cosr

. —dsinxcosx [

=25in2r |

—=1

Altematpy e Hlution |

Vol sm2e Y tan r an2x( tan ')’

i .. P ) |
.Igi T BT co% x st AT r_l'_l_‘t;,.r
= LI ZENIN 2y 4 sinZy xin2rx(cosZx+11)
(N 5 ) cos' x
_ ESZr-7ong'y L

[__-_—EE ZuinTr

[ Alizrmative Solution 2

sinr
[=Zainrcos T g r
=7 jdn;.l' -
i =2-2sinx(ginx )
=4ginXcof¥
[#’ﬁiﬂ 21']
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NI69a KUMON® i

Differentiation of Ry
Trigonometric Functions

/100%] 00w [ 80 [-T0% 695~ T .

- pee—

diu

1. Given that r and y satisfy the following equalion, express - ;- 11 terms of

N = z
TS ALY ( 2"""”{2)

[Sol] ﬂi = 1 .,.: — l

1
=1+ tan'y ¢

4

UL (#0), find lim /().

2. Given f(x)=

{sin'r) -x—sin’x-(z)’
Iﬂ

[Sol] f(z)=

_ 2rsinx-(sinx) —sin'r-1
= =

_ 2rsinycosr—sin'r
= i

a . F |
sin ginx
= & -2::&5:—( )
I I

£

gin.X sinx
= 'Ecus:—(

!i_g],f‘(xlﬂi_g;[

=1




| a—¢ m’.r Fmd the vl
tonstants g, ) apq ¢,

150l sinzcos 2/ T SINT = sinzcos £(2- sinty)}

dr (sinzcos rz—st

= {El.l'l Icos IJ "{2... wzr

S ainzlicoa s sinr(cosz)’](z2— mﬁ?;e)?""

| +amrem-(z sin'z) 7 (2~

95 E . (—2)sinz-(sinz)

-Ti ] I*‘*ES[EI_.F 1*2
Eﬂ'l S

B Iﬁ"h‘;“;g
I‘“Mhl&mmlw 9 f;
%{EIIJ"(:D;.:EF- :
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Differentiation of K
Trigonometric Functions =
B |
100%| ~90% | -80% | ~70% | 6%~

DifTerentiale the following functions.

(1) p=(x'+1)sinr

[Sel] p=(x"+1 Ysinx+(x*+1)(gmr)

=92yginx+{x'+1)cosx

(2) y=—cos2x-+s8indx
(Sol] i =2sin2x+3cos3x

(3) p=uwanz

[Sol] y'=31an’r-(lanz)

— ¢ Jlit
=3 gy

_ 3wan'x [_ 35111’:]

" cosX ~ cos'r

mp NI

m N



et v
sinz) (1+cosz)

(1+cos z)¥
= COST—sing+]
=—LCOST—sing+4]
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Differentiation of Logarithmic and R,

Exponeniial Functions =
_ Do / /
100%| -90% | ~80% | ~70% | 69%-| .

i — T - = 1 - e 2

-

Using the definition of the derivative, differentute p= los. - (x ~ 1)

log, (r—h)—log.T

[Sal] ¥ = |im 7 2 =
L. x+h ’ F“-'M“‘"ﬂ-ﬁ*"ﬂ-irfi
_:lrlﬂil_ log., = ""

v =jim e o (LK)
(= AT
= fim o loma (1 +£) e’l" ]
| xE

Ask—0,( 1‘+k]l!r is known Lo approach o constant value, which is

expressed as @.

So; &= Jim (1 RN

Using this constont value ¢, =
1 log.a  _ 1 D oo M=

'H?E--_;I- = ‘i log. a x |log.a

I DU Ft)) A s 1y [V S=

When a=¢. log.a=lom.¢=1} tserelore, from @, 1 = =

wmmmunummammiuy : '“‘*"‘-’ﬂr = o
qritwsritunting b with o valluo which )s closcwl, = o —
il ppproches o mﬂm viilug as shown on a0l 3 TUAAL Gl a7
thie right. ¢ is an irratiomal mmber and oot |z7iesz | -oem 270

ool (2718 ool (271
0000 | 271828 | - QUGE00Y a7l

g =2 71HZRIA.
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The logarithm of r to the base e, log,x, is called
For differentiation and

the natural logarithm.
inlegration, il is oflen expressed as In x,

e log, r=|

DilTerentinte (lie following fimetions,

m r==zlnx

[Sal] V= (x)Inz+z(lnzr) {'*-.1 [Sol] V' =(z) log, xr+x(log,z)

r=zlog,r

TRl Y |
I.IM:J =llogz+z zin2
‘-‘lﬂgj;ﬁl""“'lﬁl__z‘

(d) = loz, =
[Sol] ¥ =(*)Vlnz+ 2 (lnr)

[Sol] y'=(z%) ‘logs 422 (logs )’

Ty = 2xlogyz+ r* ZIn3
=Z2zilnr+z =2 |;
| =x(ZInz+1)]
(2) p=r'nz

[Sal] ' =(r")VInz+2 (Ing)




— s wmme

[Sal) w'=

NI|72a KUMON-® NI~
Differentlation of Logarithmic and i
Exponential Functlons
% =ole | SOAFS | IS ol :
£ em—r 9?“‘ EE{]* ?F’ E?T Trerm - 2

1. Differentinte the (ollowing funclions.

p=In(3r—1)

{(Ar—1)
dr=1
3

ar—i

[Sol] w'=

(1) p=In(2z--1)

: o (24 1)

[Sallip ===
— &ip
2xr+1

(2) p=hiz'=z+1)

’—x4+ 1)

[Sol] w'= r=x¥]

__2r—]
=z +1

(3 p=l(l=x")
(1-z%)
T1—-2

1=="

==

2
(1+z){(1=x)

|

[F{gle) V=1 (gt (=),
L (gt =2

gir)

4) p=loz,ar

(5) p=logs(4r—1)
 (r=1)
ISl ==y

1
(4x—1)In5

(6) p=log,(2—5x)
(2—52)
(2—&x)In3

&
(2=5x)In3

[Sol]) v'=

—
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In N 171, the derivative of = log.x when z > 0 is determined. Here, consider

the derivative of = log.(

—x) when x < 0 by filling in the following blanks,

=) | =1 .

[1] [i“g“’(_‘r”‘ —rlna | xlna
= |
[2] [ln{-x)]= = |

T
|

,pu
- —[I——- SISy

From the above, combimning the conditions when r > (0 and x < 0, the derivatives
of logarithmic functions can be expressed as follows.

_Derivatives of Loparifhmic Functions 11 )

(In |zl r=-~};. (loalz])'=

2. Differentiate the following functions.

xlna

Fﬂ p=In|2z—3|

(2r—3)
Zr—3

——
2r—3

[Sol] y'=

v=Inidr+1|

—Mr+1)
Y=t
=gl
iz +1

q
1 y=Inlz*—3|

?ﬂ]ﬂ={f al*

zx

e e S

= log,, |3x|

(3x)
3rinl0

=]
xinl0

[Sol] p'=

(3) Uzlﬂﬂzlﬁrl
=i
rin3
(4) U=lbﬁi|1—21|
__ (1—2x)
(5] "’_fl—irltnz
= 2
(1-2x)In2
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Differentiation of Logarithmic and Kt
Exponentlal Functions

/100%] ~90% | ~80% | ~70% | 69~

i ] == [l
DifTerentiate the following functions.

Dty f /

Tora [0

(1) p=In{cosx)

1= {cosx)
[Soll w'=""Coex

_ __sinx
COST

|:= - E-IJ.I'II:I

B

(2) y=Inlinzxl

e {Ilnx)’
[Sol] ¥ =

) |
xlnzx

(@) p=ihn(z+iz*+1)

= (z+Jx*+1)
[Ralliiv/= z+ I +1

(r+/x"+1) =[_.::+ (Fek

e | "'*%“{I"*‘.--l"} LT

-
LT PPITT L

1-&%—(:“?1]%-21
- pHdrl

Jr'+1+x

“a+ e +1)Vr+1

2,

—

o)
'+l
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(4) y=zxlnZr
[Sel] u’=~{z}'1nzr+:un2x}'

S
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Differentiation of Logarithmic and S

Exponential Functlons

/100%) ~90% | ~80% | ~70% 69+-

£ — ()

Differcntiate the following funciions.

p=(lnx)" ¢ | y=N

(Sol] =3(Inz)*(Inr) < |[v=30"W
_ 3(nx)’

I

{1) p=(Inx)"

[Sol] ¥'=4(lnx)-(Inx)’

4{lnzx)?
]

]
—_

@ y=(nar)’

[Sol]| 1 =Zln3z-(In3x)’
S (ar)
=Zlndr-~3E—

—2In3x
T

(3 y=z(lnx)*

(sol] ¢'=(z) (lnx)"+zl(lnx)*}
=1(lnx)"+x2Inz-(lnxr)
=(lnzx)*+2Inx

[=lnx(lnz+2) |



NI174D0
[E< ]y

v=in| 3]

[Sol] y=Inl3z—1|~lnl2z+1|
e (3z—1) _ (2r+1)

f =l Al

Ji
| Br=1 ﬁﬁ;ﬂt

J
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Differantliation of Legarithmic and Mires
Exponential Functions

Cat / /
/100%] ~90% | ~80% [ ~70% | 69~ .
J (e — p— — 1 ITHY s 2
o (Y
Differenuiate p= =

[Sol] Taking the patural logarithm of the alﬁalutr: values of both sides,

o | r=2)2
n |yl =In| ——=5 \

. J ln——*lnﬂ‘f N
=2Inlx—2|—In|x+1| I

DifTerentiating both sides with respect Lo r,

_I-L—- 2 1 : L
vy x=2 zFl € |Onlpl) =%—-
= x4
(z=2)(z+1)
ozl (=20 () (x=2)
V=Tz=2)(x=1) x+1 (z+1)*

As shown above, differentintion by king Lthe paral logarithm of both sides
called logarithmic differentiation.

Differentiate the following functions using logarithmic differentiation.

=
{l:' U= .':I+3P
[Sol] Taking the nurural logarithm of the absolute values of both sides,

= =1
j.u.lul_l-n [_:E_.'._H}:I' l

=|n|r—1|—2in|z-+3|
Differentiating both sides with respect to I,

=1 2
g or—=l r+d
- x=b
= (z=1)(zx+3)

= x—5 sl = =
=TT D(rF3) (r+3)* (x+3)

#: E—
la’l=lal’




NI175D

(r+1)?
(z—2)'(x+3)*

(2) =

[Sol] Taking the natural logarithm of the absolute values of both sides,
(2 D)
Z=2){z+3)* ‘ s [ InMN
=3in|z+1]—(2lnlz—2] +din [z +3]) € (EnMtN]
Differentintimg both sides with respect to z,

W 3 _( ] )
p ¥l \z=2 " x+3
Lo Ar'+x+16

(r+1)(z—2)(x+3)

In|yl =In

e APHEEIE (w41)?
(x+INz-2)(z+3) (z—2)"(r+3)*
(3’ +x+16)(x+1)?
(z=2)'(x+3)*
x
V==

[Sal] Taking the natum| logarithm of the absolute values of both sides,
h,!ylztn'| = ‘
=infxl~ Inf2r 41| ;}

In|VZz# 1| =Inf2z-+ 11 %
| =Linjzs+1[

|

Biﬂnmﬁmiuthjjmwim respect i z,
WL (ze4qy
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NI|76a KUMON-" NO1T

Differentiation of Legarithmic and Kl
Exponentlal Functions —

/100%| -90% | ~80% | -70% | 69%-|
L— | — = 3 I ot : o
1. Differcntiate the following functions using logarithmic differentmiion.

Cratny f i"

(1) w=x* (x>0)

[Sol] Since x>0, > 0
Taking the natural logarithm of both sides. ()
Iny=Inx" = : I-ﬂmsx}ﬂm]y}&.thm
s |Inb= ninAf | value symbel does not Exve (o b
{hﬂhﬁlﬂmuﬁuﬂh[@&:

Differentinting both sides with respect o r,
A-=(2)Inr+z(nzr)

=3|.-1|1.:|:r~1-.1:=-i
I

=lnr+1
S =(nx+l) r'=x"(lnx+1)

(2) py=z™
[Sol] Since the antilogarithm should be a positive pumber, r >0 €= =21

Sincezx >0, >0
Taking the patural logarithm of both sides,

Inpy=Inx™
=lnz-lnx
=(lnx)*
Differentiating both sides with respect (o x,
- =2inx-(Inx)
_ 2nx
g

% H’='E*I%£'I""= 2r"™'Inx



N|76b

Differentiate y=2x° vsing logarithmic differentiation. (x > 0 and a is a real
number, )

[Sal] Since x>0,y >0
Taking the natural logarithm of both sides,
ny=Inx”

=| o |Inx

Diﬁmﬂ?ing both sides with respect to x,

v _la]
i

T

o

[—2 D ‘D ‘B ' iSlamsTy

From the above, (") =z is also true when # is a real mumber.

1) y=r?

[Sol) /=5

@ y=(5z)"

[&iﬁ.&*=ﬁeiﬁzﬂ.“”h{_aﬁ 572 (5x) ! 2-5 234
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Differentiation of Logarithmic and Fiene

Exponentlal Functions e j f
D=t

/100% -00% | ~B0% | ~70% | 68%~| _

Lo — 1 I 7] — T - ¥s

Dilferentinte y=a*. (a >0, a # 1)

[Sol] Singca >0, >0
Taking the natural logarithm of both sides.
Iny=Ina”

_ IE ‘_.. [ln&f“t nln Af

Differcntiating both sides with respect 1o x,

i _|Ina

. y'=u|Ina |, e (") =a’| Ina | —@

D] S 22 AR SSSASER M= [y e

When a=¢, In¢ = log, e =1; therefore, from ), (") =¢"

" Derivatives ol Exponeniial ]
(¢*)'=¢", (a’)=a’lna

Differentinte the following lunolions. (g > 0. a = 1)

v=e" [[flgan] =Atatgtn)) | v=2"
[Sol] y'=e*:(2r) € [Sol] ¥'=2"In2-(3z)
= 2.;,;1‘ =3:2%In2

) y=e" (2) w=3"
[Sol] ¥'=¢"-(dz)’ [Sal] ¥'=3*In3-(2x)
= 4" =2-3"In3




NI77b
(3) w=57" M y=ex

[Sol] ¥'=5"In5(—x) [Sol] y'=e*- ( % )
==5"1n5

Ky y=a~
ESH!] y*'a"lna (;a;}*

N T Y T T T T Y T T YT T YT T YT Y TTTTF Y TR T WY TR Y W Y RTWYTRTwET

\

!
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Differentiation of Logarithmic and
Exponential Functions

/100%| ~90% | ~80% | ~70% | 69%~

KUMON" NOLT

Issarma

Catn / /

Tiroe ' L]

. e W i *r._E 21 I .
[Sol] y=(x)e™+x(e™) 4 E.{f[:[ﬁ-;:;]f}:fﬁ:}ﬂzi

S i— = 3=

Differentinte the following functions. (g > 0, @ # 1)
=]-e*+2re™
=(2x+1)e™

(1) py=(zx+3)e’
[Sol] ¥'=(x-+3) e +(x+3){e")
=1-¢"+(xr+3)e’

={(z+4)e"

®) p=ze*

[Sol] /= (Yo + (e~
=g —2rte™
=(1-2z")a™

@ py=vze

(Sof] u/=(+/z)'e"+ I (¢
=-%*:|;-"":!l‘- g% &Bﬂt
_laz+le

R

2z 1)z ]
a 2z

(4) p=zxa’

[Sol] p'=lxVa*+x{a®)
=1-a'+ra’lng
=a’ (l+zxlna)

(B) p=e'cosr
[Sal]l p'=(e"Ycosxr=e"(cosx)
=g'cosr—e¢'=mnr

=¢”(cosr—srinzx)

() p=e’lnx

[Sol] p'=(e")Inz+&*(Inz)
= Fhmreed)
=¢g'lnr+@ "
iy 1
=g (ln.r+-—-r)

a¢'(xlnr+1)

= x



i@:ﬁ}] -

el e ) (e tfﬁ” 2 1)1
_ Ze¥ (g™ +1) (g™ —]); z LA
(+1)' = et
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Differentiation of Logarithmic and —
Exponential Functions

/1009%| ~00% | ~80% | ~70% | 69~
2T e e s

Do / /

Tizrm : i

1. Differcntinle the following lunctions.
(1) y=Inle*(1—x)]

i, [EI{I-I}]F

[Sallfui= e*(1—x)
_le)Y(A=—x)+e&' (1 =)

d'(1—x)

_e'(l=x)—¢a"

- e'(l1—-1)

X

=

T—
=

e =1

V1+eg 1

(Sol] w=In(V/I+e*—1)—In(V1+e"+1)
oo WEE-1) (JTrat1)

(2) p=In

:’l-r-.; _f1II JLT. =1 | Hl‘i 7 Pmﬁ?#[!ﬂi'!"ﬁlﬂ
T S = S ot g {5
Walretis keI . =R =at) Fi(1 et
J14e -1 Yi+te +1 | |
a’ e

=E{J1-l-u’-—'l}#’1+ﬁ* 2(1+e* +1)V1+¢*
_ e(1+e*+1)=e"(V1+e"—1)

= a1 re —1)(VI+ e +1)/1+e*
21+ ¢

o

J1+e"
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9 Find the values of a and b that satisfy the following equation.

d —=lzF +3+aln(r+Vr*+3)]|=bVr*'+3
[Sol] j—r[:af_r’+3+alu(:+-ir’+3)]
+Vz?+3)
:1'm+r'-é—{:’+3}'%-2r+a. (z+vVz'+3)

r+vyr*+3
|
[l+~;—(:‘+3)‘7-2.r]
= J: Fy r+Jr*+3

_ 243 a(dx*+3+4x)
V43 (z+ /P +3)Vr 13
27+ a+3
~ P+
. 2r'ta+3
R
(2-b)+(a—3b+3)=0 €~ Identityfor x (I 85)
o 2=b=0, a—3b+3=0
- a=3 b=2

=bvr*+3

1 La flz)=(azr’+br+e)e™ for constants g, b and c.

G‘:imumﬂ!i—f(zi-i*m”‘ﬁﬂudﬂ:d for all real numbers x,
Emlﬂmwlﬂaﬁfmbmdq

M Jiid Ekﬁ-'}.ﬁ'_{ﬂz?%!hﬁ%{@}r_gﬁ_ +{ar?+ br+ G:H‘l:{'i E.‘.“.{Ejf
=24z b) e ~(az’+ hr+¢) o

==ar s (Ga—p)rt (b)) v -
fx)+zp e P

=laz® s (b+1)x 0],

|Fm m @ ml a= i), !
R Zambep sy £ Eiu;fifllﬂi }"
Hla=, athE 1 ——



Ea’f;i:rz .r;i'r‘-:.ﬂ.f{ﬂ ‘i‘ﬂiﬁ*—-{@f
[Sol] »'=(x)(lnr—1)+z(nzr—1)"
=1-(lnz-1)+z-

r-.u‘:

et T el
..._l! I 1 B _"C_._
=In.x

m» NI

‘—"'-..“-Hl]
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2. Differentiate the following function using logarithmic differentiation.

kD o
=1 = NI75
[Sol] Taking the unmml Iugmlhm 'of the absolute values of both sides,

hﬂ:lhmidm Wllh:r:qpet:j o r,
i
{Lﬁﬁ'f fﬁﬂl
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Differentiation of Various Functions ...
and Higher Order Derivalives == e

Cztn / /

/100% 00 [ a0 [ 70w [69-| v
Given that 7 is a function of r, express gr - in terms of z and 17 for the follow
equations.

[ x. i Lra

=4 e

[Sol] Differcntinting both sides with respect 1o x. /’ \
vyl
2r+ 2y dr =0 & \/

AL LA A D A A b b

codig_ oz Dl Terenistongy i vl e 1o 1,
S0l St
(1) *+4p*=16 us

1] i"]"‘il._f“ﬂ;._ -’Fg-xur
[Sal] Diffcrentinting both sides with respect 1o ,

—2

dr 4
- dy _ _ X
© dr dy
/i x
(’E} lﬁ+ g 1. E-rg_=l

(x

- HJ—Iﬁ_ ﬂ]f \
¥ d.r :




NI8ID
(3) 4xr*—9y'=36

[Sﬂf] Di.ﬁ'ﬂmlmtmg both sides with respect to ,

-E:I:-'-IB_H'%"-—IJ

/4-" =




N|82a KUMON® N I
Differenliation of Varlous Functions ..

and Higher Order Derivalives

AT EREECE S -

Given that 7 is a function of x, eXpress dl"

equalions.
(1)

[Sol] Dilferentinting both sides with
respect (o x,

[ When p<n]
(1

y'=4px (p is aconsinni)

in terms of x and 7 for the follown

{ When p=|
i

dy _

E."-u

dr

dp 0

5 LI.E. :—ZE
. dj" 7

@) Jz+Yy

Ja (a isn constani)

[So1) Dil'fmﬂnlmg both sides with respeet o z,

i =TT
dy __ [

o

@ zp=1
[Sol] Differentinting both sides with respect o x,

i t m

pog ol () g2 {p) =0

Tt riad Sliscm s i comstem.
(Ey) % plis o e

Wi

3 -'!]Lr.:.’-mi

dx r
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(4) r=cosy

[Sol] Differentiating both sides with respect to x,

(5) Inlr+y)==z

[Sol] Differentinting both sides with respect to z,

(z+y) =
4y

od
1+

b el 7]

- d :

6) =g

[Sal)| Diferentiating bots sides with respect oz,
£ lx v y)y=]
(1ege)-

F ]
T

MY

4 Inlx+pl=rx

R ] [l

II"‘QL H‘L
memwuumm_nmmi_M;m;r_ A |
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Differentiation of Varlous Functions ...
and Higher Order Derivatives
Dt / f

/100%| ~905 | ~80% | ~70% | 69%- . -

X = = i 7= Tima : lo
Given that i is o function of r and can be expressed as r= f({} md y=g{1)}
using the parameler £,
dy _dy di _dy 1 o [ChsmRalel(NISI)
dr di dr dif dr | Drifferemtiztion Formmin for
dt | Inverse Fumczims (N | 55)
Therefore, the ﬁJlluwmg is Lrue.

When xr=f({)and p=g(1), dy __dt _ g{t)

dr dx  f(t)
dr

Given the following functions represented by parameter ¢, express % ]
of £.
z=3(t=1) p=t"+1

(2) r=r+2 p=1"-1

dy
(o) ZE=ar, Gh=2i

._qm a2
Cdr At o




I A
(3) x=r+%. u=t’+% t==4, -2 1=5.2
d 2
(Sol] 4X.=] —tl; QU — g1 —= ) G
21 __23" 1 *+1) 1 -;-- 2
: _d_u__= t - 2(ti=1) - 267+ —J7 \ (1] r;.,r'g x
. d.r 1 '{11_1) , \\‘.‘f;
~= 5
If &
= e
(1 T=n U=y
dr _ 2(1+¢%)—2:-2t _ 2(1=¢")
Sall G =""(re77  ~ (+07
dy _ =20+ -(1-17)-2t
di (1+£%)? 3
At |
i EH_.: U+'t’}= = g‘r — Pd]
dz  3(1—-¢) ~ 1-¢ (1+2)(1=1)
() = ]

w

Thes dezivatives of (e
In the e of (@, e

[Bsl] Simee r=a(1 1), ¢ ";’3

Substiznting e gt 1 = ( =2 )‘ 'l

Difiemreraiating both cide With respect 1o

.%E%;gra_ﬂ'u%lx+-3;
By 3.11 e .”#

ggﬁémuamﬁm-%:

1

Fj a

I8)

Gy -

$ypes of fimctions can also be found by solving the equations (o7 U
znwweer can Ba found as (bllows.
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Differentiation of Various Functions ..
and Higher Order Derivalives

Eazte / /

/100%)| ~00% | -80% [ -70% | 69| - =
Lo —— X = =T i :

Given the following functions represenied by parmmeter | express g-':"_i in tem
of . =

(1) z=sint, y=cost s

[ === =
[ mis oo mtepger
(2) r=i—=smt, y=1-cos! 4
(Sal] di odt s
. dy __ sint

" dz  T—coxt

() zr=gsuin'l, y=beos'l (a und b oo constanis)

[Eg]]n i~ asinl < (nint)'=Gasin' cos !

%ﬂ:akm’_‘i cost)'=—dbuos’t sin!

{m —Gbeos'luint _ _ beost
* dawin'lcos | auinf

( When a > 0 al b > 0/(n 18 an integer)
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Differentlation of Various Functions

and Higher Order Derivatives e

Dutn / /
/100%] ~a0 | ~80% | ~70% | 69%-] _
L i—— 1 — i = = Aot =

y=J{x) is called the second arder derivative of f{(x), and is expressed a3 |
or /7 (z). The derivative of the second order derivative /7 ( z) is called the thi;

is called the n** arder derivative of f(x) and 1s expressed as ™ or /" (),
The derivatives of second order and above are called higher order derivatives.

Find the second and third order denvanives of the following fimctions.

y=x'+2r'—x+1

[Sal] u*=:l:3-’*ﬁ.r'—l
Loyt =12r T
y-=24r+

(V) F*%—Tn -z ix

(Sol) y/="2"-2x+4
ar.'- y'=31_3

v =3
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._-,I.. " __%_ 1 ) 3 =
£, i T
x+ x i J;i_y‘r_:r_-

o ;: 3 e Iﬁ _
a &IJJI HI:\'(I
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i NI[86a KUMON’
| Differentlation of Varlous Functions ...
and Higher Order Derivatives
| Cztoy / /
g - L -~ L
A

i L. Find the second order denivatives of the following functions.
(1) p=zsinr

[Sol] ¥'=(z) sinz+x(sinr)
=1-snr-+rcosx
= =gnr+Ircosr
"=cosx+[(x)cosx+x(cosx)]
=cosx+(l-cosx—xsinr)

=2cosI—IRInXT

(2) py=r'lnx

[Sol] ¥'=(z*YInz+x*(Inz)
=2::1n.r+::’-%
=x(2lnz+1)

Loy =) (2lnr+1)+x(2lnxr+1)
=1-(2lnz+1)+x-Z
=2Inz+3

: _ CcoSX
@ w= ]—sinx

(cosx) (l—sinx)—cosx(l—sinr)
(1—sinz)?
—gingz (1 — sinx)-+ cos'r
(1—sinx)?*

[Sol] ¥'=

]

_ l=s=inx
~ (l—mnz)’
= 1
~ ]—sinrx
[ . L I:].-EM)F
< =" {]—sinr)’
____COsTx
| ~ (1—sinx)’
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2. Find the #® order derivatives of

Ex ]

i
|

¢ following functions,

[Sol] y'=e™-(37)' =3,

¥ =3e"-(3r)'=3%,%
V=3l (3r) =30,

—2r)'=(-2)1,-x

v =( =2)e = —2r)'=(-2)1p-=
S U= —p)ng e

(2) V=xeg*

(39] y'=(z)p= tr(ey =].g14 y 0 (z+1)e"

V=(z+1)p s (T+1)(e) =

e+ (x4 De*=(z+2)¢"
. . =’I'ﬂ"+{,—r+zle’=(r+3}£‘

[Bal) ymges
V =y )=
Fkﬁﬂiﬂh[},(ﬁmz} e

e

e a(a D~z
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Differentiation of Varlous Functions

and Higher Order Derivatives o

Cata / fi
/100%/ 80 | 80 [ 705 [ 69%-] - .
£ P—; 5 = = = = A : 2

Prove that function y=¢ ““cos r satisfies the following equation.
2 +2y=0

[Sol] W'=(¢e "V cosxr+e *(cosx)
=—¢ 'cosr—e "sinrx
=—¢ *(cosxr+sinr)
w=—[(e")(cosxr+sinr)+e*(cosr+ sinr)]
=¢ '(cosr+sinr)—e¢ *( —sinr+cosr)
=2¢ "sinrx
Therefore,
W +2u'+2y=2¢ "sinx—2¢ *(cos.r+ sinx)+2e “cosr
=2¢""(ginzr—cosr— sinr+ cos.r)

=0
—————____

1. Prove that function y=¢"sin.x satisfies the following equation.
u =2y +2y=0

[Sol] p'=(e¢*Ysmxr+e’*(sinz)
=gginr+e’cosx
=¢"(ginr+cosr)
y =(e”) (sinr+cosxr)+e¢*(sinr+cosr)
=¢*(sinxr+coarxr)+e"(cosr—sinr)
=2¢'cos.x
Therclore,
v =2y +2u=2¢"coar—2¢"(sinx+cosx)-+2¢ sinr
=2¢" (cosr—sinzr—cos.r+ sinr)
={
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2. Prove that function y=x+ v1+x? satisfies the following cquation.
(1+2*)y +xy'—u=0

, 1 et - X
= + L] — +
[Sol] p'=1+5(1+2") T 2r=1+—7"—

/ 1 i
. (D)W1+2 —2(V1+2?) 1-v 1+.r=—.r'§f1+.r R
¥ I+ = 1+r?

- 1
(1+x*) 1 +x?

Thercfore,
=y 14+ i
1+ y +xy — = = Yol —(z+v/1+1r
“Vil (1+z*) /1 + 27 I(l ;1'“'1) ctite

syl ri =il e = (1+x)
V1+z1?

=0

3. Find the values of constants g and b such that [(z)=af(x)+bf (x)when
ILI’}:EHW,

89] /(2)= (™Y cos z+ 6™ (cosz )
=3¢cosz— ¢ gmr
=" (3cosr— giny)
L) =(™) (Acpgr— sinx)+e*(3cosr—sinz)’
=3¢ (3coy r— snz)+ o ( —
= E“'(ﬂ?m,m“ﬁﬁiu:} (D
afi E‘F}iéﬁ?(ﬁ-l-:-aﬁ'emr L e

= Ly
2*[( 4 ableos ¢ bsinx] @

Erom @, @) ang o2 0,

At =8 p=p ¢.
e [

g —

3sinz—cosz)

L * »
(3casr— sin )

Coe Micien ( LT ST LR MM(QMBJHJ
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Differentiation of Varlous Functions

and Higher Order Derivatives —

Do / /
/100%) ~90% | ~80% [ ~70= | 695~ .
Pear——73 — — — T T =

Using mathematical induction, prove that the #* order derivative of
function = sin . is represented as follows:

= sin(£+ %) 0

[Sol] (i) When n=1,

LHS=y"'=(sinr)=| cosx

RHS = sin (.r+££)=

E

Therefore, @ is true when n=1.
(i) [F D is rue when n=4,

u'*}:sin(rﬂd- % ) )]

‘ When n=£k + 1, differentinting both sides of @ with respect
o z,

L

imrn(o [

1

(o= (o).

=Ei.11(;17+ +~-'—

| Em[ﬁ m+nn I]

Therefore, @ is also true when n=k+ 1.
From (i) mnd (i), @ is true for all ool pumbers o,

,H,;m "...Eu é . ..'3... THER TS0 O

H(1+W) =y 2y =y

Jm | &
2

[ Baferremce INS |




i _*
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1. Using mathematical induction, prove that the »7*
v=Inr is represented as follows:

order derivative of function

i _.,.[_J_-ﬂ_"._l_!!_ L
/) ( 1} " a}

((n=1)'=(n-1)(n—2)----+3.2- 1, 0'=1)
[Sal] (i) When n=1,

= ——mr

A

yrs(pr LDl g

;

TR 1w

......
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Diiferentiation of Varlous Functions Narne
and Higher Order Derivatives

Datn / /
ACIEIEAETCS| =

d*y

dr’

1. Given that y is a function of r, express in terms of r mud y for !
following equaticn.

r*—w'=a’ (ais a constani)

[Sol] Differentinting both sides with respect to z,

gy Al
2r—2y A 0
- dy _x

" dx

Furthermore, differentinting both sides with respect 1o x,
=i
_{z) E—I{ LT dr ==z’

df:’ ' Th I

T

: : d’v _d fdu\_d {d t d*y
2. Using the equality =3 -E(aﬁ)—ﬁr(ﬁ)ﬂ?m et in term

of t when r=31" and y=9+ L

[Sol) SF=o0r, A=
_aimzi-f !
“dy 9
d’y _qu(_'l_),m: 2 1 __ 2
" dy® di\ ) dx "9’ 9¢*

\ .‘i‘u = I:
““’I.u“%‘: w
ar

S ——— e ————————————————
ﬁmmimhﬂmdn“mlﬂdﬂmﬂmmnﬂmmﬂmmlu

Ay DU LY o L5/ o/ ), e ) espestivaly

%ﬂumu'ﬂm}rwﬂxm&"
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3. Given f(z)=cosx+1land g(x)=

. bx? -::'1: o ) find the values of consiy
l[SD]] / (ﬂ} =cos0+1=2 g(0)=a
| smff'ﬂ]fl:g( ﬂ_ﬁ}.._ a=2 ..-.._.'.(I-):

=y
From @, g(x)= brtertl

| Sz e)= ";@wap-ﬂ}%«ﬁ?""'“j}:"_gg
Also,since f'(x) =~ sinz, ﬂﬁﬂ =0
'ﬂjqﬁﬁﬁﬁﬁﬂb @

Y, )

)-2bxr




e e e e o W W W 5

NI190a KUMON® NS
Differentlation of Varlous Functions Fisema
and Higher Order Derivatives
/100%| -90- [ -0~ [ 70 [ 69| - .
VT 3 = = il : =

: 2 1
L. Given 7 - g3

II.ExPrﬁs%in lerms of xand . (x >0, y > 0)

= N

[Sol] Differentinting both sides with respect lo x, L/

2l 2 Uy ]
gz el

(£ |-~(2)7]

2. Givenxr={+ -‘-l-uml y—l—l expTess g—i’-mtmu”

ey L Ay L =
[Belliar =1=" gr =1+ ;z_\\
1 l‘:Erl :
Wy ST =
-&

B & o |
(1D (r=1)

3. Find the secand and | third order derivatives of finction y=x’lnxr. ® N | 8

s

[Sol]| yf=(z")Inx+z"(Inzx)’

=3r'lnxy+x'— l

=f(-ﬂlnar+1)
=) (Alnz 1)+ 2* (3nr+1)
=2z (Alnz+1) 4%
=Grinz 5z [=:r(ﬂ_ln.r+5]:|
y”=6[(z)Inz+xr(lnr) |+5
=E(I*h1r~l*rr--%)+ﬁ
=Glnz+11
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4. Prove that function W=dacoskx+ bsinkr satisfies y"-l-fa’y=[], B N|g7
[Sol] u'-:-asink.r*[!e.r:l"?-bcoskr'{krr

=—aksinkx+bkcos ki
=—k(asinkr—beoskr)

= —k[ar.nafe.r'{k.rl’+bsjnk:' (kx)']
=—k(akmskr+bksink.r)

= —k’facmk:+bajnk.r)
Therefore,

Wtk = ‘fezfacnsfex*lrbsinkr} +k (acoskz+bsinkz)

order derivative of function
V=xe™ig represented gs Fulluw&: =» NIB8
F}mzihl-}”&-ﬂ}.e"' .-

[Sal] (i) When n=],

LHS = %= (py g 26 =1 e~ —zg= —(z~1)e™
A 1) et=— (o 1)
Therefors, @ i5 rue when =1,
(W) IF D) 5 frue when pr=jp_
= =DMz=p) g
Whn ar:ﬁ-+1;-.ﬂiﬂ'mﬁuﬁhgammzﬂdas:nr-..@-wiﬂr [Epedtio T,
V() f'I{;f-—.-k.J*ff-H;r—ﬁi‘:& =)
=(=1)"1 € —(r=h)e)
=(—1)*(—g Mz—f—1) ¢
e L )] e
| Mﬂﬂ,mﬁﬂmﬂﬂ: When y=p 4
d (i), © Irue for 4|

L

natural numbers pr.
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Various Properties of Derivatives N

Datn / /
/100%] -0 | 60w [-70w [60s-]

Examine if the following functions are differentinble at the points indicated in
the brackets [ ].

f(z) x4 (x = 0) (r=0) oy A5
= —
(x-1)! (x<0) =
Sot) i ZOHR=/©) _ o (@111
=.—l%k=l=
SO+h)=(0) .. [(0+h)—1]1"—1
m!:% h _ltEQ' i
=|l!'g“I—2}=—2 ﬂﬂuh&_l':jiﬁ]]

f'[i]-!-h] f{0)

Therefore, Jim does nol exist, (-"

Thos, f(x) i5 oot Mmuahlu at =0,

2r—3 (zx>0)

Py (p<y) ==V

(1) f'&ﬂﬂ[

f(ﬂ-i-h) —f(0) _

[2(0+4h)— 31 (=3) w=rt)

5o iy
—llirplz =2
VA LES !1} f0) . [(D+h)'— 3] (-3) —&#vo
i £ =l \
-—Jyl_l;g\_h =0 1"
"ﬂmfmal@]ﬁ{ﬂ+jl§_f('u'] o ok axlat '

Thus, f (z) is pat diferentiable al r=0.

Referems IN 141
Iﬁim lises fismetiom / (x ), (F the limil valu Jim J'r—l-‘l'-j ~fla)

difTerentiglle wl ©= 4.

cxigts, e flx b
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(2 flo)=lz-2 (z=2)

[Sol] Whenr 2 2, f(r)=x—2 e
Whenr <2 f(r)=—(x—2)

f(24h)—f(2) [(2xh)=2]] \ =7
: -h)— = 2Eh)=2{=10
‘].LIE ] -—*[l_l'gl_ h 2

=lml=1

- f2ERY=f(2) . — —2] = X
i g LS e
=lim (—1)=—1

A==

Therefore, Linaf(zﬂl';-ﬂz‘} does not exist.

Thus, /(r) is nat differentiable at x=2.

(3 flz)=x|z| (z=0)

[Sol] When » » 0, f(x)=z2
When xr < 0, f(z)=—p2
- fl0+})-

‘.

ioer h P

=LI:EB‘;=“ | T“\
i ,,ﬁiﬁﬂ"%'ii;—f(_ﬂ'}' T }

(0+h) —0 3

o
MY

B
=lim (— k)=

2 i L0 h)~ £ (0) T
= =0 ‘.'“,}gﬁ; W
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Varlous Propertles of Derivatives Fisrma
Catn / /

/100%] ~90% | ~80% | ~70% | 69

A e [} — — — r—

Tirrm F iLa

If the function f(x) is differcnuable al r=a. then f{a) exsis and
ltmlf{:r} ,J'L:r?l]‘lm::[“r't:i fla) {_r'-::il]=,r’"{a)-ﬂ:ﬂ
L limf(z)=[f(a) € [-ff-;&!.iﬂ,m,ﬂx-:ﬂ-}

Therefare, the following sinlement 1S e

Examine if the following functions are contimuous md also differennable at th

points indicated in the brackeis { ).

mf{,-r}=l.rl [x=0] Ty e
[Sol] When z = 0, f(z)=x
Whenx < 0, f(z)=—x > .

: lim /(r)=lip, z=0
lim f(x)=lip (—x)=0

Algo, since f(0) =10, Irlﬂf{.r}=flﬂ]
Therefore, f(z) is contimous at r= (.

(0%l a |)=0

I

f{ﬂ”ﬂ' £ =
‘ ng»l.E‘ ]'im' h ‘JJJI‘- L

f"iiﬂ.-'i-fh'}—f’(ﬂj ~ i “‘“*@}'“zuw‘:[ —1r=[-1

.]}IB A

Thus, Jimy f{ﬂﬂ]mﬂu}dﬂﬂmm [
*nmmf{:)lsumdm&mnﬁuhlnmﬁ:&

L ﬂ- ALY
#ley St *H"-'{i.ﬂl

From 3, gven il (e function f(z) is conlinnous al x=a. il is not plway

diMereniiable 4l T=d. -
ﬁf’

[ Refizence M1 31
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1 fin)=lx(z=2) (x=2]

[Sol] When r(r—2) > 0,ic. ¥ <0,2 <z, f(x)=x(x—2)
When z{z—=2) <0,ie. 0<z2<2 f(x)=—x(x—2)

lim /() =lim x(z—2)=0 E y=/{x)
lim /() =lip[=z(x—2)]=0

Also, since /(2)=0, lim f (z)=/(2) oG 2
Therefore, f(x) is continuous al 2=2,
Hrf(ﬂ"‘h‘} f(2)y = IL‘_EL(E HI)[[E*HI} 2= ﬂ_ilj.%(z_{‘ﬁ]:z
Lﬁﬂjuﬂa} £(2) ~ iy —(E-Hﬂ[{:i-l-h )=2]=0 =lim (= (2+h)]=-
Thus, lmgﬂzﬂﬂ L s ot st

Therefore, f(z) is not differentiable at z=2.

(2) flx)= I: (r=1)
2r=1 (zr<1l)

[Sel] Jim /(= )=lim =1
i /(p)=lim (zz—1)=1
Also, sinee £(1)=], lim f(z)=£(1)
Therefore, /(x) is continuons at =1

1L1+h}- 1+h)*— -
Jm £(1) ;&Ei_l l—!L) 1=;1.i!5tfﬂ‘+"3'=z

yINE: r'lJ'-f(lJ [20+h)—1]—1 e
J‘LIQ- = [_|;|'gv f: _._J_!:FE!_ g=13
: -'I.{-l-.ifzﬁ.f | —
s Jim ; S(1) 9

(r=1)

Ths, /() is differentiable o ;- 1.

k 2]
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Various Propertles of Derivatives Niaces

3] a"r ] J'r_
/100%] ~00% | -80% | -70 | 695~| | |
£ fl —

T o

Examine if the lollowing functions are continuous and also differentable ot the
points indicated in the brackeis ().

r’+7 (r=0)
)= =
(1) fir S (D) (x=0]

[Sol] lip f(x)=lip (*+7)=7
lim f(z)=lim (x+7)=7
Also, since f{0)=7, rl'gr‘l,.!'{.r:h,."E[lh‘!

Thercfore, f(x) is continuous at x=0.

g OO (ORI U

.%f{u +h)—f(0) _ 1@[“} h:-f:-'} ?_ml:l

Thus, Jim f(u H:} £(0)

Therefore, f(x) is not dilferentiable al x=0.

does nol exisL

@ (o)=Y’ (z=0)

[F &
[Sol] M;{m}=mﬁ=u o
}]_-!E.'f'{-f}=lj;l.;l:§lhﬁ=n v
Also, since £(0) =0, lim f(x)=£(0) > .

Therefore, f(x) is continmons at r=1{.
flo+h)—f00) Yo+ hl‘ 0 1

h@[" n .!'L% J_Es‘\ VE-:IE‘
(04 =f00) . Y(0+h)*—0 L
o )(( lﬂ _I[EI'I:' I.I MW

J]ﬂ]ﬂﬂ'hﬁ!:_”mduﬁumm

|

Therefore. / (x) is mot diflferentiable at y=0.
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sinr (x=0)
@) f(x)= %I‘:'TI (z <0) (e=0)

[Sal] rli_%f'(-ziili_g}_ sinr=()
Jip /()= lim (1742 =0
Also, since f(0) =0, lim f(x)=/(0)

Therefore, f(r) is continuous at r= ()
~ S0+h)—f(0)
Jm h

= ﬁm,m;{:'ﬂ_-_+_I1=)ﬁ:ﬂ-_= - .E!liml (-)

Ay h S

LO+h)~1(0)
T "‘-

o=y A8 h
. i ﬂ;ﬂéﬂg;—ﬁni: 1

"Hm,—.jfﬁxlf}'-.iijdllrérmﬂahﬁlg;mgw:ﬂ;

.{{!E};
; i
Becled by py smoath ) fc
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Various Properlles of Derivalives i

Dhats ! /

/100%] ~g0% [ -80% | 70% | 695~ |
A oe— 1 - - - = e LS

The funcuon f{z) is defined as follows:
x'tar (r»2)
bri—ar (r<2)
Find the values of g and & sach that f{r) is differennable at r=2.

flx)=

[Sal] If the fmnction f(x) is differentiable st r=2
f{x) is continuous m r=2; therefore. Jim / (x)=f(2)
' u:;nfu]:u:;lﬂ::]:f{z}

b2 —a-2=2"+ a-2€ (Sim= f(r)e st ez wbemn 1 5 0
h—a=2 D @thinﬂﬂ]*hm Ttz

Alsa,
Jm

1‘{}:*.&} f(2) _ (E'Ph}"'-‘ra{!—*ﬁ*h.}l*{E+2al
= limy h

W' +6h’+{| 12+a |)h
:h_ I
=ilj_%(h"+[iﬂ+| 12+a |)

o f@2xh)=/2) _ . [6(Z+h)'—a(2+h)]=(B+2a)
nm i m

h
bhZ+(4db—a)h +4lb—a—2)

=hl-'!ﬂ!' h

=h@y,{bfl'+db—a]

¢

=db—a
{(z) Is dilferentloble at r=2 when| 12+a |=db—a @ &
From @ and @, ST e -

a=|2 JFE

— b7 Bagl BTl PAEL DTl s
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1. The function f(x) is defined as follows:

||‘?I b { }.1:'

r+1
r+l (x<1)
Find the values of @ and b such that f (x) is differentiable at r=1.

flz)=

[Sol] If the function f(x) is differentiable at r= 1,
f(x) is continuous at x=1; therefore, lim f(x)=£(1)

- lim f(x)=lim f(x)=1(1)

: a-lJ_-I-b =1'+] &~ Simee fi(z)=x*+1] when r <1,
I+1 Jim f(x)= /(1) is obvious. Therefors,
S atb=4 @ considering lim / ()= (1)
Also,
all+h)+b
S JUER =) TER I 2
»1-'!9' h _klgsl“ h
ath—4+{(a—2)h
= h(2+h) '* =
—T a—2 t':
D 2E g ¢
—a=2
2
LU+R)—f(1) [(L-+h)2+1]-2
o h =l h
= 211_;,;‘1
| Tl k
=lim (2+4)
fh}i!diﬁm:nﬂahlnmrl when -2 2 =2 @
Fitmii!w@

* el
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N195a KUMON" e
Varlous Properties of Derivatlves Nesrr
Dt / /
/100%| ~90= | 80 [ 70 [ 60| -
L r— e L = el - =

1. Given that the function f(x) is differentiable at r=a, express the followng
limit values in terms of f'(a).

. fla+3h)—fla+th) 0
humy h
fla+3h) =fla):fla) —fla+h)
= h

=yﬂ[ﬂa+3§;§—ﬂa} _ fla+h)- f{al] (,J
[Emmmuhm

=3f'(a)-f'(a) i {a—:‘;_j'—ﬂﬁ}

=2f"(a) |

f{a-l-:ih}—f{ﬂ]-l-j(a}—f{a-ﬁ-%}

=il
f(a-!-ilh) f[a] fla+2h)—fla)
P‘“ﬁ[ 2h ]
=3/ (a)-2f (ﬂ}
=f'(a)
—h)
@ HI{E-IEM fla—h
!maj(.gﬁ 2h)— f(a]'l'ﬂﬂ]' — fla—h)
(a+2h)— f{a} fla—h)—fla)
iy [ L2+ 28) -fla). -
=Ef(-_al'+f{'ﬂ:‘
=3f (a)
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2. Given that the function f(z) is difTerenti

able at r=g, express the followin
limit values in terms of a, f(a)and f'(q)

- i af{:j—jffa)
— "y | Reamunging into the form |
= Jim (H[ff.r}—[{a} (r— Iajér(g}} iy g_ua—gm:
=af'(a)—f(a)

\

(1) ill'ﬂ_-r_!{I} ﬂf{ﬂ)

r—da

_,@M@Hr /(a)-a’f(a)
[I [f{.r) f{a}l

r—a

{rha}(:—an(a) J
—'-M-__J_(_gﬂ

='E£![ e "‘{-r"i'a}f(a]}
fa}]]

=@f (@) +2af(q) [=alaf'(a)+2f

(zHa)(z=a)lf(a) I’J
r=a |
_. (r+a)[f(a)]? ]
i *Eﬂ‘ftﬂ)f{a}-za{f{an' [=2af{a}faf’{a}—f{:dﬂ]

J m-[—aﬂ-ﬂ\f‘fﬂd! Haf(r)- rfla)]

=3 ¥—ua
[ ﬂiﬂf{:ﬂ r}‘-ﬂi,%f{ﬂj &EJ"I‘ I"fl'r;

: : 7 afla)-fla) (—“
B lﬁh 10 ) =] (ﬂ”:

e A

Eﬂ)""ui af ) - =

73

L fl’;uffg; 2a! Lfa)]* | _J

S S
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If the I'lm-.i:nun f(x) is continuous on the closed
interval/[ . b ], differentiable on the open interval
(@ b)and f(a)=f{b), then there exists ol leasy
one value ¢ such thot /' (¢) = =0and g < < b,

AV el s

a;- §xE
This theorem States that, if f(agl=f(p). ﬂﬁmlhm:s:lstsml:aﬂ an

pnmllmh!m:nﬂundﬂunﬂlemﬂwhjuhﬂmslup:ufﬂmlﬂngmﬁ

Le. f{e)=0, s s shown in the dingram above.

Find the value of ¢ that satisfies Rolle's Theorem for each given fimction amx

closed inferval,

BY )=z a1 (03]

[Sol] (' (x)=3r"-6r=3r(r—3)
Fe)=3c(e—2)=0

Sinte 0 < c<3 c=2 &= |[E70 K

) fle)=r'+r'~r—3 [—11]

[Sel] fx)=3r"+2x—1=(z+1)(dz—1])
[Mey=(c+1)(3c— 1)=0
Stnco ~1 < ¢ < 1, e=L

(@ f(z)=ginx [0,7]

[Sol] /' (x)=cosz
[ V= e=0

ré H‘:
]
]
:
AGlS
=1 19 i I S .
]u.i’f x
o b
¥ R i
1
.. 4
hEE

Ejmm_ﬂ{ﬂ{ﬁ.ﬂ::%
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Using Rolle's Theorem, prove he ﬁ)lluwing statement,
[fthe function f(x) IS continuous on the closed interval [ g, b ] and difTerentialy
on the open interval (a, b), then there exists at least one value ¢ such that

fb}—ffarl =f:fﬂ:’ﬂ.l]da<¢<b-

b—a

[Sol] Ler ﬁ%}g{a] =&. Then show that S (e)=p.
R“ﬂﬂﬂﬂgfﬂg ﬁ‘%‘}{{iﬂ=k, f(&]—f(a]—k(b—a)=ﬂ (D
Consider the function vy v=hiz—al)+fla

F{r}=;’{r}—f{a}—k{r—al (@
which is deriveq by changing 4 of the
LHS of D 1o 5.

From @, 7 (a)=[ o]
From @, Ft-ﬁ:):@
< Fla)=F(p)
Also, differentiating pog; sides of @ wiyly respect (o z,

F=r(o)-[4] -g

Therefore, sings the finction fr( Z) satisfies the conditions of Rolles

theme exisns a Joqg e value ¢ such that () =0 and
a< c<h

From @, r~ Iﬂ"—"flﬁ)ﬁ-—'; therefore, £ ( J‘-'E :
Tﬂﬂ,m 8 e g value ¢ such (hyy Ji {bg —[(a) =/'(c)

y Y W0 0

— ~
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§ Various Properties of Derivatives Hare

P Dizn / /
b /100%] ~00% [ ~80% | 70 | g9 _

AT T P— e o e Tema [fa

b _Meun Value Theorem)
) IFthe fanction f(x) is confimous on the closed interval la. b an
) dilferentiable on te open interval (. b), then there exists at lexst gne valie ¢
|

such that {b;:ifa} =/ {e)mmd a < ¢ < h,

e = S

Find the value of ¢ thm satishies the Mean Vilue Thearem for excl Even
fimetion and closed inferval.

Ex. flr)=r'-ar'+2r [0,3]
(Sa] ﬁ.ﬂé:ﬁ‘{m :-ﬁ;'ﬂ =2 ¢ [a=0b=3)
f{r)=2r"—fir+32

| Fram the Mean Value Theorem, thers
| exisls at lemst one value ¢ such Wi
2=3c"~Gc+2and 0 < c < 3

de(e—=2)=0
Sinca 0 < ¢ < 3, =2

1) | | -—'-.-l-. | 1
(1) flz)= = (. 2]
Ea LRI up

From the Mean Vilue Thearem; e -

exisils af |eas) one valie ¢ suel it

.__é-,=_%mu1 <e<B
frm )

Sincel < e <2 c=v2

—-
o S

= fir)

1
L
L]
L
L]
LY
i

i
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@ S@)=z 1.2) (n2=00)

om, there
that



|

T TTT s eTwweey

NIQB& KUMQN" N |§
Varlous Properiles of Derivatives N
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| Tirme i o

the Mean Value Theorem, prove the following incqualitics.

Using

——

When0<g<p 1 o Inb=inag _ |
b b—a a

[Sol] Let f(x) =lnr.

f(x)is differentiable at x > 0 and /() = =
Using the Mean Value Theorem on the interval [a. b], there exists

at least enc value ¢ such that I—n-g_:_'—-—:?z=? and g < ¢ < p, €.

L = L T
Sice0<a<ccn L L 1 o (BRI

C
When(l < g < b<e = > T

H

(1) When a >0, ﬂ-:'l <lh(a+1)=lng <-L

[Sol] Let f(x)=Inr.
f{(x)lis differentiable a1 1 > ¢ and f‘{;;}=}1—‘

Using the Mean Value Theorem og the interval (@, @+ |, there exists af

least one valug ¢ such that mfgi:;::—:" =-':_—um.|a <c<ag+l

:ﬂlnu’ﬂ{ﬂ{'c{a+l.—l——{—l*{

b
atillis g

| | o I
i <In(a-+1) lna{a
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(2) When0<a<bpandn>2 p"—gn< nb™'(b—a)
[Sol] Let f(x)=z"
/(x)is differentiable for all real pumbers r and f/(x) =y
Using the Mean Value Theorem on the interval [a. b1, there exists at leas|

b"—a"

ome value ¢ sach that h—g —Nc"'anda < ¢ < b,

Sjnﬁcﬂiﬂ{:{bmd n>2 e < g
. b'=—g"
" b—aqg

L bt =gt nb™'(h—ga)

{ nbﬂ'-l

mwriﬁhlﬁﬂl‘a‘[ﬁ%—ggﬂ—ﬂ_:mfuﬂdq{ c<fg.
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L. Given that /(r) is a differentiable fumction that satrsfies
fl=x)=flz)+2r )=

(1) Find the value of f(—1).

L and f(1)=0, solve e following questions.

[Sol] D{ffmnliuting both sides of f( —x) = S(x)+2r with respect o x,

—f=2)=1(z)+2 @ ¢
S o [Fl=2))
Substituting x=1 into @, =y

=f(=1)=f(1)+2 \

S JEmE

L f(-1)==3

@) Find he value of lm,f""“ L{=x)-2

=11
[Sol] lhqu H’(I x) =2 ru-'.liﬂﬂﬂﬁ;i‘ihhl 4
= lim ZI{rL+_3i{I_1} S
=‘ltu]{3[f{” £(1)] !-2] ¥, i (=)
=2/ (1)+2 ()
=4 [:ﬂhlit}ﬁ: A2 =0
[ Altzmmtive Solution :

Let Flx)=f(x)+ f(—x)~2 . S——
FO=f(1)4f(~1)-2=0 ¢ |Pdstisasing ro1imm /(= x)mfix)e s,

Ve fra) e (=) A VAN ST |
Flr —X
;mu[——ﬂ—z FLrJ rtn

!
J
= Jim: =F=100= £ - 1) =4 r
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'l-. — . :
= Usmg the Mean Value Theorem, find i — =
[3al] Let f(z)=sinr,

J(x) is differentiable for al] real numbers r and f(z) = cosr.

(1) When r < 0, r < x% therefore, using the Mean Value & |:'~*':~»u
Theorem on the interval [z,

= )
BINr"— sinr
Lhnt 3 =sc,and r < ci<ir
I —-I

r* ], there exists at least one value ¢, sucl

ﬁsx—*ﬂ',:’—rﬂ; therefore, ¢, — () §— [Mﬁ.uﬂﬁﬂmﬂm
{

: . mmml Thielr Relationslips
" limp SME=EME . gnie’—sing N2
=t p_ 3 — r—z
- ul,Jﬂ COS C, =
= [Since 2~ 0", comsiden 0 < x <L

3
(1) When z > 0, consider 0/ < 7 < | Then, 0 < 7* < r: (herefore, €
using the Mean Valie Thearem on (he interval (2% r ], there exisis

I—7

Mz o = 0} tterefore, c;—0 & [rlﬂnfliﬂf'ﬁﬂﬁm' i J

i el Their Rilationships
i %@Eﬁmm (NI2))
=1
From ( § ) uny (i), limy BN T~ iy

-z 1 &
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1. Examine if the following function is comtinnous and also difTerentinzhle o r= ().
fz)=|zl{x+2) m» NI|g2
[Sol] Whenx 20, f(z)=x(xr+2) . _
When r < 0, fix)=—x(z+2) 'l‘ i fe=fe)
Jim /(x) = lim x(x+2)=0 )
lip f(z)=lim [ ~x(r+2)]=0 b -
=2/ Of, x
Also, since f(0)=0, lim f(x)=f(0) =i F
Therefore, f(z) is continuows at r=0, 1'.
Mﬂ.ﬂﬂﬂ-!(m hm{ﬁﬂ;}[[uﬂn 2]= “—rﬂlm:—z}:z
ﬂf{ﬁm} £(0) ﬁ%+m~.-h}[u}j+m+2}—ﬂ:l,-gl_[-msrzn:—z

S0 H'r] — f(0)

Thus, HE!
Therefore, f{zx) Es not differentiable at =10,

does not exisL

2. Given that the funclion f(x) is differcntiable at r=a. express the following
limit value in terms of f (a). m N|95
-~ fla+2h)—fla+h)
lim h
fla-+2h)— f{a)-‘-f(a} fla+h)
= lim

fla E-E!l}—gta Sfla+h)—fla)
Fﬂa[ e 7 ]

=2/ (a)-/(a)
=f'(a)
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3. Find the value of ¢ that satisfies the Mean Value Theorem for the [ollowing
function and closed interval. B N|97
flr)=+2x—1 [1,5]

== 3_ A
(Sol] f[ﬁs}_{(l)= 412% /

—_1.. — ;_ = ]

From the Mean Value Theorem, there

exists at [east one value ¢ such that

%=72-{__"—_de1<¢{5.
I—1=4

i
= )

4. Using the Mean Valge Theorem, prove the following inequality.

Whma{b,gw-‘:’bi:_;‘;.{_gﬁ = NI98
[Sol] Let f(x)=¢*

Sz} is differentiable far all real numbers ¥ and f{x)=¢".
Using the Mean Valge Theorem on the interval [a, b, there exists at least

. g’ —g”
mﬂﬂmcmm-ﬁ—;—s—:g“mda{c{b.

Ma{c{,ﬁ_gﬂggﬁqen

= E‘ {eh—ﬁ“’
b—g

< eg®



