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Standard Completion Times for Level N /
. . ” ] l'
Number Title ] SCT | Number Title p SCT |»
1-10 | Arithmetic Sequences 10 - 20 |101 - 110/ Limits of Functions J 15 - 30’
| 11-20 |Geometric Sequences 10 - 20 | 111~ 120! Limits of Functions I 15~ 30 i
2iimB0ilf Various;ogquences| 15-30 |121-130 !I-':gg?\c?;wetﬁc Functions ’-15 - 30
31~ 40 | Various Sequences Il 15-30 [131-140 g%%%%?;ﬂ%jggunctions . 120-40
41-50 T_HGCUNGHCG Relations 20 - 40 |141 - 150 | Differentiation | 15=:30
51-60 Matheratical Induction 20 - 40 (151 - 160/ Differentiation I 15:=30
v Differentiation of; et
61— 70 | Infinite Sequences- 10 - 20 (161 - 170 THigbFometric Functions 15-30
71— 80 | Infinite Geometiic Eeqiazces 15-30 |171-180 _‘aDrchfjerEexrgfr:':r?tig{ kgg?{ig‘g'c 15-30
81-90 | Infinite Geometric Series 15-30 |181-190 E&ew:?ggéygéfigztiigmons 20 - 40
91 - 100/ Infinite Series | 15 =30 |191- 200 gaerriic\)/:z;rgpemes of 25 - 50

Ed

Notes for Level N Worksheets

1. Have students utilise the Solution Books as described below:

@® When students can solve the problems withiout referring to the Solution Books,
have them confirm their answers with the Solion Books.

@ In case students cannot identify the steps to solve the problems by themselves,
have them read through the Solution Books ouce and keep it closed while
re—workmg on the problems. It is important not to complete their study just by
copying the Solution Books.

@ When domg repetitions, have students work on the probiems by themselves
without using the Solution Books.

. In N61-140, where students learn limits of sequences and funciiou<, have them
check the answers by tuting the values or drawmg the graphs wiien they are
unsure if their answers ai &
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j Arithmetic Sequences
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A'succession of numbers which are arranged in a specific order
rule is called a sequence. Each number in a sequence is called 3 ¢ according g ,
number from the beginning is called the n™ term. (For €xample ther'." and the
» the Initial tepy, ;
Is

called the 1* term.)

1. Fill in the blanks with the appropriate number for each given se
quence,

.
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Generally, a sequence is expressed as follows:

ali azy a3

) i Ay,
t f f 1
1 term 2™ term 3 term 7" term

This sequence is also expressed as {a,).
When the 72" term a, of a sequence {a ) is expressed in terms of , it is called the
general terin of {an).

3 Choose the general term of each given sequence {a,) from (A)~(H) and find
the 10* term.
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N2
; Arithmetic Sequences

A sequence whose terms are found by successively adding a fixed number 4 ¢,
the 1% term a is called an arithmetic Sequence (or arithme
]

tic progression).
& d is called the common difference of the arithmetic sequence,
. L. Find the 10" term of the following arithmetic sequence {a,,}.
% 10, 13, 16, 19, 22,

-k [Sol] @, =10

q az=10+1 -3=13
B as=10+81-3=16
| a4=10+13-3=19

fNE=— e
aw=10+9 |-3=37 |

2. Find the general term of the following arithmetic sequence {a,}.
8 4, 0, —4, —8

[Sol] a, =8
A3=8+1 -(—4)=4
as=8+2 W—4)=0
Ay=8+3 '(_4)=‘4

Qasy =8+ (@T2)-(—4)= —4n+16

an=8+<B>-<—4)=

ollowing arithmetic sequence {a,) with 1* term
a and common difference d.

[Sol] @, =4

az=a+1d
as=a+2d
Ag=q +nd

”" = '{g‘=a+(




difference d is

n=a+(n—1)d

IFmd the 1‘l

The general term of an arlthmenc sequence {qg

whose common difierence is —2 and 6%
[Sol] ag=a+5-(—2)=8
. a=18

Also, a,=18+(n—1)-(—2)=—2n+20

etic Sequence |

») with 1% term @ and common

term a and the general term of the arithmetic sequence {a,)

term is 8.

4. Find the 1* term @ and the general term of the arithmetic sequence {a, ) whose
common difference is —3 and 11" term is - 27.

[SO]] au=a+10'(—'3)=_

“a=3

Also, @,=3+(n—1)-(-3)=

—3n+6
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Arithmetic Sequences

F Find the general term of the arithmetic sequence {a,} whm
—5and 9" term is 11.

[Sol] Let a be the 1* term and d be the common difference,
as=a+4d=-5 ---@
{a9=a+8d=11 IR E)
From @ and @,
a=-—21, d=4

S @a=—21+(n—1)-4=4n—25

1. Find the general term of the arithmetic sequence {a,} whose 5
and 14" term is 24.

term is —3

[Sol] Let a be the 1 term and d be the common difference.
as=a+4d=-3 -..0)
{au=a+l3d=24 (2
From@and®,

B wa?
Lo 1 ="

'__ll . ey
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t ind the 55" '
| 3 F term of the arithmetic sequence {a

49 term is 239. ») whose 15" term is 77 and

[Sol] Let a be the 1* term and d be the common difference
{a15=a+14d=77 @D .
ap=a+41d=239 ---@®
From O and @,
a=-—17, d=6
Sy dess=—T7+54:-6=317

¢ sequence {a,) whose 53 term is —47 and 77" term

4. Given the arithmeti
=111

is —95, find the value of 7 for which the 2% tcru is

'if_' ]
¢
iy

=)
« 0
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Arithmetic Sequences 3

m Find the value of x when the sequence 1, z, 8

» .- 18 an arithmetic
sequence.

[Sol] Since the sequence 1, z, 8 is an arithmetic sequence, -

T—1=8—x
_r=i
1. Find the value of = when the sequence % T, % ... 18 an arithmetic
sequence. '
[Sol] Since the sequence % 7 % is an arithmetic sequence,
5159
T =%
.54
A

2. Find the value of z when the sequence , 6, 2z, ... isan arithmetic sequence.

[Sol] Since the sequence z, 6 Zx is an anthmetlc sequence,
6-x 2::—6 ;i --‘" "i*‘ 'y
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th
ﬂv’e £ azlttl': s;?uence {a,} where a,=5n+1 is an arithmetic sequence.
en, find the 1* term and the common difference

[SOI] Since an=5n+1, a"+1=5(n+1)+1=5n+6
e Gua—an=05n+6)—(5n+1)=5 -

Since An+1—anis fixed as 5,

{a,} is an arithmetic sequence.
Also, a,=5°1+1=6

Therefore, the 1% term is 6 and the common difference is 5.

e

4. Prove that the sequence (2,) where a,=4n-+3 is an arithmetic sequence.
" Then, find the 1* term and the common difference.

V[Sol] Since a,=4n+3, ann=4(n+1)+3=4n+7

i ool ? 4 s an—(4n+7) (4n+3) 4
5 is fixed as 4, {a,) is an arithmetic sequence.

SENEOINCE dn+1— Gn

[ 5100, 'a, =4:1 £8=7
r Therefore, the 1" term is 7 and the common dxfference is 4.
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Arithmetic Sequences

W three numbers whose sum is 15 and product is 80, wm
Find the thre

arithmetic sequence-

1] Letc be the middle term and d be the common difference.
[Sol] Le

Since the three numbers are expressed as c—d, c, c+d,

(c—d)+c+(c+d)=15 @
{(c—d)c(c+d)=80 )

From @ and @,
c=5, d==£3

) o*
*tesansen®

4

Therefore, the three numbers are: 2, 5, 8 €

L. Find the three numbers whose sum is 27 and
arithmetic sequence.

product is 693, which form an

[Sol] Let ¢ be the middle term and d be the common difference.

c+d,



9. Find the 1% term and the common difference of the arithmetic sequence {a,},
given a,taztas=—15and a,a,a;=120.
[501] Let ¢ be @ and d be the common difference.
Since the three numbers are expressed as a,=c—d, a.=c, as=c+td,

". {(C—d)+c+(c+d)=—15 @
(c-d)c(c+d)=120 @

fl] From®@and @,
=—0,d==7

i" Mo Whend=7, a1=_5—7=—12 {Thelntmvmmd”tbm}
E £l 4 Whend=—7,a1=—5—(—7)=2 ,consxderthedlﬁaenteasesofdf t

| “ Therefore, the 1% term is —12 and the common difference is 7; or

the 1% term is 2 and the common difference is —7.

# 3 Find the 1* term and the common difference of the a:iihm;tic sequence {a,},

b glvena1+a3+a5——12anda1asas—80 :




~Mitnmetic Sequ encos NUMON

el m S of the arithmetic W.

. 1s 1,
€rence is 2 and number of terms is 6. Oy
[Sol]

Se=1+3+5+7+9+411 ¢ [l
+) Se=11+9+7+5+3+1 ’
2S56=12+12+12+12+12+12

s 285:12'6
- Sg=36

1. Find the sum S; of the arithmetic sequence whose 1+
difference is 4 and number of terms is 8.

term is 1, commop

[Sol] Ss=1+5+9 +13+17+21+25+29
+) S5=29+25+21+17+13+ 9 + 5 + |
255=30+30+30+30+30-+30+30+30

S5 2Sg=30'8

-.- Ss=120
baoiq s
o —=— == e / - ; ‘
Fin equence with 1% terin a, common difference®

e g
7 7 A P:_j.

I




Let S, be the sum of an arithmetic sequence with 1*
d, last term / and number of terms 7

5”=—é-n(a+l)=%n[2a+(n—1)d]

term a, common difference

9. Using the formula above, find the sum of each given arithmetic sequence.

1 term: 3, last term: 21, i 1 term: 5, common difference: 4,
number of terms: 10 : number of terms: 12

[Sol] %-10(34—21):120 - [Sol] %+12(2:5+(12—1) 4] =324

(1) 1*term: 2, last term: 34, (3) 1% term: 4, common difference: 3,
number of terms: 13 number of terms: 15
[Sol] +13(2+34)=234 [Sol] 1-15[2-4+(15-1)-3]=375

(25 1% term: — 3, last term: —42, (4) 1% term: —2, common difference: 5,
number of terms: 20 number of terms: 18

[Sol] 5-20[—3+(—42)]=—450 [Soll %-18[{2-4('—2‘)-!?(}8—1)-5]=729

y A3

IEx. o T ke N

z S?, theqs 1 ’Q§f~’
. ey -
i

[Soi]'?:‘ =
o+ ‘:#,‘ /
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Arithmetic Sequences

oy L A = T T

-

[Sol] Let a be the 1 term, d be tbe comnm
first 2 terms. s

etic sequence {@} whose Sum?thq
the first 8 terms is 320.

Find the general term of the arithm
first 4 terms is 80 and whose sum of

[Sol] Let a be the 1* term, d be the common difference and S, be the sum
of the first » terms.

Si=%-4l2a+(4-1)d]=80 @

Se=4-8[2a+(8-1)d]=320 @
From @ and @,
a=5, d=10
a»=5+(n—1)-10=10n—5
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9. Find th(? sum S Ofth?: first 30 terms of the arithmetic sequence {a,} whose sum
of the first 10 terms is 100 and whose sum of the first 20 terms is 350.

[Sol] Leta be the 1* term, d be the common difference and S, be the sum of the
first » terms.

Si=5"10[2a+(10-1)d]=100 @

Sw=—20[2a+(20~1)d ] =350 --@

From @ and @,

2
© §=L.30|2.13 L (30-1).3 |=
o= 30[2 4 T(30-1) 2]—750

3Fmd the sum S from the 11% to the 20" term of the zrithmetic sequence {a,}

~ whose 8 term is 37 and 24* term is 117.
LR I A
[Sol] Let a be the 1* term, d be the common difference and S, gefhesum of the

g -5 " N . - o 2 .;: » e L4 o
i TSt 72 terms. R q; AN MRS S5 T ek
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Arithmetic Sequences

mc sequence {a@,) whose 1* term is 53 and common | [So

e sum of the first m

difference is —6, find the value of m for which th
terms is the greatest. Then, find the sum S.

—6n-+59 > 0 when

59 _
n < 6 9.8...

m is the greatest natural number that

satisfies this.
. m=9 3.
Also; S=-—21--9[2-53+(9—1)-(—6)]=261

1. Given the arithmetic sequence (2, ! whose 1* term is 58 and common diﬁ'eret;ce
is —3, find the value of 2 for which the sum of the first s terms is the greatest.
Then, find the sum S. ol : ,

[Sol] @,=58+(n—1)-(—3)=—3n+61

< v v L .»M‘cﬂ‘v = 4 -
Lf o

[S

A

.......
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2. G.iven the a.u'ithm.etic sequence {a,} whose 1* term is —120 and common
difference is 7, find the value of m for which the sum of the first m terms 1s
the smallest. Then, find the sum S.

[Soll @n=—120+(n-1)-7=Tn—-127 -, In this arithmetic sequence,
3 —120, —113, ..., —1, 6, 13,
7n—127 < 0 when ¢ a»<0 an>0
< 127 _ The sum is the smallest
3 18:1:.:
when (—120)+(—113)+---+(-1).

m is the greatest natural number that satisfies this.
. m=18
Also, S=1-18[2-(—120)+ (18—1)-7]=—1089

3 G1ven the arithmetic sequence {a,} whose suri of the first 5 terms is —445
* and whose sum of the first 10 terms is —765, find the value of m for which

- thesum of the first 7 terms is the smallest. Then, find the sum S.

S d be the common difference 2ad S, be the sum of the
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Arithmetic Sequences 3. Find the .

either 3 o

=\ [Sol] . The g
B e — 7 ich are divisible
B Find the sum S of all natural numbers from 10 to 100 whi to 10(3
by 3 10:
3n +!
[Sol] The general term of the sequence of natural numbers greater than or
equal to 10 which are divisible by 3is: _) The g
| 12+(n—1)-3=3n+9 €+ [1"term: 12, common difference: 3 There
i 91 by 3i
37+9 < 100 when n < 3 =303... 1%
i ne greatest natural number 2 that satisfies this is 2 =30. s
]
| . S=---30[2:12+(30—1)-3]=1665 The g

| ¢ )
M to 10(

1. Find the sum S of all natural numbers from 30 to 100 which are divisible by 6.

[Sol] The general term of the sequence of natural numbers greater than or equal
to 30 which are divisible by 6 is:

30+(n—1):6=6n+24
62+24 < 100 when » < T0-=126...
The greatest natural number # that satisfies this is 7 =12.

s=%-12[2-30+(12—1)-6]=756

2. Find the sum S of all natural numbers from 10 t0 200 which I+ ¢ » remak
of 4 when divided by 7.

[Sol] The general term of the sequence of natural numbers greater than . 4
to 10 which leave a remainder of 4 when divided by 7 is: A 3

©

11+(n—1)7=Tn+4 | e
=il = e npriiSasenn
196~ S

Tn+4 < 200 when n < - ’




3. Find the sum S of all natura] numbers fr : S
either 3 or 5. om 100 to 200 which are divisible by

[Sol] The gener.al term of the sequence of natural numbers greater than or equal
to 100 which are divisible by 3 is:

102+(7—1)-3=35+99
371+ 99 < 200 when 2 < %—33 6...

The greatest natural number # that satisfies this is #=33.
The3refore the sum of natural numbers from 100 to 200 which are divisible
by 3 is:

%-33[2-102+(33—-1)'3]=4950 @

The general term of the sequence of natural numbers greater than or equal
to 100 which are divisible by 5 is:

100+ (72—1)-5=5n+95

5%--95 < 200 when 7 < 125 —21

The greatest natural number 7 that satisiies this is 7z = 21
Therefore, the sum of natural numbers from 160 | |
to 200 which are divisible by 5 is: &7

—%—-21[z-1oo+(21—1)-5]=3150 @

S

The general term of the sequence of natural numbers s
greater than or equal to 100 which are divisible by 15 is:
105+(gz—1) -15=152+90
hen 7 < S0 =73..
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Arithmetic Sequences 3.

% e
A‘." R

A [S
3 term 1s 10
1. Find the general term of the arithmetic sequence {an} whose

and 8" term is 50.
[Sol] Let a be the 1* term and d be the common difference.

{a3=a+2d=10 )
asza+7d=50 @

PRI o lmatn dony 2 40 b gt e
- e T e (T,

e s

From @ and @,

a—=06; =8

A I"N’.‘-,. Ty

a,=—6+(n—1)-8=8n—14

. 4
. ]

2. Find the three numbers whose ;smnns 418 ‘and product is 162, whxch‘ for
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3. Find the general term of the arithmetic sequence {a,} whose sum of the first 5
terms is 100 and whose sum of the first 10 terms is 150. = N7

[Sol] Let a be the 1+
first 72 terms.

term, d be the common difference and S » be the sum of the

Se=5-5(2a+(5-1)d]=100 -
s,o=é-°1o[2a+(1o—1)d]=150 @

From @ and @,
a=24, d=-2
an=24+(n—1)-( -2)=—2n+26
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Geometric Sequences

A sequence whose terms are found by successively multiplying a fixed number7to [
the 1* term a is called a geometric sequence (or geometric progression).
7 is called the common ratio of the geometric sequence.

1. For each given geometric sequence {a,}, find the common ratio 7 and the 5°
term. 3

IRbN 1907 L 3
[Sol] »=2, a;=48

(1)1, 3,9, 8%
[Sol] »=3, as=81

a1 2
(2) 2’ 1’ 2' 4, o ee

[Sol] »r=—2, a;=—8




NIIb

2. Find the 10" term of the following geometric sequence {a,).
1, 2.1 47 8,.16,
[Sol] a,=1
ag=1-2%=2
=1-9%=y4
ae=1:2%=38

a.,=1-2E=l 512

L
|

3. Find the general term of the following geometric sequence {a,).
Do 10820, =40,'280!
[SOl] a, =>5
as="5(—2)"=—
a.=5( _2)E=20
. ae=5(—-2)%=-
LS"P‘
i a-=5(-2)m

a.—-5( 2)@

n n of the follcwmg geometnc sequelgf {an} with 1* term
e *

e 't
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Geometric Sequences

1* term @ and common

The general term of a geometric sequence {a,} with
ratio 7 is
an=ar

n-1

: ; . 7
1. Find the general term and the 6" term of each given geometric S€quUENce {a,)

3, 6, 12, 24,
[Sol] Siuce the 1* term is 3 and the common ratio is 2,
a,=3-2""
as=3-2°=96

(DW286418, 54,

[Sol] Since the 1* term is 2 and the common ratio is 38
a,=2-3""*
as=2-3°=486
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2. Find the 1* term @ of the geometric sequence {a,} whose common ratio is
———é— and 3" term is 6.

1 2
[Sol] aa=d(—§) =6
L. a=54
3. Find the common ratio 7 of the geometric sequence {a,,} whose 1% term is 3
and 3" term is 42.

E;Sol] as=3r’=48
!, 7°=16




! eo
; I’ ‘
: 2- l

-
<

mmd the general term of the geometric sequence {a,) whosm
—94 and 6™ term is —96. y U3
[Sol] Let a be the 1* term and 7 be the common ratio.
{ a,=ar’=-24 --O@
as=ar’=—96 - " f

6 @ lFrom @, ar*-r*=—96
From @ and @, —24r°=—95 ¢ (Substituting @ into this |
r*=4

,Q =

j ; | (i) When 7=2, from @, a=—3

| MR P L e

(i) When 7= —2, from @, a=3
a»=3(—2)""

|
From (i) and (ii), a,= —3-2"" or @,=3(—2)"!

1. Find the general te f €0 C rd
rm of the
g meti; sequence {a,.} whose 3 term is 3 3.

? be the common 12ty e
b > Y4 u":ug'!!fﬁ'ﬁ'rd

&

.,_ i :
BRI Sl o (P
" > v 4 [J] }‘Q

e -
H I TINS : N
e Sty
. - 4 &
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9. Find the general term of the geometric sequence {a@,} whose 2* term is 6

3
and 6™ term is . (The common ratio is a real number.)

[Sol] Let a be the 1* term and 7 be the common ratio.
a=ar= 5 'os @

a‘=ar5 —g~ @

From @ and @, 6r"=%

(i) When r=—;‘—, from ©, a=12

iz -..1— n-1

(ii) When r—-%, from @, a=—12
1

a,.=—12(—§-)" :

3 i n-1 l n-1
, S 'me(l)mw a.—12( ;) _or a.=._-,.12(,_.—-2—)_,_
¢ sequence {@,) whose 4" term is 6~/§

‘-whxoh the n‘ temms 162 (’lf_hen comn

il

8.7
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Geometric Sequences

//""‘T S
N s ,
mind the 1% term & and the common ratio 7 of the geometri® sequence

l whose 2™ term is 2 and whose sum of the first 3 terms S 7.

| [Sol] [ar=2 - (D)

| atar+ar*=7 ---@

From @, a(1+r+7%)=7

Multiplying both sides by 7,

ar(1+r+7r*)=7r ---®

From @ and @, 2(1+7+7%)=7r
2r*—5r+2=0
(2r—1)(r—2)=0

r:%, 2
(1) When r:—,l)—, from @, a=4 e
(ii) When =2, from @. a=1

From (i) and (ii), a=4, r=—§-ora=1, r=2

1. Find the 1* term a and the common ratic » of the geometric que;
whose 2™ term is 3 and whose sum of the first 2 terms is 13.

[Sol] { ar=3 i@

atar+ar’*=13 --® 1A
From@ a(1+r+r’)=13 V
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2. Find the 1* term @ and the common ratio » of the geometric sequence {a,)
whose 3" term is 12 and whose sum of the first 3 terms is 21.
[Sol] (ar®=12 SO
[a+ar+ar’=21 )
From @, a(1+7r+7%)=21
Multiplying both sides by 72,
ar®*(1+r+r*)=217% ---®
From @ and ®), 12(1+7+72) =212
3r*—4r—4=0
(3r+2)(r—2)=0

> ‘ .' r.__—%v 2
e

_ (1) When = — g,fromﬁ)a 27
B (i) When r=2, from @, =3
 From(i)and(ii), a=27, r=—2 ora=3, r=2

-0 4
- ’
r

3 Find the 1% term a and the common ratio 7 of the geometric sequence {a,}
i whosesum of the ﬁrst 3 terms is 35 and whose suri irom the 3" to the 5" term
' BSE 1.,3wupﬂ. :da md.» i tie

"J’lu e 1 P

na \
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Geometric Sequences N

N |5a

. T B <
Wind the value of x when the sequence 2, x, 5, ... isa geometric (
sequence.

[Sol] Since the sequence 2, », 5isa geometric sequence, . |

% LD
e €
R re=1()

i :tﬁa

L. Find the value of x when the sequence 3, x, 9, ... isa geometric sequence.

[Sol] Since the sequence 3, =, LEA %
X
3

S x?=27
L x=+3V3

+ ".’

9 is a geometric sequence,

=9 | A
X

2. Find the values of x and Y when the sequence »,
geometric sequence,

AAAAA
......



N | 5b

3. Find the values of x and y when the sequence z, y, —4 is an arithmetic
sequence and the sequence y, r, —4isa geometric sequence.

[Sol] Since the sequence x, y, —4 is an arithmetic sequence,
Yy—r=—4—y & @:@
ST =2y+4 @D

Since the sequence y, x, —4 is a geometric sequence,

R 4

{.-.. T

é ’=—4y ---®

3 ?\_‘From@and @, (2y+4)*=—4y

u;‘!ﬁ'.',_f &
" y*+5y+4=0

(y+4)(y+1)=0

_' ] .-: N -y=_4, =
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Geometric Sequences

- s term is 2, COMMC
m;Find the sum S, of the geometric sequence whose 1
ratio is 3 and number of terms is 4.

[Sol] S.= 2 + 2 3FFITF3 ‘)
-)35.=  2:342:3°#2:33+2-3
54_354= 2 —2 3‘

“A=25¢=2(1=3%)

\ o Sq=80 : "

| L. Find the sum S; of the geometric sequence whose 1* term is 3 common ra
| is 2 and number of terms is 5.

f [Sol] Ss= 3 +3:2+3-22+3-23+3.9¢ P .

—)25:=  3-24+3:22+3-2°4+3.24+3.95
Ss=2S,=23 —3.95% 2
=3(1—2°)
. S85=93

i 13':.

Find the sum S,, of the geometric sequence with 1* term @, com, W
number of terms 7.

X .
‘‘‘‘‘‘



Let S» be the sum of a geometric sequence with 1* term @, common ratio 7 and
number of terms .

s ;
* | When =1, S,, is the sum of » terms ofa,}

2. Using the formula above, find the sum of each given geometric sequence.

1* term: —2, common ratio: 3, 1 term: 3, common ratio: 1,
number of terms: 4

(3¢ : number of terms: 10
fsol] =231 — g . [Sol] 10-3=30

(1) 1*term: —4, common ratio: 2, (3) 1%term: —5, common ratio: —%,
~ number of terms: 5 number of terms: 6
() L\®
B _5[1—(“2') ] = 105
[Sol] 1 =—"3
1 1"(“7)

1" term: 3, common ratio: —1, (4) 1% term: —2, common ratio: 1,
of terms numbei of ierms: 12
[Sol] 12- ( -2)~ —24
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L Given the geometric sequence whose 1%

term is 2 and common ratio s =1
find the value of 7 for which the sum of t

he first » terms is 122.

== “:“’.:YS’:.T:I,P—‘,T.-‘-:\M BEL ST oA -

= :"‘v—‘.;.u."i—axp.l.'.';t PR
e .

S FH S T

[Sol] Let S» be the sum of the first 7 terms.

2 201=le=3) 2 13
e =gy 12

Bl T R

| (Z0)"=243 |, S ——
| (=8)"=(-3)* € ((KI92)
| “ n=5

2. Find the 1% term a of the geometric sequence {a,} whose common ratio is—g

and whose sum of the £ irst 4 terms is 40,

[Sol] Let S, be the sum of the first 7 terms.




-”J_ 3

"

NI 7b

4. FlzdSZhng:I? m;S fro—m the 6" to the 9% term of the geometric sequence {a,}
who 18 —48 and 8" term is 384. (The common ratio is a real
number.)

-3, :
[So!] Let a be the 1* term, 7 be the common ratio and S,, be the sum of the first

n terms.
{as ar‘=—48 ---@
as=ar'=384 ---@
From @ and @, —48°=384

- TN
=2
From @, a=—3
‘. So= —3{];-((_—2%)9] — _e13
 §4
Uk —3[1 ( —2)° ]

9. G1ven the geometric sequence whose 1 term is 2 and common ratio is 4,
th 'value of »n for which the sum of the first 7 terms becomes greater

|:.‘.. HOTED ) “‘"_

.' 4;”'“’1' PE i

e i
v s
" ’! " 1 {
raL
;\ [

PRSI n RS

4(»4’ Tt ‘l




-
. "[Sol] Let S, be the sum of the first 7 terms.

N|8a Y ME N il

Geometric Sequences

m‘Find the 1 term a and the common ratio 7 of the geometric sequence {g,
whose sum of the first 3 terms is 9 and whose sum of the first 6 terms s
—63. (The common ratio is a real number.)

[Sol] Let S, be the sum of the first » terms.
(l)When r=1, 53:3(1:9,55:60:_63 %
No a can satisfy these conditions simultaneously. €<
i # 3a=9ic.a=3
(i1) When »#1, f '_,.Aa}‘mo;%

al{r>=1) , 6-3=18+—63; 1
53=771———9 @ this is not suitable.

6_
Ss——'a(:fll): —63 ---®

Fromj® and @, 9(»°+1)=—63 €
r’=-8

o Y2
From @, ¢=3

From (i) and (ii), 0%3, r=-—2

1. Find the 1* term @ and the common ratio 7 of the geometric sequence {a;
whose sum of the first 3 terms is 52 and whose sum of the first 6 terms is 145
(The common ratio is a real number.) Ly

A=Y - (o«c\v?(‘v‘n’\

(i) Whenr=1, S,=3a=52, S,=6a=1456
- Noacan satisfy these conditions simultaneously.
- (ii) When r#1, L3
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9. Find the sum S from the 31* to the gow term of the geometric sequence {a,)

whose sum of the first 10 terms is 3 and whose sum from the 11" to the 30™
1 term is 60. (The common ratio is a real number.)

[Sol] Leta be the 1* term, 7 be the common ratio and S, be the sum of the first
» terms.

(i) When7=1, 5,0=10a=3, S3,=30a=3+60=63 €.

No a can satisfy these conditions [ A

simultaneously. P R Rt aid ot am

/

s

il

(ii) When 7 #1, L 3 60
. 01
| Su=2r U3 .0
' l a(r*—1)

ST e 2

{ L a(r‘°—-1)(r"+r“+1)_6ﬂ

From @ and @, 3(»®+7°+1)=63 €
PO +719—20=0

| 4 (r'°*—4)(r°+5)=0

. } . r°=4 O
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Geometric Sequences

You want to save 10000 dollars in 5 years by saving z dollars at the
beginning of each year. Given that the annual interest rate is 2%, find z.
Use (1.02)°=1.1 and round your answer down to the nearest 10 dollars,

[Sol] After5 years, x dollars from the 1* year become x X (1.02)° dollars,

After 4 years, x dollars from the 2 year become x X (1.02) * dollars,

After 1 year, x dollars from the 5 year become x X 1.02 dollars.

Ly "'«‘-‘W{““f:\"“". A
’

Let S be the amount of savings at the end of the 5% year.
S=1022+(102)%r++(1.02)°s €~ ({¥ierm: 10220

1.02x((] 1.02 |)°*—1] numberoftermrs

l 1.02 | -1
_Lo2(] 11 |~1)
i 0.02 g

=5.1z
Thus, since S=10000,
51x=10000 .. x=1960.7.
1 Founmng down to the nearest 10 dollars, 1960

Ans. 1960 dollars

I'T 20'T ‘20| 12pao ur :szomsul
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1. You V:lant to Sc?/e 20000 dollars in 10 years by saving x dollars at the beginning
of each year. Given that the annual interest rate is 8%, find z. Use (1.08)'°=2.1
and round your answer down to the nearest 10 dollars.

e s/

o [Sol] After 10 years, x dollars from the 1* year become z x (1.08)"° dollars.
3 After 9 years, x dollars from the 2™ year become x % (1.08)° dollars.

After 1 year, x dollars from the 10* year become x x 1.08 dollars.
Let S be the amount of savings at the end of the 10* year.
S=1.08x+(1.08)%*x+---+(1.08)"°x

_ 1.08z[(1.08)" 1]

: 1.08—1
_ 1.08(21-1)
& 008 *

~ Thus, since S=20000,
 14852=20000 . z=13468...

i ' Rounding down to the nearest 10 dollars, 1340

Ans. 1340 dollars

5

'I‘- - .
- il
X4
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Geometric Sequences

1. Find the general term of the geometri
and 4% term is 192.
[Sol] Let a be the 1* term and 7 be the common ratio.
Gr=ar=12- v
[a4=ar3=192 @
From @ and @, 12r*=192
r*=16
S r=-=14
(i) When r=4, from ©, a=3
ST Tk i b
(1i) When 7= —4, from @, a=—3
b a——23( —4)n!
From (i) and (ii), @ =3-4"" or g, = —3(—4)"

2. Find the 1¢

term a and the common ratio 1
Bad o of the geometric sequence {g,]

term is —3 and whose sum of the first 3 terms is 7. = N
[SOIJ {ar=—3 ...@ o

la+ar+ar’=7 )
- From®, (1474, =

Altemative Solution 1
| ar= -3 ...@
alr*-1)
_7-1— B @ . 3
5 3 |r'=1
From @, a(+2-+ ,-11)=7 (} =(r-1)(r‘+r+i)'l (

M"'ﬁPlyﬂls bot!, sides by 7,
- ar(r’+r+1)=7, e

From@and @, —3(, .,

P 1)=7r
R ¥ 1074320
)@=
,.,;: et B

¢ sequence {a,} whose 2™ term is ] [Sol]

= N3

wi
(T

[Sol]
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3. Given the geometric Seéquence whose st

| : : term is 6 and common ratio is =
find the value of % for which the sum of't

he first # terms is —30. wp N |7
o0 [Sol] Let S, be the sum of the first 5 terms.

L6l =(=2)"]
S

(—2)"=16

(—2)"=(~2)*
. n=4

4. Find the 1* term a and the common ratio 7 of the geometric sequence {a,)
whose sum of the first 3 terms is 6 and whose sum of the first 6 terms is —42.

- (The common ratio is a real number.) =» N8

[Sol] Let S, be the sum of the first # terms.

- (i) When =1, S;=3a=6, S¢=6a=—42

g Neacan satisfy these conditions simultanec:sly.

:
<
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various Sequences |

ol 3 is used to denote the sum of a sequence.

ti mb
The summation sy i o from the 31 to the 6(1) term of the sequence

For example, as+as+as+ds
6
{a,) is denoted by ’Z]aa,,.

Generally, ijp a, denotes the sum from the Pt to the g™ term of a sequence {a,).

(Note that other letters may be used in place of &.)
1. Let {a,} be the sequence
I3 %pef GE A AR U

Find the following sums.

4
%akzaz+aa+a4=3+5+7=15 ("

5
(1) k%ak=a3+a4+a5=5+7+9=21

I e
(2) AVhyEz‘am‘:az‘Fa}fl' ast+as=5+7+9+1i = 32

73

RS AN R R, : ,
'_( % ,E“”:“ ta:tastacta=1+3+5+7+9=25

AR O - & lea
; J i . ?
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9. Find the following sums.

S1(3k—1)=(3-2—1)+(3-3—1)+(3-4—1)=5+8+11=24

k=2

5
1) 22k*=2-3°+2:4+2-5"=18+32+50=100

Rr=3

(5) 35"=5"+5'+5"=1+5+25=31

k=0

@ 3 (2n—1)'=(2:3-1)*+(2:4-1)*=25+49=T4

n=3

(4) é(3”'—2"'")=(32—2“)+(33—23“)=7+23=30

m=2

6 3 (k+n)=(4 +n)+(B+n)+( ol =i

(6) i,(n—k)=(n—2)+(n-_-3)+(n-4)+(n——5)=4n—14

k=2

3 Rewrite the following sums using 2,

Ex.

5 - Give

-
53
e

il

(1) 5+10+:

(2) 1+4- i
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VNar§>u2s gequences j N 2 2 b
; //__S;q___u

Given WO
{an} 201,18
e with 15t term a, Jast term [ and numbq {bn} - b, b

of the arithmetic s€que
rewrite the foll

Since the sum S,

of terms 7 is
si=intatn, € 0B il
the sum of the natural numbers from 1ton(l, 2 3 " becomes — (@, az
14243+ +n=gn(nt1) (sol] ’?';jl(ak4
Also, the sum of a sequence, where di=ai=ds= 3 6n=¢ (c 1s a constant) i '
2 (2] ca,tCt

c et siC=Nne
_—v———J

7 terms

- [Sol] 2 cax
Rewriting the sums of these sequences using k=1

. the following formulas are obtaineg
.‘——""——__-

ék=%n(n+1). ﬁ! c=nc (c is a constant)
k=1 k=1

From the ab

n-1

3) ¢

k=1

R

‘0—-‘1‘4
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Given tWo sequences
{a”):al, aﬂ, a3, iy a”

{b”]: b, bz, bs. vidy bm
rewrite the following equations using 2.,
1 0l (a1+b)+(astby)+(as+by)+ -+ (a,+b,)
4 =(gitastast = +a,)+(b,+by+by+::+b,)

LSoI] g(dn'i‘bk):éak'i- SR

(2] ca\+car+cast - +cay=cla,+astast++a,) (cis a constant)

[Sol] Ecan=c Eaj

Lodf Ll
Wp T QT 0PI Ul SIIMSUY
" "

From the above, the following equations are true.
“Summation Properties , —

" n n N n
S (aetb) =2 awt 2 bi, 2 car=c2 ax (cis aconstant)
k=1 k=1 k=1 k=1 k=1

2. Find the following sums.

k=1

ﬁ(3k+1)=3§k+§1=,3-%n(-n+1)+n=—§—n(3n+5)

W) B (4k+3)=43k-
" &. :

k=1 k=
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Variouys Sequences |

—

Find 32,

k=1

[Sol] Use (k+1)°—k3=3k*+3k+1. Pl Ul ks

B - f \

RS E

When k=1, Tl gl Ll
When £=2 3 0gs=3.12% +3-| 2 | +| 1|
en k=2, : | | !
_Q3— - 2+3"3+1:

When k=3, 2"3\ 3 33 ol
When k=17, (n+ IVXC =3 "2 +3- (nj+ 1]

Adding up the terms on each side from all these # equations,

@) 2k

Therefore,

”n

3V*=(n+1)'~1-33| k |-n €

k=1 =1

(3) 21(€

=(n+1)*=3-| Tuln+1) |~ (n+1)

?%( ntl )[2(n+1)*-3n—2)

R
()t g o S8




f}k”=—16—n(n+1)(2n+1)

=1

find the following sums.

4 e 4
Q) Ex(k2+2k)—k§1kz+2§k

Sl

== -4(4+1)(2-4+1)+2.%.4(4+1)

=50

@) g(Skz—k)=3’gkz—§k

3-%n(n+1)(2n+1)—%n(n+1)

=—12—n(n+1)[(2n+1>—11
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Various Sequences |

N2 NZA—D

2k

r=1

S St B

Find S1%°. %
T . . I,

2
[Sol] Use (p+1) kA= 1k" 6 i e <, e P i

henE=] o_qi=g4-1346:17+4:1 [+ 1
When k=2 % B +:§1
When k=3, G :

4
\4 4-3°+6-3% +4-3 + 1|

When k=7, (n+1)*—w'=4-n’+6" ”2 +4:-{n +1}

-

Il

Il

Il

Adding up the terms on each side from all these 7 equations,

(n+1)*—1'=4(1°+2°+--- +27°)+6(12+22+ -+ n?)
(O 1)+ D

=4,§/83+6§'1 B |+ 43kt
N = k=1

Find the fo

< é.(.k +1 ya=z* +4ké. ~ Gk"’_f"_ ffg\‘ (1) i (k
k=1

@ =

Therefore,

®00anves®’

D= b ) —1-63 B |43 k- p ¢
k=1

k=1

(3)

e A

7 »
Z)(I+u)u% Ly

S

23 39p10 ur oM




Find the following sums.

@ B HR=ZE 2

k=1

=[-12—-6(6+1)]2+—é—-6(6+1) |

|. =462

J z e — 3 S > T
| o Bor-so-2zk-33k
1 i . I M Rt
‘ =2[7n(n+1)] =3-—n(n+1) L, .

n(n+1)[n(n+1)=3]

e 0 P '-.9.";’ By -
- ("d ":‘l‘g. 2
L .' " 4', P
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4 =
® 2
Since the sum S, of the geometric s€quence with 1% term @, common ratio 7(r
n k:
and number of terms 72 1S i ) Eﬁ
g —al=r" =_a,(1’::1_1l, & INI6
T i e -
when 7 # 1. the sum of the geometric sequence a, ar, ar’®, ..., ar™" becomes
i pin et i -~
atartar’+-tar” =" 1~ r—1 (7 ,2'1'3(
Rewriting the sum of the sequence using >, the following formula is obtained,
éark-l———a(]:}—__: )= a(:_’;l) (r;&].) (8) bgl(‘

O
40Dy

6
Lok-1_
(1) 25-2 — ‘g




'7(7“9&1)

(6) p=1 K= _1 5
Comes
" kS g —o\k-1 _‘6[1— =200
ained,

" Ry % Al SVl o ket
2(4.3”—2 ) ;;‘,112 3 '214 2

N (8) Z
12371 4@*-1)
S 2—1

=(2-3% —6)=(28= =)

=2.3n+1_2n+2_2

[_____2(3n+1_2nj*1_1)]
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Find the following sums.

(1) E (2£+3%)

=231 %+ 313351
k=1 k=1
200 3G
2 2n(n+1)+ 3-1
3n+1_3

=n(n+1)+ 5

@) 31[3k*+(—5)4]

k=1

=33k + [ —5(—5)+]

=3 5n(n+1)(2n4 1>+5'5£1‘((R‘)5)”]
—(—5

]
=gnntl)(2,+1)~ 5+ (=5)*
6

(3) 2 (6124 9 4 g )

o, -

\

\

\\

11

®)




Naﬁ
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(4) §(2k3+3k2+6k_l)

2nin 2n 7
o8k +331 k% + S
k=1 k=1 k=1

1 2
[2 n+1)| +3 6 2n(2n+1)(2-2n+1)+'6;__11"

62:1__ 1
5

—n(2n+1)[2n(2n+1)+(4n+1)]+

622=1
5

—n(2n+1)(4n*+6n+1)+

n+l

| & 5(adror)(ed )
=% (16%°—9")

1+1 ntl

:16,2 k3_§9.9k—1

| :16{%(n+1)[(n+1)+1}}2—%%ﬁ

n+2

—

—4(n+1)*(n+2)'=

(6) g(—3k+2’f“)(3k+2"“)
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Various Sequences |

Find the following sums.

m1¥'34~2-4-¥-3-5+---+n(rz+2) ‘

[Sol] Since this is the sum of the first 72 terms of the scquence whose k¢

termis k(k+2), i

gk(k+z):§(k2+2k)

=57 (n+1) Cn+ 1) +2 L0 (n+1)

=tn(n+1)[(2n+1)+6]
= sn(n+1)(2n+7)
13) 21
(1) 2°2+4'5v+5'8+'"+2n(3n~1) [Sol]

: [Sol] Smc € tbis is the sum of the first 7 terms of the sequence whose k™ term




N27b
(@) 1%:2+2%-3+3% 4+ 4 p2(541)

[Sol] Since this is the sum of the first 7 terms of the sequence whose &% term
is k*(k+1),

ék”(k+1)=g(k3+k2)

=3k + 32
k=1

k=1

=[%n(n+1)]2+%n(n+1)(2n+1)
:%n(n+1)[3n(n+1)+2(2n+1)]

=%n(n+1)(n+2)(3n+1)

(3) 1°43°+5°+-+(2n—1)° |
[Sol] Since this is the sum of thc fizst 2 terms of the sequence whose & term
is (Zk—l)a" '

r-—. '

‘|--, {"f WT * 'v-ﬂ-xub'.- _l_-a-
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(3) 11
(soll ghe.

Find the sum S, of the first » terms of each given sequence.

BY 5 535 34 45 .

[Sol] The £™ term is E(k+1)=Fk*+k.
S,,=é(k2+k)=§1k2+k§k

=%—n(n+1)(2n+l)+—§—n(n+1)

=%n(n+1)[(2n+1)+3]

=-:1§~n(n+1)(n+2)

N S —

() s, SRR (iSda] 310
[Sol] The k% term is k(32 +1)=3k*+%.

" Sh=3) (3K +R)=331k+ 31k @ 1°
=3 Ln(n+1)(@2n+1)+5n(n+1) [Sol] T
=%n(n+1)[(2n+1)+1]
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\ [Sol] The k" term is 14243+ +k=—k(k+1) =73 (k*+k). €

”-l— 2—L

EQ(k ‘k):’é <§1k2+,§k> 1+2+3+ +n= Ek
_ Ak at
—2[672(71 1)(22+1)+ n(n+1)l

) =Ln(n+1)[(2n+1)+3]

:%‘)—n(n+l)(n+2)

: (4) 1G4 18-2% 1202032 203 A,

| [Sol] The k" term is
‘ 12+22+32+~~-+k2:—(15—-”k- 1)\2k+1):i(2k3+3k2+k). €.

L :—él;f(‘c:_:k +3§1k2+2k>

) k=1 k=1

1. A
. :—Ulz[—%n(n-*'l)] +3-%;n(n+l)(2n+1)-r—2‘n(n+1)}

:—i%n(n+1)[n(n+1)+(2n+1)+1]

‘ sl 1)%(n+2)
=<5 n(n+1)

1)
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o first 30 terms of the sequence {a,=a+Bntrn’) wh°Sel’k‘

i um of th -
1. Findthes whose sum of the first 3 terms is 17.

term is 3’ 2nd term isH and

[Sol] [ a,=3 @
o @
a,ta,+as;=17 SO

From @~®),
as=9

a;=a+f+r=3 @
a,=a+28+4y=5 ---®
as=a+36+9y=9 ---®

From @~®,
a=3, 8=—1, r=1
o @n=3—n+n’

Therefore, the sum is
30




e S,= kz\‘l kE(n=1,2, ), find the followmg su
0 TR
T n(n+1)—“(” +n)

ARt a e vai s s

Saa

= [%n(n+1)(2n+1)+*"("+1)]
-1 L (n+1)[(2n+1)+3]

| o U=2T
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4)
[sol] S
1. Find the following sums. 18
(1) E(6k2—2k+3)=6§1k2—2§1k+§3 o Ny
—6-Ln(n+1)(2n+1)—2-3n(n+1)+3n
=n[(n+1)2n+1)—(n+1)+3]
=n(2n*+2n+3)
@) 3 (k*+98)=3% 2 |
2R+ 2R) =21k 230k &
l
=1 Gl b 3
2”(”4‘1)} 2 5n(n+1) . 2. Fin
a1 :
=77+ Dln(n+1)+4] l 1

%1
=g Mt (n*+n+t4)




N 30D

) () 22+ 4 34654t (20)2 (4 » N27 A
‘ [501] Since this is the sum of the first 4 terms of the sequence whose k™ term o
| is (26)? (k+1), e
= N, 31 (20) (k+1) =314k +2) {
=i ge)

|
f
, =4{[%n(n+1)]2+%-n(n+l)(2n+1)}

_%n(n+1)[3n(n+1)+2(2n+1)]

| =%n(n+1)(n+2)(3n+1)

9 Find the sum S,, of the first 7 terms of the iollowing sequence. = N23
1@&:3:8 925, 85T, 42:9; .
[Sol] The k" term is k2(2k+1):2k3+k2.
Al (k") -2k 2
=2[}27n.(;n+1)]2+%n(n+1)(Zn +1)

1 @.,ﬁ—x);ﬁglﬁ:(n--i-l)+(2n+1)]

-5n+1)



KUMON N3, N3|D

N3la .
icl
Various Sequences Il o orm wh 3
. th@ Sequen
ln b — a n+l =4,
2 the

s 11y,
1. Find the sequence by writing out the difference between each two consecyfy, Geﬂera Y

terms in each given sequence.

== A T . hat
U ——— .: Ggivent
B%: 10 15 21, 28 36 .. fg 10 15 21 28 36 ... e
e BN RN N diffe
(Sol] 4, 5, 6, 7, 8 .. € HEEEEENCENGNS— (n=2)

(1) A AN 1L 6}

[Sol] 1, 2, 3, 4, 5, .. W
An~

Addin

Q)36 11, 18 527538 & An~

[Solli3,3°5,47, 49 211, .

(B 100 L 37 26, ...

3. Let {b,,]

[Sol] 3, 7, 11, :
157819 I TR

(Sol] g,

Q.

4 18,17, 14, g, 2, -7, &
[Soll =1, =3, —5 = e ‘
) " en | a

. Adc

(@

|
() 2 4 6 8 10, 1250 |
[Sol] 2, 2, 2, 2, 5 |

i



N31D

which is
| The term whi derived by taking the difference between two consecutive terms

in the sequence {a.}is ——-rVeen tWo consecutive
al Q2 A3 A4 ... Qpn Aper oe-
s =

b,,——an+1 ay (n 1, 2' 3’ ) (“ \b‘/\bf\b/ >
350 A s n TR

Generally, the sequence {b,,} is called the sequence of differences of {a )g

9. Given that the sequence {a,}is 1, 3, 6, 10, 15, ..., its sequence of
differen;:es is2, 3, 4, 5, ....Using this, find the general term of {a.}.
(n =22

ol 9 et
Bié =3
lb—\ =4
XQ =N

Adding up the terms on each side from all these (#—1) equations,

gu—| 1 |F24 344kt

i :\+(2+3+4T o)

e = —;-n(n+l)!

| 3. Let {b,) be the sequence of differences of the sequence {a@,). Using

the general term of {a,). (n=>2)
::b1

I

(b}, find

side from all these (n—1) equations,



. N
N323 i ENG2

Various Sequences |
2 1¢

(soll 1/

enera

fferences of the sequence {as).

| Let {bx }be the sequence of di
' 2 an'al+2 bk

Find the general term of each given sequence {anx

lm—ch2°o3o42

When n =

).

405, i% 102,58 5e% (b} is the arithmetic |
b,=4+(n—1)-2=2%n+2 & gsequencewrth 1% term 4
When 7 > 2, i and common dxfference2

n-1
an:a1+,§1(2k+2)
2k=‘%n(n+1), éc:m

k=t

(k=1

© .
0....0

- Il
—2+2-7(n—1)n+2(n—1) &
ince @, =2, (Dls also true when 7, =1. & w;;fh?falzeﬁngéﬁs . (S

e ol]

* .
 glven sequence.
——

(1) 2,10, 24 44, 70, 102

[Sol] Let {5,} b
; e the sequence of differenc
. 14, 20, 26, 39, s of {a,}. Theu, {5, }is

b=t (e e
i 1):6=67+2

-1

an= .
@t 2 (6k+2)

=2 '
6 ,,.(:n:~1)--u+2(n~1)

=n(3n—1
Since ¢ LD




3
b
; ) 010, 957, 4110y . \
l [Sol] Let {6} be the sequence of differences of {a,). Then. (p 11
n ). , \bytis
(sl —2, T30 g8
II b;|:O+(n_1)'('—]_):_n.Fl
When n = 2,
7n—1
ar:al+’§(‘k+l)
1
\.’ =il0= f(n—l)n+(n~1)
— ! LY (
IS ——7(71*:.)\72“6) 22(D)
‘neti.é~ """"" 1l Since @; =10, @ is also true when n=1.
term 4 | 1 !
erence 9, a,.=-7(71+3)\7 -6)

:%(n+1)(2n‘1) w2 ‘,
=1,
Since a,=1, @ is also truc when 7 |

p an=%‘(n+1)(2"’1)




l - ‘ -
N33a KUMON
Various Sequences I
Find the general term of each given sequence {an)
J 1) 1, 4, 10, 22, 46, 94

| 3, 6 12, 24, 48,

| a3 bn:3'2n—1 (..-- st tem 3 and COmnl(_)n‘[_'atl-o?l ...............
i ek e Mo
n—1
B e —— R |
t I e alr"=1) i)

o 3<_2”;J i S hulw
=3 51 4 <
=3.27 -2 @
Since a,=1, @ is also true when z=1.
=3.2n—1— v

(2)SSll 3R L0 5 31863

[Sol] Let {b,} be the sequence of differences of {a,}. Then, {b,} is
Zapd &b 39, ,
D=2 9 A =%
When n > 2,

n-1
=a;+ 22"
k=1

=1+312-2+
k=1

Ry
Smceaﬁ;l 1S also true when 7 =1

3)
so!

10




e

N33D

@ 3 4 1, 10, —17, 64,

Sol] Let {b.} be the sequence of diff;
1 el o A erences of {g
ba=1:(=3)""1=(_3)»1
When z = 2
an'.:al-'l—nil(_3)k—1
k=1
=302
1= (=1)
3= —3 )0
; )
Since a,=3, @ is also true when n=1.
i

). Then, {b,) is

oy b R R
¢ g o1 147 21" 304

-
-~

(Let ba= .al and {c,) be the sequence of diffzrences of {bn}) L.
etV
é"’ ] iy < W . e R T
Sﬁ, 9 14: 21, 30 5P N
) ' - el S




N34a KUMON N34‘; J<

various Sequences Il @

b A P

i

um of the first 7z terms of the sequence {a.,}, fill i N
)
{:
Sn—l—_‘al+az+as+"'+an-1 ) {
[

From @—®, S,—| Ss-1 |=an
Also, S:=| ax .

1 ii-u .
D S I9pIO UT :SIamsty

aven that S is the s .
g blanks and find the relationship between S, and @.

|
1
!
|

followin
s, =aEa ¥ et tanta. O

[Sol] When n > 2,

From the above, the following is true. §

, cneral LS

Let S, be the sum of the first 7 terms of the sequence {a,}. L 62)
The 1* term a, is @, =S.. L [SE
When z > 2, q¢,=S, =53 5 L £

Find the general term o i
{ each A ‘
it given sequence {a,} whose sum of the first #

Sa=2n"-3n

Scli The 1% term g, ;
[Scli Thel termallsal=Sl=2'12-3-1=—1.

T=% 9y g om0 ul S1oMsUY



N34D

a) S,=n*+4in
_ 'l' [SOI] The 1% term a, is a1=81=12+4°1=5.
h fill When 7 > 2,
:,"l: an=Sn—Sn~l
I
] =(n*+4n)—(n—-1)*+4(n—-1)]
=2n+3 @
| .
! Since a,=5, @ is also true when 7 =1.
'! . a.=2n+3

Dm .’- ."

(s, =2"1
[Sol] The 1* term @, is =82 11
When 7z > 2,
a-,,-=Sn—S-n-1 e
R (20 ) N




N35a

Various Sequences [}

Find the sum S for each given question.
m75—2-1+4-3+6-32-|—8-33+---+2n'3”'1

[Sol] Multiplying both sides of @ by 3, -3
35=9-3+4-3246-3%++2(n—1)-3""+2n-3" -

,"i! n-a}

From @—©,
—25=(2+2-3+2:3°+2:3°+---+2-3"')—2xn-3" -,
3 1 — 2 3 : 3 restes —
=—(2n—1)-3"—1 ®
S= (272_12)'3”-{-1

(1) S=1-1+2-543-52+4-5+ -+ 5551 ...
[Sol] Multiplying both sides of @ by 5

SS=1'5+2.52+
‘3.53+"‘
From @ —@ +(n—=1)-5""144.5% ...




3.
Y

'YIN35b

@ S=n-1+(n—1)'3+(n-2)-32+(n_3).33
k. [sol] Multiplying both sides of @ by 3,
3s=n-3+(n—1)'32+(n—2)'33+~--+3-3"‘2+2- R Sl

N e 343" .0
—2S=n—(3+3%+3%+... 4372 gn-14 qny

3—1
ol zn _3n+1 +3
2

2 e zn_3n+1+3
Sy 1

k2374137

3) 5=4'1+7°2-|-10-22+13-23+-‘-J|-(3,«,_1-]_).2»—1 @)

[Sol] Multiplying both sides of © by 2,
25=4'2+7'22+1O-23+°--+(3n—2)'2""+(3n+1)'2” )

From @ —®,

Lt hikd = S=44(3 -2+3-2‘2+3-23'+----+3-2"“)—(3n+1)-2”




N36a

Various Sequences Il

Find the sum S for each given question.

ey 1 1
SSEL e

[Sol] ! £ Vk—vVk+1
Ve+Vk+1  (VE+VE+1)(VE—VE+1)

=—Vk+VE+1

Therefore, » |
Sz(—ﬁ+‘/§)+(_‘/§+"—3_)+(—J§+f4”)+---+(—f£+/?z%)
=—1+Vn+1

1) S=

2
+V2n+1

2 < 2 gt 2
R I R M R A

[Sol] ———2 = ol —
2k=1+v2k+1 (V2B 1+ 2k+1)(~/22kkj112 2k%1)

=5 VOE=144OEET

BTt (= T 1 T

s .
T

TSI 2 sbact it 2

L MR ) RN e B/

e 290 r&q}l'cmxg,am“:m” i

o M)"."j' ..li‘m“ K St A
e [

L R

P

ey




N36D

1 1
S:-’——‘FK 1
@) J2+45 J§+J§+m+-..+ 1

m*‘ 3In+2

1
[Soll V3p—1+V3k+2 V8k—1—3k13
2 T Bera)(Vams —vmrsy

BT
~ 3BT - vz

Therefore,
el oy 1
5= 3(’/5 ‘/g)‘g(@—@)—%(@—[ﬁ)_

= (/2= 3n+3)

“"%W3n—1—»/3n+2)

Y

1 1, o Dl
() S= 73t VZ44E a5

Jie—JE¥2

iam
TN

= 12:_(_1/'15




- 1 N37a KURION Na | <

’ Various Sequences Il

i
y Find the sum S for each given question.
il 1 e AR IR
Se s o ey
TN S
‘ [SOI] Let k(k+1) i )2 k+1" ".:
| 1=a(k+1)—bk ¢
I: :(a—b)k+a e, [
| ) {a—b=0 "
:, | . a=1
rl'i ] Soa=1, b=1
’ | Therefore,
B
= 1
l-——1 =12
d n+tl p+1
(L) is=2
Sae AT 5‘?7 T S S G
(22—1)2n+1)
cR=1)(2B+1) 9B —
o 4 T NCER T 22 (T

2=k




N37b

I AES
©) G=——at i6 +—== ...

1
2.4 6-8 +x1_*

2n(2n+32)

ol Le G536 T2) = 56— iy
1=a(2k+2)—b-2k
=2(a—b)k+2a
~ [2(a—b)=0
§ {2a=1

___L(L_L) L(L_L) e 1971 1
S=o\iol ) tol g +2<5“§)+“‘+7(’27‘2n+2)
1

; Wl 1 I s L

Al Sy e PR R

L e e T

[Sol] Let 7272y =k k+2
1=a(k+2)—bk

a—b=0

-------

ST
b
L -
Y -
L ®
®ecsoenc”
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N38a kKuM©O NaG.\ P""

various Sequences Il ‘- Paft

| iti ers into groups as ) 1
Partitioning the sequence of positive qdd numb group shoyy
5 th group contains 72 terms. |

t the 7
below, assume tha i 17 19548215

]. | 31 5 I 7’ 9’ th k C
1% group 2" group 3r group 4" group [S

| _ . . th o
| (1) The m™ term 18 the first odd number 1n tl:elOgroul_)_I:ll m
B3, 607 37| 8% gronp |

[Sol] The number of terms from the 1% to T i
i the 9™ group is: -y
9 [ i '
| 1+2+3+~'+9=Zk=—1"9(9+1)=45 € & ZE=ynnty)
k=1
1

2 SR j

. {Since the last term in the 9" gronip i5 the 45" term,
. m=| 46 ("" ‘the first term in the 10° group is 45+1=46". |

! (2) Find the first odd number x in the ™ gioup. (

[Sol] The »™ group contains 7 terms.
When # > 2, the number of terins from the 1% to the (72 —1)™ group is: ['

1+2+3+---+(n—1)=gk=%(n—1)n |

[ th
Therefore, the first odd number in the #™ group is the [ - (n=1)n +1}

term. i

s x=ZU %(n—l)n +1]—1= n*—n+l| @ & : I

Since 2 =1 when 7=1, @ is also true when 7= 1. {Since the sequence of posiive

' - i 0dd numbers is the arithmetic|
A e A i sequence with 1* term 1 and’
i common difference 2, the k*,
{term is 1+(k—1)-2=2k—1.

group.

[Sol] Since S is the s
um of the arithmetic s -
common difference 2 and number of ter?x‘sl:lce e e akdy

1

(o) Find the sum S of a]] 0dd numbers in the 7t




ers i
hat the 72" roup contains 27 term, * 1110 10ups a5 shown below, assume
218 4,5 617 8 g 1

1 group 2™ group qud gmupn' 12 | 13
(1) The m term is the first natura] number in the 8% groyp, Fj
b O b fr70 m the 1% to the 7w group is: e
2‘+4+6+---+14=’22=112k=2.%.7(7+1):56 e
. m=237

[ L 213 4.5 6'.17%goip||
|2terms 4 terms i4terms |

(2) Find the first natural number z in the #* group.

groupis; | [Sol] The 7™ group contains 27 terms.
| o When # > 2, the number of terms from the 1+ to the (z—1)" group is:

2+4+6+-'-+2(n—1)=§2k=2-—12—(n—1)n=(n—l)n

Therefore, the first natural number in the 7% group is the [(z—1) ntll®

term. s s pp s
x::(n-— )n_+1=n2—n+1 @ (“ iofnamln@hﬂ@k.- .

‘ Slnce x 1 when n=1Qis also true when 7=1.

¢ sequence with 1% term n:—n+1,




N39a

Various Sequences I

quence.

1. Find the general term of the following S€

6, 24, 60, 120, 210, 336, 504,
. {b,} be the sequence of difference, .

[Sol] Let {a,} be the given sequence
f the differences of {b.,}.

{a,}, and {c,} be the sequence 0

{a,}:6, 24, 60, 120, 210, 336, 504,
{b,}:18, 36, 60, 90, 126, 168,
{cs}:18, 24, 30, 36, 42,
cn=18+(n—1)-6=6n+12
When # > 2,
n-1
bn=b1+k§l(6k+12)
L 1
18+6-5(n—1)n+12(n—1)
=3n°+9n+6 -
Since b,=18, @ is also true when n=1.
o bn=3n 19046
5

.I' va :',";.v“-\o ‘ll .‘t:.b“ big S

ad: 10 AN J.‘ ai §
111 aJﬂJH”ebn iUt

'—\ -

By 'h)x




' N39Db

9, Given the sequence 1, % oM line s 3
’ N ey e &Y !
isi Find 2443 BIHS3 o % % *4‘. ..., the mt
term is 77~ M. Also, find the 48th i

term.

[Sol] Partitioning the sequence iptq groups by the
c0mmon denominatoy

—_—

4’ 4 E'Z'-

3

A
ey |3§§

Soi
hcretore, 11823 the 5 term in the 11t group. (..
Since the 7™ group containg 5 formes e

the number of terms from the 1+ o Wlth denominator 11.
e 10™ group is: 2 SO M
th (AR p 1S W2 ar an 1 ﬁ 2t
: lsl '-',lh

1552530 = Zk “10(10—&-1)—55

Smce SOl is the 5" term in the 11* group, :

. m=60 € | 11
GPkas ;
Also, let the 48" term be in the 7™ group.  The number of terms from the
i1*tothe (»—1)" group is: i
n-1
%(n—l)n <48 < %n(nw 1) € | 1+2+3+-~-+(n—1)=§1k%

(n—l)n<96<n(7m'1) ls‘tothen“‘groupls
Pl 14243+ tn= Z‘.k

The natural number 7 that satisfies this €

:The number of terms from the’é

Fmdlng the natural number 7 that satisfies

is 72=10. (n—1)n <% < n(n+1) by substituting some values into ni

1 o434 +9= S k=" A

. - bl * 10" grow
Therefore, the 48" term 1S 35~ & ‘5the3dte‘mmtheg’9
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KUMON 3
N4Oa

Various Sequences I

1. Find the general term of the following sequence {ans)- o N3

7419.%.37,0461,5.91; 12755 |
' [Sol] Let {b,} be the sequence of differences of {a,}. Then, {b,}is
i l 12,18, 24, 30y 363%%

cob,=124+(n—1)-6=6n+6

When 7 2> 2,
a,=a,+ 2 (6k+6)
=7+65-(n—1)n+6(n—1)
=3n°+3n+1 @
Since a,=7, @ is also true when #=1.

S an=3n*+3n+1

2. Find the general term of the sequence {a
ISy

Sni;s_n“n_zz

) whose sum of the first 7 terms

mp N34



9

. S e O

3 Find the sum S for each giyep question

W S=1.1+2-3+3-32+4-33+...+n,3..-1

' ’ i S . @
. [301] Multiplying both sides of @ by 3, = N35

n} I |
15 i 3S=1'3+2'32+3-33+...+
4 (n~1)-3”“+n.3n @
" From @ — @,
i —25=(1+3+3°+3%+... 4 371} _, . an
: _3”_1 7
"-‘(II . 3_1 —n.3
CRUPE __(@n-1)3"+1
. ‘ 2
eSS
A s 3
Q) S=rtootT Tt D EarD
3 & W0 SeiD: |
;.!QS.;Qll Let mp—2)(@k+1) 3k—2 3k+l’
—a(3k+1>—b(3k—2>




5 N |8

| Recurrence Relations

. ) . . .-, . \
l

(i) a,=2
{ (ll) an+1=3an_1
fill in the following blanks.

(nzl' 2v 3’ )’

[Sol] a,=3a,—1=3"

—
2

a3___3a2_1:3. 5 —1: ].4
14

a4=3(13—'1=3'

W % 71 'S ‘G ‘ZIOPIO UI ‘SIamsry

From the above, each term is successively determined from a, to a,, as, a,, ..
one after another, then one sequence {a./ will be defined. A condition such
(ii ), where the expression defines the relaiionship between two or more consecutiv
terms in a sequence, is called a recrrrence relation.

&

Find the 4" term of each given sequence {a,,} defined by the following conditions

R

[Sol] a,=2,,-3=5




3
01=2
e (0
Y
3
a

[S
ol]
=
;; a
.3::::6
4=
=1
3
3a3
=5
4

wit e
!
.‘.
QQ”.
Rl
T
!
{

| I
LM
1 3
nARS!
2



KUM\ " R

4

N4 28 Relations 92156 sed

Recurrence The g5t

Wi o)

ined by the follows eS¢
jven sequence {a,} defi M Wing (S a
d the general term of each £1 ter™®
Fin 3
conditions. 0, =3 G =2ax

— ,,+5 al

01:1. a n+1 a [SOl] al___3 3 >| .

[Sol] @:=1 1,560 115 =5 : —2a1 ¢ \76\]12 | (=

as=a:15=11 45 +5

| : o Therefore, {@,} is the
| Therefore, {a,) i the 5 geometric sequence with

| arithmetic sequence with . 1¢ term 3 and common raigy| (8)
| 1st term 1 and common L ; |
| difference 5 PEN-L 2 [So 1
a.=1+(n—1)-5 (--.. e S R s,
An o8 i The general term of a geometric
=on—4 : sequence is @, =ar"".
i The I:enera] ten‘n ofan anthmcncf T SR
sequenceis ay=a “(n=1)d. | ;
1) a:=4, ani=a,+8 (8) @1=5, a,..=4a,
[Sol] a,=4 [Sol] a,=5 6)
a:=a,+8=12 a2:4a1:20
as=a,+8=20 1s=4a,=80 [SOI]
: |
5 . [:
Thereft p "
! ore, {@,} is the arithmetic Therefore, {q,) is the geometric |
quence with 1% term 4 and se L et d
common difference §. quence ,\/.’;‘1 1 term 5 an |
" Gn=4+(n—=1).g common raiio 1 |
:Sn_4 S: Qp=0+4" \
(2) a:=a, Aniy=q wtd (4) T[ (7)
[SOI] a,=g 01*(2, a,,H:?”a,, ‘ [
03$a2+d=a+2d a2:7’(11=ar
: Qs =7a,=gy?
i sequenc arithmetic ;
f' B Wlth I term g gpq Therefoy ic
COmmon diff an ¢, {a,} is the geomelr
erence g, equénce with 1t
a”*a"'(”“l)d ith 1% term g and

Ol'nmon ratio »,
LI an“ar" 1




B® 4.=2. Gs-1=a,+3

ol a-=2+(n~1)3 & g . «
= : A o e

e s el

; ) a,=—7. Au:1—Aax+5 s A

e (Sol] a,=2-3+
=5n—12

9) a.=-5 Aeia— 20
[Sol] a,=—3(=2)""

—
P

e B

e L gEe L mTD

-y




N43a KUMON N¢,

Recurrence Relations

Find the general term of each given sequence {a@.} defined by the fO]lowing
in

conditions. A <
3 §’Lct {b.) be the sequence oi‘”h»'- ‘
m a:=1, apni=a,+3n idifferences of (g, |,
v, Pkauleny ay a . a7 0%
[ [Sol] ani1—a,=3n ceof il 3% A
Since the general term of the sequen € | Therefore, the general 1oy ¢ Iy
- iis 3n. :
/ differences of {a,} is 3#, —‘
J o, G
when n > 2",_2 ] :iWhen >3, :
ey e R o® n-1 i
azzzal+k§3k_l+3 2 (n l)n ( a,,=a;+2bk§

Zé(3n2—3n+2) -@  (IN32)

Since @, =1, @ is also true when =1,
s a,.“—2i(3n2~3n+2)

GBI =] Ani1=a,+6x

[SOU A piy —a,=bpn

Since the genera] term of the sequence of differences of {a,}is 62
when 7 > 2 ,

n-1
an:ax'f‘?_—: b6k=
=1

3+6- 2 (n—1),

=3(n*—n+1) ..

s also trye When =1
2 an=3(n2~n+1)

Since g, =3, @ i

S,

(4)
[Sol]

(5)
(Sol)




5 671,

N43b

y ar=4% Ani1=ant4n?

3
SOl] A n+l a”:4 :
Since the general term of the ge
u
when 7 = 2, dashceof differences of {a,}is 4n®
7=1 2
=a L 3L 1 SRR ).
a 1 ’§14k 4+4[‘(n—1) n]2 & gika_[i ...... ; s
=n'— 2n3+ n2+ 4 - @ RS —z‘niﬁ{)]d

since @1 =4, @ is also true when 5, =1
Loa.=n'—2n*+n?+4

4) =3, Gna=ant+2""

[Sol] Q020
Since the general term of the sequence of differences of {a,,} is 2"

when n = 2,
S 20l ¢ (—
=0t 22T =37 € (SR <¢1>’;
:2”"1-{-2 @
Since @, =3, @ is also true when z=1.
a,=2""+2

USIN — e —a, 5"

SOl .. —a.=5"

Since the general term of the sequence of differences of {1:}s o
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Recurrence Relations

kUMON N 44

. e, 3
S S —Da,ta .--@ is true when p and g g
hich satisfies z=px T4 where @ ,.; and 4
relation @ can be rearrange;

|

| Assume that the recurrence relation a

‘ constants (p#0, pF1). By using T W.
are both replaced with z, prove that the recurrence

into a,.“—:rzﬁ(a,,—r).

[Soi] Since z=pr+a, 2=7_p )
Subiracting the RHS of @ from the both sides of @,

a

1 gll—p)—
RHS=pa,+q— — = 4
l"‘j) pan+ l—j)

) bg q
= an—' = T R

1-» 1’(“'” 1—p> 2P
From@and@, anﬂ—I:P(a ‘—T)

LHS =Qn+1— 1

b lb ¢ ‘ ¢ =4
¢ ‘b ‘D ‘D ‘D 15pIO UI :SIOMSUY

Find the general te
rm of i
condiio of each given sequence {a,,) defined by the foll
ollowing

m a,=3, an+1=3a”;2 g2,

[Sol] Since a,,,=3q,—2 ks :
2 n+l — 1=
Letb,=a,—1. El(a”_l)<.

oils i
} o X
Nz




N44D

01:4’ an+1:2an+1

()
“b [soll Since @n+1=2a,+1, Aniy+1= 2(an+1) .........
&ud Let bx=anT1. - | Repigéi;'g"'i;;;{g ........
h*lalld { b"’i 2b ) !a;ﬂ‘?;d-*.alnthhx |
S N v Cre=m1
& i 1 e A e J
G, =0, 1=5:2""1"
@) ai=L, @nn=2a,+3
[Sol] Since @i =2a,+3, a,., +3=2(a,+3) & Re;lacmb
Let bn=an+3. o andga:;l‘ith x’z
bui1=2by =D i x 2x+3 |
{ b,=a,+3=4 @ i J

From @ and @, b,=4-9% =97+
3 aﬂ:bn—3:2n+1_3

(3) a1:1, 3an+1—2a,,=3

[Sol] Since 3@ ,+1—2a,=3, a,,+1=—3—a,.+1, therefore, -, Replacmg both
"+1 ﬂINi ‘l" VVltll:t;,

Posont

an+;—3=%(a,,—3) €

ik

1
o
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Recurrence Relations

Find the general term of each given sequence {@n) defined by the following

conditions.

a1=1, An+1—

[Sol] Since @n+1=

Let b,,=al  Since bohi=2b o Fd

”n

bant+4=2(b,+4) O (

b1+4=71-+4:5 ...@

1
From @ and @, b,+4=5-2""

bn=5_2n—l_ x{ 1 x- ; =)
4 ; {b,+4}) is the ‘geometric Sequence'
1 iwith 1" term b, +4=5 and common

= 5:2"1—4 'ratloz

3
7

(1) a1=2, Api1——7—

[Sol] Since @y, = —22 B t3 L. 3

2 n+3’ an—l—x e Vo a, +2

(735 et

Let b, ==L Since byuy=3b,+2,

An




| N45D

! di= 1, Ape1= a;
%. i (2) 1 1 1

UIRE
Wy,

Sol] Since @, = 2@x 1
‘ TR e P
-+ 2an ?

Let b,= L
a

fs) a, =3y Ani1— 2a”
a

1Soll Si 3a,+
[Sol] Since =22, L3955 .3

B0 5 N 2a T %y 2
 Letb,=—1- Since buu="obst>
__ g ;""“':"{'““ - a' 2 C Un+i 2 n 2_5

. Ln
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‘£ Recurrence Relations

' Find the general term of each given sequence (s deninedibythe following

{ conditions.
’ a, =1, Ani1=202—3" Substltut ng ?ﬂ;
‘ i : =2a,—3" by 3", |
| [Sol] Dividing both sides of @n+1=2a,—3" by and Ll
A p+1 2 Qn 1 : J l mm:
Bl :?' AR G iZei2.0. 1
1 ; SRR
Let b,= s . Since b, = 3 b -——ET’ ( ______ : s
3 Replacmg both b,,., anq’
bn+1+1:%(bn+1) @ ( éanlthI I—%I‘é :
e —
o i TN i Y
by+1= 3—1 1—‘3* @ % g(b,.+1}isthe

: geometric sequenCe§

" From @ and @, 423 a2 e B
rom QO an b+1—, 3 _2? €° | with1%term
/ b+1—-§and
i )
2

common ratio ?

1) a:=1, gy, =3a,+2"

[Sol] Dividing both sides of An+1=3a,+2" by 27+

.,17"“1 - 3 an

1
?h 1 2 2,, + 2

Let bn: a: . Sin :l 1
2 BCe bn+! 2 bn+75
bn+1+1=7(bn+1)

@
@)

pofco




{ common rafip &

X &

N 46D
I8 Aoy =871
(2) (94, S 8» n+1 50,,
{ .din both Sd — QN+l
[SOl] D“g’”ml”g_l ~51 eaSnOf Api1=3 —5anby 3n+1‘
gl Ty 3"'_337
a .
=21 o 9
Let bx 3" Since bn+l—1‘§b,,,
I b
bn+1 8 = 3 (b,,“—8—> @
b 2 AR T |
Gl =g D
From @ and @, b, —‘;’—z —%( = %)M
_—~]-— _i)n—l 3
O 3( 3 b il
n — N _L _£>"‘1 i]__‘ n—1
a,:=3bu=3" 3~ 5) " +3]-- ot

1
(3) B on

a1=1, an1=0asx

1

[Sol] Multiplying both sides of ¢ =anto5 by 2",

2n+1a”+1:2.2..'2) o)

Let b,=2"7,. Since bus1=2b,12,

jL,, BO=9(ph+2) D
| ")1+2=21611+2:4 @

n-1__ogntl
trom @ and @, by +2=4-2 =2
b”____2n+1_2

=D

e =3 ”-—

o. ‘a”

1
L guie2)s
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Recurrence Relations

0 @D i t\‘
i +pannTaan=0 D is true y |
recurrence relation a,,.+2 ‘
Assume that rt,l:)i—zero constants. By using two solutions alnd i ofv.quadrzahc
: anq 5 Eg‘:erJH—q=0 where @nsz, @ne1 and Qg dlc rep;lce ' with 3;:1
quai'(;r;spectively prove that the recurrence relation @ can be rearrangeq ing
an )

L —aas).
a 2_Cl’an+1—5(an+1 adn ) 2.
[S’:l] Since two solutions of x>+ px+g=0 are @ and B, from root coetficient

relationships, From root-coefficient relationships"%
a+B: @ ’ CVB_—‘ q @ ‘nn 'lettWQ selutions 0f012+br+c=0§
i i (2#0) be @ and 8.

Substituting @ and @ into @, i(a*0)

g ® i e
ans—( a+B ) aunt| aB |a,=0 (k== af=7- (I3))

Aniz—| @ |@ni1=| B |Gni1— aB ay

 Quir—08niy=PB(Apn—aa,) ‘@

go g © ‘go ‘g+o ‘b ‘d— IapIo Ul slomsty
@ is also true for the equation @.2—Ba . =a(@n:—Ba,) when @ and B are
switched.

Find the general term of each given sequence {a,} defined by the following
conditions.

maxZ'Oy a2=2; an+2—50n+1 +6an=0 Replacmg < a
[Sol] Rearranging @ —5a,.,+6a,=0, o Gnn G apwith

f au+2—2an+1=(an+1_2an) @ :E

an+z—3an+1=@(am—3an) )

From @, the sequence {ani1—2a
term g,

o e 1 l‘espectIVely,

») is the geometric sequence with 1*
—2a,=2 and common ratio EI

k7 a,m-.za”=2.@n_1 @

,:Ergm @, the sequence (a,,, —3a,} is the geometric sequence with 1*
term @, —3g,=2 ang common ratio

£ 7 g g e —T]




N4 7D

’I\ : a ‘=lv a =51 Apen—
tlolls 0. ‘Q‘ ol e 3 i 2= 7Ani+12a =0 ! I
are :’allq 318 [501] Rearranging @ ., — 7an1+12a,=0, {Replacing @ ez, @por, an |
T nely n ‘
_ @ . epl of { Anez—3Ans1=4(a ey — — e %Wl‘hf".x.‘illzl'e;peehve\y.
an+z—4an+x—3(an+1—4a,.) @ €] i (z=8)(z—4)=0 i“
L 2=3,4 ;

From @, the sequen - .

o) an;l co::ni (IZ] n;;ﬁo3z,.} is the geometric sequence with 1% term
G —3An=2-477 .

From @, the sequence {@,.,—4a,} is the geometric sequence with 1% t

a,—4a,=1 and common ratio 3. o
G s 1a=3" @

From ® and @, @,=2:4"1—3"* [=p%_3~1]

@ a=0 @2=1, 5@ n11=3Ansz 20y

[Sol] Since 5@ui1=3@n:2t2an 3Anw— 5a,,+1+2a,. 0@

Rearranging @, fRepIaemgwm e Ras
; Lol

eassisanerseresrt

-Ba P
”) When ‘/'-',"u‘: An2™ g An+1— ny1— g an @

A

i sy o 7 t'
L. .
is the geometrw sequence with 1% term

an+z"an+1='3—(an+1—a,,) G

ed by the followie
v' From @, the sequence {a i1 — g a ,,}

az—’g—(h:l and common ratio 1.

i»

R 9
B el ;a”+1——3—-a”=1 _...
 From @), the sequence {a‘nﬂ—a,.} is the geometric sequence with 17 term
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; Recurrence Relations

s of the following sequences {a,)and {b,) defineq by t Pt Ffor

Find the general term 501] I
following conditions. L { ~ Fro!
| Sub
‘ P 01:2. b1:1 h 4 5
i ; an+1:3an+bn @ i ‘
' bn+1:an+3bn @ ]
B
| [Sol] From @, b,=—3as+ann =@ SRR, |
' [ Y §1 !
| From @ ban=—3 e | duis | @ € ?:ﬁﬁfﬁmg S
y ‘\ Substituting @ and @ into @, Fre
f , —_— :
< ‘ ‘ —‘iu',‘+1+a,;+2 _an+3(‘ _3an+an+1 ) ‘:aﬁ
‘ l Aniz—6@ni +8a2,=0 - ® Replacmg """""""" e
' ' Rearranging (), o, {@nezy Qnsrs Qo with
‘ 3ix? x, 1 respectively,
| a,,+2—2a,,ﬂ:E(a,,+,—2a,,) @ HEE
‘ —_ (. (z—2)(z—4)=0

' an+2_4an+1:ij(an 1_4an) "'@ E~ 7 4 _r:z' 4

From ®), the sequence {a ... — 2a..} is the geometric sequence with1*
term @, —2a,=(3a,+b,)—2a,=3 and common ratio| 4 |. €.
A0 :

an+1—2an:3.En—1 ;Fro;n®:f x

| a,=3a.+b\

From @, the sequence {a,.,,—4a,,}is the geonetric sequence with 1*

term a2—4a1=(3a1+b1)—4a1= —1 and common ratio ‘ZJ

¥ A n+y —4a,,= —@n-l

Fromand@, an:—2—(3.”-l+n-1 ®( ‘From@ aD

| 20,= 34 A

— 1 n- in-
From ® and @, b,,——3-7(3-E g el o (3 D“rr oy

el '
‘7( ) Subsntunng a..——(3 4" 2%,
1 1

@nn=y (3 4“+2 ) into
b"=-3an+aml

!-nz_l.up'E ‘Z B 4 b ‘Z 't 'Z ‘Z ‘b b 7 g '”"U-{.

NDS_ 'ZH‘U-{-HHDE—- Tty Ty .IQp.lO u :Sjg,\\s\lv




. W

Replacin;\

s i “mez g SO

. E 1.2' Z lfeqja;‘.‘

| i 2=2)(z~g)y
@ =34

reeseraa

yeometric sequencewit!

>ommon ratio @ 6

N48D

(Y

a,=1, b:=3
an+l=3a"+bn “'@
bunn=2as+4b, ~-@

(Sol] From @, b,=—3a.+a,., -G

From @, bn1= =351+ a,,, @

Substituting @ and @ into @),
—3a,,,1+am=2a,,+4(—3an+am)
Anez— 1An1T10a,=0 ---G

Rearranging ®,

{ Otz —20n1=9(Aps1—2a,) @

a y+2 50,,-» :2(an+l_san) @

From ®, the sequence {a,.:—2a,) is the geometric sequence with 1% term
a,—2a,=(3a,+ b,)—2a,=4 and common ratio 5.
Tt 2Q s A0 (@)
From @, the sequence {a..., — 5a.,)} is the geometric sequence with 1% term
a,—5a,=(3a,+b,)—5a,=1 and common ratio 2.
. Ap—ban,=2"" 0@
From ® and ©, an=%(4-5"“—2“ ) -®
From ® and @, b,=—3+5 (4-5™'=2" ") Las-2m)
=L(g-5" 42"
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Recurrence Relztions

1 The sequence (a.; is defined by the following conditions.

-! azaz,-i

Zi— 5« 02:?’ Coiz™ Zaz'_a”'i)—zazag;l

(Y

(1) Let b,,:—l—. Express b.,.. interms of ba- and 5.
a

=

= - S aﬁgz~i
{;‘l} Slﬂce aﬂ"'Z_ 2_a»—a”_:+2a”a”_: 2
1 _ 20, 0pst28585s 2 1 .,
b g2 A pld 1 Aypez ax
Let b= b.,=2b...—b+2
/7

z

(2) Let by.s—b.—c,. Express c, in terms of 7.

[Sol] Let b,..—b,=c,,
Crss=0pi2—byes
= (an-z‘—bx'f‘l) T bu-z
=D pis— D42

&

=Ca#2 @
= 1 1 !
C:=b,—bi=——2 —1 ...c0 ,
: e - ;
From @ and @), e&=1+(n—1)-2=2p—1 &

(3) Express a,, in terms of .

[Sol] From (2), b,,..~b,=25 =1

Since the general term of the
whenn > 2,

' =n'=2n+3 -3
Since b;=2, @ is also true when =1

< b=t = +3

st o 1

b, n*—2n+3

-
-
-
-
-

 {c.} is the arithmetic -
: sequence with 1% tem
:c;=1and common
: difference 2.

Sequence of differences of |p Jis 2n—1,

= n-1 s 1
b b,+§(2k 1) 2+2-7(n~1)n~(n-1)

————

:From (1),
b‘92=2bthi_

b2




N4GD

y, Given the sequence {a,}, let S
SI:'_]_, o= =13, S,— —13S5,..— —36S,
are true. Express S,, and a,, in terms of 4.

» be the sum of the first % terms. Then,

[Sol] Since Sn+2= —13S,,,—36S,,, S,,+2+133,,ﬂ+355 =0 @
Rearranging @, _ Replacing S,z Sy S,!
{s,,+2+95,.+1——4(s,,ﬂ+9s,,) @ §Mithat 1, Lrespectively, |

; P 2+132+36=0 :
Suizt4S5=—9(Sp1+4S,) @ = | Er8zrd)=0
L oz=—0 —4 i

A

From @, the sequence {S,.,+9S,} is the geometric sequence with 1%
term Sz+9S5:= —4 and common ratio —4.

Sn+1+QSn=_4(—4)”_12(—4)” @
From ®, the sequence {S,.,+4S,} is the geometric sequence with 1*

term S, +4S;=—9 and common ratio —9.
g Sn+1+4S,.——9( 9)”-‘1 ( 9)'l

From @ and ®, S,.=—5—[(—4)"—(—9)"]
The 1 term a, is a;=S:1=1.

When 7 = 2
an=sn_sn-1

_t.,.‘...‘, € =_]_._[(_4)n_(__,g)n]__1_[(_4)”"1__(_.9)"“1]

e 4)~*+(9+1)( =gy
5[(_ 4 1)(‘
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Recurrence Relations

3)
Find the general term of each given sequence {a,) defined by the fOllOwing [SOI]
conditions.
(1) a1=6, @Gsn=ant4n ‘N(;
“ [SOl] dn+1—a,,:4n
I‘ Since the general term of the sequence of differences of {a,} is 4n,
“ when 7 = 2, r
| n-1
| 7n=ax+241<’,=6+4-—;'(n—1)n r
“ k=1
| =2(n*—n+3) @
Since ¢, =6, @ is also true when 7=1.
anzz(nz—ﬂ+3)
|
(4)
[Sc

(2) a1=2, an+l=20n+5
m N

[SOI] SiI]CC an+1:2an+5, a,,+1+5=2(a S -
n J

Let b,,:an+5.
{ bni1=2b, @)
bi=a,+5=7 )

From @ and @), p,=7.97-1
S an:b”‘5:7.2n—1—5




4a,—1
\ ' Y = N45
| [Sol] Since @n1= ‘E%IA’ L da,—1 1
1 & A y4q (;’T 7:_'07' +4
ence \ Let bu= o Since b, =—p,+ ¢
S0
f{Qn}k, bunii—2=—(b,—2) i@

L o
b1 2 as 2= @
Fi ~mmand @, b"—2:(_1)n—1
;l:(-l)"—l+2
1

: - 3 1
© An— AT OO [
k,l (—1)"_1"“2

(4) a,=2, a:=1, an2=0ann1+6a, m» N&7

[Sol] Since Aniz=Cnir+60 s, Aniz—Ans1—6a2=0 )
Rearranging @,
Azt 21 =3(@n112an) S ©)
a,,+g—3a,,+1=—Z(a,,ﬂ—Sa,,) R©),
From @, the sequence {@u+ +94,) is the geometric sequence With 1 term
a,+2a,=5 and common ratio 3.
L0 =5 30 @

; From ®, the sequence (TP R 3a.,}is the geometric sequence with 1% term

‘ a,—3a,=—95 and common ratio —2.
. ; '.' a'l+1—3a7):—5(~2)”—1 ”.®
From @ and ®, a,.=3""+(--2)"'1
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Mathematlcal Induction

Ex Given that 7 is 2 natural number, prove the following equation,

z+4+6+---+2n=n(n+1)

@

[Sol] (1) When n=1,
LHS=E:|, RHS=1-(1+1)=
Therefore, @ is true when 7= P
(ii) If @ is true when n=~R,
9+4+6++2k=| k(k+1) | O

When 7=k +1, rearranging the LHS of @ by using @,
2+4+6++2r+2(k+1)

k(k+1) |+2(k+1)

=(k+1)(| k+2 1)

=G+ DI 1] (eRso L
. erefore, @ is also true when n=k+1.
- From(i)and (ii) , @ is true for a!l natural numbers 7.




_ Given that 72 1S @ natural number,
duction. € the followiy,

i & €quation by math
1+3+9+- +(2n—1)= N ematical

[501](1)Whenn =1, ,
LHS=1, RHS= =1%=1
Therefore, @ is true when 51
(i) If O is true when n=g,
1+3+5+ -+ +(2k—1)=p? ...)
When n=F~ +1, rearrangmgtheLHSof@byusmg@
1+3+5+--+(2k—1)+[2(k+1)-1]
=k*+2k+1
S(E1)°
Therefore, @ is also truc when n=k+1.
From (i) and (ii), @ is true for all natural numbers 7.

9. Given that # is a natural number, prove the following equation by mathematical
induction.

4+16+28+---+(12n—8)=2n(3n.71); @

Sol] (i) When n—-l



r

i
¥
: ;ﬁ
g
{'.
3
e
3

&
3
L
1B

D —
e B

==l B

N52a KUMON

Mathematical Induction

N52

ion by mathematjc
1. Given that # is a natural number, prove the following equation by 4|

induction. D
1-242-3+3-4++n(n+1)=3n(n+1)(n+2)

[Soll (i) When =1,
LHS=1-2=2, RHS=5-1-(1+1)(1+2)=2
Theretore, @ is true when 7=1.
(ii) If @ is true when n =%k,
1242:3+ 34+ +k(k+1)=3k(k+1) (k+2) @
When 7=k +1, reairanging the LHS of @ by using @,
1:2+2:3+3- 4+ +k(k+1)+(k+1)[(B+1)+1]

——k(k+1)(k+2)+(k+l)(k+2)

=§(k+1)(k+2)(k+3)




. >

s "

54 5 0
. at 72 is a natural number, pr ;
Given th prove the followmg €quation by mathematical

~ jpduction: .
10+107+10°+ = +107=-(10"-1) ...

soll (i) When n=1,
LHS=10, RHS=10-(10'~1)=10
Theretore. @ is true when n=1.
(ii) If @ is true when n=F,
10-+10°+10%+ -+ +10*="0-(10*~1) @
When 7=k + 1, rearranging the LHS of @ by using @,
b | 10+102+10%+ - +10*+10*"
—10.(10*-1)+10""
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Mathematical Induction

. » equation by mathemg;
1. Given that 7 is a natural number, prove the following €d emati,

induction.

n
1 1 R FDET S
197231347 " Taln+tl) ntl

e NP i . vy s
TR N e ."'.’”""‘?".
- B (e L

(Sell (1) When n=1,
1 1

L] i
LHS=775=45+ RHS=937=%

Therefore, @ is true when z=1.
(i) If @ is true when n=~F, :
1 1 1 1 = milWEp
127 2-37 347 "Rzl il
When n=k+1, rearranging the LHS of @ by usmg@

S o

RS, 1
+ i
1-2 T35+ 3-4 +k(k+1) (k+1)[(k+1)+1]
A stdsaiarg,
S (k+1)(k+2) W |

\"QN: s

—_k(+2)+]1 0 ol © VS
k+1)(k+2) ﬁ I 7




T
e
1 _'. -

| 53D

2. Given 1 e nanirel nmber PipRe s following equation by mathematical j.

induction.
Siw, 04 py md :
1+-—2—-2_+ 23 + + 2n ‘_"'3— n;’3 ...@ if.

[501] (i) When n=1,
LHS=1, RHS=3—-1—;'T3-=1
Therefore, @ is true when n=1.
(ii) If @ 1s true when n=Fk,

1+732—+—§;+--~+———k;1= .
When n=Fk 1, rearranging the LHS of @ by using @,
4 Bl (ktl)ird
+

gk

2k 8) = (kD)

— 2h+l

y +4

=3

=J= okl



|

N54a
thema

kuMON ».

tical induction

— L ————————— S
—

ve the following statement by

e

Given that 218 8 patural pumber, pro
mathematical induction.

nit2nisa multiple of 3.
[Sol] Let the statement "n '+ 2% is a multiple of 3" be @,

(i) When 7= 1, ;
ior [1-(3

ni+2n=
Therefore, @ is true when 2= 1.
(i) If @ is true when n=k.
using an integer »i,

R+2%= 3 m Q@ € &'+ isamultipleofy
Wheo n—4&+1, rearranging by using @,

(R+1)'+2(k+1)
ST+ (2h+2)

LS (8 tat)
d ST. ’

| k1)

=
- v e
P h.l‘ v

"'

e
AL ST 3
1, ,\'.\). ES N o
3 &

4
i



€the
followmg Statement by mathematica]
am®—3n*+n+6isa multiple of ¢

the statement "2,3 1. 2 .
[Sol] zf t) When n=1, 2n°—3p +n+61samultiple of 6" be @,
2n3_3n2+"+6=2'13~3-1’+1+6=6
Therctore, M is true when 5, =1
(ii) If © is true when n=p,
using an intcger 7,
2k°—3k*+k+6=6m ---@
When 7=k +1, rearcanging by using @,
2(k+1)3—3(k+1)2+(k+1)+6
=2k*+6k*+6k+2-3k* -6k —3l+k+1+6
=(2k*—3k*+k+6)+6k>
=6m+6k*
=6(m+k?)
Since m +k?* is an integer, :
2(k+1)*— (k+1)’+(k+1)+6wamulupleofﬁ-.v“—

Therefore, @ is also tme \
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Mathematical Induction

1. Given that » is a natural number, prove the following statement by mathematicy|
induction.
3%"—1 is a multiple of 8.

[Sol] Let the statement "3*”—1 is a multiple of 8" be @.
(i) When n=1,
3—1=3—1=8
Therefore, @ is true when z=1.
(ii) If D is true when # ==k,

"
-
=

elaso s, w”"‘

-

s

e da s Lo "

using an integer mz,
32k—1=8m @

When n =k +1, rearranging by using @,
32(h+1)_1

=g.°_1 ¢
_9(-) =1 t} g




N55D

that 7 is a natural number,
; Given prove the followi statem
mductlon R s
117*+12*""" is a multiple of 19.

by mathematical

[Sol] Let the statement "11""" +12%""1 j5 5 multiple of 19" be @.
(1) When n=1,
11" +12%""=112+12'=133=19-7
Therefore, @ is true when n=1.
(ii) If @ is true when n=Fk,
using an integer m,
| 1% +12%=19m @
: When 2 =Fk +1, rearranging by using @,
B et
BB | 157+ o~ )
) +120- 127 € LIS _

22#-'1

=11'19m+133'1

—19(11m+7-12"7)

Since llm 4+7-12%"isan integer,
sst=Yiga multlple of 19.

:.11“'“’*‘-?-12
o e s '-_'uuewhen'i—la-l'lf' 3

R e = (7 e

B WA R

Gt He e gy



N56a

Mathematical Induction

or equal to 3, prove the )
iven that » is a natural number greater than q |

P Gi
following inequality by mathematical induction. |
3">8n @ |

[Sol] (1) When n=3,

LHS=3°=27
RHS=8-| 3 |=| 24

Therefore, LHS > RHS

Thus. @ is true when #n=3.

(ii) For £ = 3, if © is true when n=E&,

3*>8k @

When n=k +1. considering the difference of both

sides of @, thei from @),

3'—8(| k1 [)=3:3"~8(| k+1 |)

[ 5k |-8([ o1

(|20=1)>0 g |Sincek>

2 ,{-rt:‘}(r o TR g PP e i
< o 5 A 3 v
—— - - -

IR S
et B 7 s,

ey
the

oy

' - namml,“numbers " greater h u |

‘:;




: Given that 72 is a natura] Number
inequality by mathematica) indy
2% >2n+1 ---@

greater thap or equal to 3
ction.

» prove the following
[Sol] (1) When =3,
RHS =2-3+1=7

Theretore, LHS > RHS
Thus, @ is true when #=3.
(ii) For k& > 3, if @ is true when n=k,
When #2=Fk+1, considering the difference of both sides of @, then

from @, :
2"“—[2(k+1)+1]=2"32§%—‘\2k+3)

> 2(2EF1) - (2k+3)
=2k—1>0

. gktl> 2(k+1)+1

@ is also true when n=k+1.

Therefore,
(i)and (ii), @ is true for all natural numbers 7 greater than or
From (! ’

equaltO3-

ST AT

e
5
| g
=

N
1

% . A"Hh_ i
e ".!3 Pl

e
-_r

=g A

—
S e

_-
?-.’7

ar-t dtere:

__ &

e e -
”" PRI A e
x 4 =3 -

g

,.
. (-
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Mathematlcal Induction

en sequence {a,} defined by the follow

Find the general term of each giv
conditions.

mu=2—al @

[Sol] From the conditions,

al=2v az':_g_r aaz_g_y a4=

Therefore, the general term of {a,} is assumed to b

an
|
P - R - -
rove that the assumption @ is true by mathematical inducti
on.

(i) When #=1, in @,

ay— 1+1 — 2

1

A Therefore, @ is true when n=1
(ii) If @ is true when » =p :




570

) a1=2' Aniy =

ax

1 + . g STae (D
Gol] From the conditions,

_ 0
al_zl a2_§.1 as‘%, adzl
Therefore, the general term of {a

gt LN
@r—on—1 @

n} IS assumed to be

Prove that the assumption @ is trye b
y mathematical induction,
(1) When =1, in @, s

T 20
AR
Therefore, @ is true when n=1.
(ii) If @ is true when n=~F,

el
ax= k-1
When 7 =FE+1, substituting 2=Fk into @,
= Gs
ak+1—'1+a. | g
2k—1 SRRELRE: + 2 5

-tjﬁ’i‘ ™~

v

'Ud d-l———-—gs-ri‘o .ra? r___m




L tens A:’;f\:\.' :

s D
SRR e

iy ,
s m“"_"}'l‘ S A S
*rd.

e | o*
el

’,E:‘

N58a

Mathematlcal Ind

uction

| number, compare the values of 2"

[] with either > or ),

W
(Fill in the grey boxes

[Sol] The table below shows the values of
when 7n=1, 2, 3, 4 5.

2”and 3n+1

n 1 2 3 4 5
7% 2 4 8 16 32
3n+l1l| 4 7 10 13 16
From the table,
when n = 4, the following 1
» | g mequahty iS assum
2 > 4‘ 3n i@ SO e

Prove that the as ;
¥ : sumption @ is :
(i) @ is true when %=4 true by mathematical induction.

ami




N5SD 3

on that 72153 natural number, com
pare the
values of 3" and 5% +1.

. Giv
sol] The table below shows the values of 3” and 5
| p : 5 n+1 when n=1, 2, 3, 4, 5.
3 4 5
a¥ 3 4 27 VERYTINgAS
sp+ll © 111816 5 y-2181826
From the table,
when 7 = 3, the following inequality is assumed to be true:
3" > 5” - 1 ane (D
Prove that the assumption (@ is true by mathematical induction. L

(i')(Distruewhenn—B
(i) For k = 3, if @ is true when n=k,

3*>5k+1 =@
When n=kt1, considering the diftcrence of both sides of @, then
from @, e

3"“—[5(k+1)+1] =331 (5k+6)




NS e

natural number, prove the following equation by may,

1. Giventhat7isa
induction. :
1-n+2-(n—1)+3-(n—2)+ +H(n=1)2+n-1=rn(n+y),

[Sol] Let 1-n+2-(n—1)+3-(n—2)+ +(n—l)'2+n'l=%n(n+1)(n+2) .8
(i) When n=1,
LHS=1-1=1, RHS=4-1-(1+1)(1+2)=1
Therefore, @ is true when #=1.
(ii) if @ is true when n=Fk,
Lk +2:(F—1)+3-(k—2)+ +(k“1)'2+k-1=%k(k+1)(k+z) -
When 7=/ +1, rearranging the LHS of @ by using @,

1‘(k+1)+2-[(k+1)—1]+3 [(k+1)—2]+ +[(k+1)—1]-2+(k+H
- =[k+2-(k-1)+3- (k
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iven that 72 is a natural n,
.0 b th mber greater than or
; nequahty Yy mathematica| mductn Squalto 2, Prove the fo||
owing

1-|- +-L> 2n

LA
Y 7 @

Therefore, LHS > RHS
Thus, @ is true when #=2.
(ii) For k > 2, 1f® is true when n=~k,

2(k+1)
)"'('Fr'fiﬁ

TR+l

2 k+1
-—gkfﬁlﬂ( ‘»I\X‘

Al .
= LT
T N <

From @

o}

. -
NSRRI e 5




v e -

R TS

o B n

e T
pa Cha N i Yy
_ s e,

1. Giventhat? isanatural number, prove the foll

induction.
1’+2’+3’+---+n’=%—n(n+1)(2n+1) @
[Sol] (i) When 7=1,
LHS=1%=
Therefore, @ is true when n=1.
(i1) if @ is true when n==~k,
1427430+ kP =k (k+1) (2 +1) D

L RHS=-€1;—-1-(1+1)(2-1+1)=1

Wien #=Fk+1, rearranging the LHS of @ by using @,

12+22+32+...+k2+(k+1)2
=Lk(k+1)(2k+l)+(k+1)’

~(k+1)[k(2k+1)+6(k+1)]

——(k+1)(k+2)(2k+3)

owing equation by mathen,

=3




3 il
- ‘ "
=i

60D

, Given that 715 a natural numpe, greater thap, )
" . p > o :
inequality by mathematica] induction, "€Qual 10 2, prove the following 1
3" > 4n e @ ‘ N 5 6 |

col] (1) When n=2,
LHS =3%=9
RHS=4-2=8
Therefore, LHS > RHS
Thus, @ is true when =2,
(ii) For k = 2, if @ is true when n=F,
3*> 4k QD
When n=k+1, considering the difference of both sides of @, then
from @,
3*1—4(k+1)=3-3"—4(k+1)
> 3-4k—4(k+1)
=4(2k—1)>0
o i 4.(lgf'1);; e
Thefefore,_ ©) is also'_true..tv?'hég ﬂ"—-’k"'l o hid

B

TG
-
-
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Infinite Se

guences

s B S G is called an inﬁnize

A sequence with infinite terms a1,
ssed as {an/:

} Ty
o e L the following table ang

Given the sequence 1, & 3 o
g the values 0O

f;l;l—when n=4, 5 6, 7, 3onthe

plot the points representin
low. Then, consider

how the value of 711— changes as »

coordinate plane be

increases infinitely-

[Sol] When #=1, 2 3, 4, 5, 10, 100, the values of —’17 are as shown in f

table below.
R b R G T e 10 | -+ | 100
% T A e e B 1
Lt 9| 31 (AR ¥0 10 | | 100
A \
e | Therefore, the value of —717 decreases and
; approaches | 0 |as 7 increases infinitely.
1 B e PR :
+ i + + . ' ®
S R

. /

0 'usr9cvezyo 00T
: oL

» .l
er words, the limi! Oaliek
o then the llﬂlit v






N62a KUMON

Infinite Sequences

rge, (@) 1S said to diverge.
d that the limit of {@,} is

aﬂ—)OOasn—)oo

-

When the sequence {a@,} does not conve- 2
inity, 1t 1s sal

When {a,) diverges to positive infi

infinity and is expressed as follows: 'y_{x‘l’a,.—‘- co or i .

Wher |2, ) diverges to negative infinity, itis said that the limit of {a,}is nega
= 00 or a"—>—ooa8n_>r;

infinity and is expressed as follows: im @»=
es not diverge to positive or negative infinity,

When a divergent sequence do
sequence is said to oscillate.

1. Foreach given scquence {a,}, plot the points representing the values of @, wk
n=4, 5 on the coordinatc plane, and then find the limit. (When it oscilla

write "Oscillates".)

n—1 an S -
(1) 1, 2, 4 2 S0 Serens 16“ an=27"1
[SOI] limzn"l.—_oo e e e e L
n—co + V» A-;__1
Br Ty
1 Fg-1d
s S
@ - i
ol 123548
(2) 1' —2’ _4&-; waay —zn-li /8 a”‘ 1 2 3 4 5"
Sollilimi(—9za = S 2 e
[ ] ,!l_{ri( 2 )s—- 09_ S 1% g : Lk = 0 ® .‘ ‘}:;
I es . L e e
e & T
\ YR
5§ ul ' e Lt
,4. e . 1 l.‘
d: 2 =T61s (.3
3) 1, - 6_.9=-21
o (s
[ 16t an=(-2""%
" Bl ]
R
I iq
,; «ah}ow"n“";; ‘4
T
it




(converges {0 a constant valye @) Vs

(diverges to positive infinity)

| Diverges (diverges to negative infinity)

Oscillates (no limit)

Classify each given limit by indicating the appropriate number @ to @),
: If the limit is classified as @, state the limit value,

= liml (@, limit value 0 ) lim (—3)"

n—owo 91

1

OF @, limit value 0) (6) lim(-5)
k: ’l']_.f.l}o n2+1 ( >

i n

am 2

@(2+ 1 ) ( @, limit value 2) (7)
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Infinite Sequences

When the sequences {a,)}and {(b,) converge, where lim d»=
(k is a constant)

lim(an+bn)=a+ﬁ' ']‘-iln(an-—bn):a—ﬁ

-0

(B#0)

01 + {Divid'in > the SRR
lim . ok iding the numerator and

| highest power in the Genomalt
{'@”lﬂthfs case) : ‘




| \

A _:M:]m
hm o 24on+1  n-e

—on*(n+2) _ . —2ni—dn®

Im—"9, 3 5 ive  Op°—5

~ 5+n+n® _ .. S5+ntwn’
M, (4—3n7) A= 4n—3n° =




N648a

Infinite Sequences

Find the following limits.

hm[loga(2n —1)—logs(6n%+2)]= lim lo
23

-—6——-——-

s

2n’t+n




1
;j,zj,S.t:Jr_n=l. on(n+1) ”
ylji—IOI}’ 3"2 nl-l-.or}o 3"2 (.".

={jm 2 t1
N 67’1

2
n

1
LG 2 —=n(n+1)(2n+1)
;’_J_rl_t?’_aLiﬂ.:um@

4) lim - lim -

71—+

2

2
8[1 ,,,(‘n+1)}
\3 ‘ !
i 23+43-+63_‘;...+(2n‘) gt

n—e
%

n—soo n ‘ : d




Find the following limits.

_3,,)=limﬂx(l—%)=°c

Ex.
P'ﬂ(n’ -

ﬁm(,f—wn):,!i_{l;”z(l-_lr_lq):w

H(2n3—3):2+4)=ﬁm”3(2_

lim (4n°—22°)=lim n*

R—x




I+ nt1+n

i n+1
O T o %)

il
By,

L

1+7+'n—2+1




Jn*+5n+n
n—ow(m‘ n)(m+n) (-..=

n—om [n2+5n n
 JuTrbnn L
o e S | yin, ,'r‘,';,
;l_f.% 57 “umeramrg 3
the deno
1+—5—+1
n

7n—o0

2
5

1) 1
e f_z_(mﬂn)
(V4n*+2n Zn)(‘/m'*'Zn)

3(m+2n)




Nbbb
Jn¥3—Vn
L e
(BEB ) (T )} e e
B (L T ) ¢ ey G
'hm(f’— ‘/_)(V +F)

n_otb

_ (nt3=Vn) (Ynt3+Vn) (VniT
= lim Jn+3+J‘ Ltn) €

e 3(vnrtl+ n) Altemative Solution
Time nt3+Vn lim 23 =Vn

TR
. 3( n+l) i {AF 8= V8) (nF V) (fFL V)
=lm \/;_—3‘-*_1 »~~(Jn+1 \/_)(«/n+1+J—)(w/n+3+f.)
= 1
: T 2L

=3 Nn-—co \”+3+J— " \/1_‘_ +1

=
n

L—3

- o(Vn +5 fn+3)
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Infinite Sequences

“Limits O FSequen
1. For all #, when @ <'Dp;
if ima,=a and ’I’iﬂbnzﬂ, then < 5

if imas»= COf then ']‘.l_gibnz =<}

n—oo

9. Forall 7z, when a» < Cn <tb;,
if ﬁma"=’!i_133°bn=a, then '!i_I.IaloC,,-:a'

n—oo

Find the following limits.

Whm(——l—)” [Reference]

Nn—co w

[Sol] Since —1 < (—1)"

1
=g
w

Then’ since i (—_l_ £ =
lim ( — ) =0 and

Nn—co




ntl
n? *
(6
is
a constan
t)

@ I

‘[So
1]
Si
ince —
=l
<
co
sn
6 <

n+1
n* 5




KUM\/" ™

(n-l- sin76)
n—w 272"

el )
s 0
M( =1 on—1 sl

Then, Jim 5,1 ~ A2

n—+0o0

Also, since —1 < sin no <1,

Then, since hm(
Nn—+wx

mznl__ISmM:

From @ and @.




) lim5n1-‘ (n+cos )
i n—=>°
nw
6

o1 (
b iy, —g \ " eos g~ )

ol (oAb # nr

Then, llIn n_z =llm———

Nn—+co

hme. —o

n—+oo

" From @ and @,
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Infinite Sequences

}:a1=5, a2=12y a3=21’ a4=32’ "~,When

: e {an

1. Given the sequenc . .
} of this sequence becomes an arithmetic seq.

iy

sequence of differences {On
solve the following questions.

G e
[SOI] {bn} is 77 9, 11) e (00..; ‘{b”}: 7 9 ‘
L m7+(n—1)-2=2n+5 €= (b isthe arithmetic sequ
When 7 = 2, .. {1*term 7 and common differey
€ Whenn>2, |

n-1

n—1
an=a1+2(2k+5) :
= aw=a,+Zbe

et

=s+z--§—<n—1>n+5(n—1> (N32)

=n’+4n =@
Since @,=5, @ is also true when #z=1.
L a.=n’t4n

(2) Find lim(Va,—n) and lim( 2 —~/Z>.
[Sol] From (1), ’

lim(Ya,~n)=lim (V2 + 4% n)=lim (Vn*+dn—n)(/n* +nsa)
= yn*+4dn+n :
4dn '




leen that n isa pOSlthC mteger and r>

0, solve the following questions.

1) Usmglne(mahty (et 1+”x+‘n(n —1)p?

n i
Sol] In(1+x) >1+nx+7n(n~1)xz’letx:\/_%‘.
R A Ll

=1+V2n+n—1
=n+@>n

. | 2 ¥
i (1+ n) > n
2 > (); therefore,
1+1/ = >0, n>0;

1442 > nn

, prove that

§Whena >0, l)‘~>@aml;1;>0fi

p’<b’©’a<b f

i(Klsm oRE, ]

Lo

1
~ Find the value of lim 77
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Infinite Sequences

Find the following limits.
251 1y

(1) lm2 23y a= 4
ard

By
3

2 3

2% +3n+1 n
—~ —=1]im L

lim 3
n—o 1272““187’! Bor e
o- 18
n




\ 4 s 4(Vn*+3n+n)
: ——————=1im
(6) 31-12 In*+3n—m #—= (s/n2+3n—n)(1/n2+3n+n) 5 FhLE

. A(Vn*+3n+n)
= 3n

4(,/1+—3—+1)
n

3

=lim




F

YL |
.g‘i‘?‘t \

KkUMON

quences

N7Ila

Infinite Geometrlc Se

L called an infinite geometri
eIric seqy,,

A sequence & ar, ar®, .. ar
and common ratio 7.

finite geometric sequence. (When it
it OScillye

Find the limit for each given in
write nOscillates".)
an

3]
201

1] 2 48 16 w2 >

® 0 0 0.9

12345

°
\.
ool

1 2 3 450

0.3 .5

1 <




Oscillates (no limit) .. Diverges

.o each given limit by indicatin ~

Cmsé;fr)i’v;gesgl (§ the appropriate number @ to ®.
piverges t0 positive infinity - @

piverges to negative infinity ---@

| pscillates (nO limit) @

ifthe limit is classified as @, state the limit value.

(@it value 1)

s ad



N72a KUMON
uences

Infinite Geometric Seq

Find the following limits.

n
) ' Dividing the numerat
Sl ST umerator an
=0 &€ %denomm’atort;ythe_.tmr -
largest absolute value
o the denominator (45- x

lim (—2)n+2.3n o
n—o 3" +1 —

@ i




720

4" .

R (—8)" . (

l 5

| e RN 1+(
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Infinite Geometric Sequences

Find the following limits.

Ex. -
lﬁn(3”_2")=’1‘%3n[1_(_§_) :I:oo (-..

n-—+cw

W tim =30 =1me| 1-(3

lim (3" -5") =i n[(_B_)”_ at
«. lim 5™ | & 1]__

) -




2,22.....2” : QLH24hy

3n(n+1) =5 mw ; Ch

; .......-m-&.j,;m‘mfﬁ.-.}
Rearrauth €Ing into the form %-so that
the value . is the same

.

9.9%.....9" Qlt2+4n
Jim gAnt1) =,!1_I,I}° g7 n+1)

0 ‘,",—o ©

2-—;—n(n+1)

1
7—+oo —nint+l)
642

1
-En(n-n)




t_l -
B s & =

N74a KUMON

Infinite Geometric Sequences

Find the following limits.

oo <41
R 4 )

rSol] (i) When |7] < 1

S e
lim 7 T

(ii) When = 1%
7" 1

: '—————z_l.
ST R T D

(iii) When [7! > 1,
, 7 e 1 1
I = T
SR Bi 0+1
= e |

Ot

im>—5 (#-1)

[Sol] (i) When |»| <1,




\ 74D

7 1
) lm a1 D

';01] (i) When PAls<i
. | b
L
(ii) When r=1,
: 7,»4-1_1
i i nal

(iii) When |7| > 1,

" r2n+1 _1

(Solving for four different cases: lr| < 1, r=_1,‘ &= fvl and l?"l >1)

e

1] (i) When |7| <1,

1




Find the following limits.

fim 7;::_24” (r#=—4)

n—e ]

[Sol] (i) When [r] <4,

"+ (r )” ( )” &

: 7

;];127”414'24” : . r\" ; io

3 B— (4 7"0 1 0

1

(ii) When 7=4,

lim r2 k22 T AR A 4'[1-’-(
peise rﬂ+l+4ﬂ ’!1_1.]’; 4ﬂ+l+4” =’!]£ 2

(iii) When |7| > 4,

1+(2

r"+27 7’) S0 5 e |

w7 =”_‘ == - =
i H_(é) r+0  r

,H.‘I 7

K—QW
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7
j ) hm r2n+52n

p—t®

2n+1 _52n

sol] (i) When |7| < 5,

(ii) When 7 =5,

: r21l+1_52n &
hm 2n+52n =53

nw
(iii) When = —5,

] r-2n+1_52n s (_5)2n+1_52n e _6'52” sl
Hm = ea — M=oy p = lim =" =

~ (iv) When |7 > 5,

e B
'«
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Infinite Geometric Sequences

¥ Find the range of values of x for which the sequence {(x—1)"}
converges. Then, state the limit values.

[Sol] Since the common ratioisr—1, —1<zx—1<1 €~
s 2
Also, the limit values are, Dk
when 0 <z <2, lim(z—1)"=0and €- ‘?

when =2, ,];iﬂ(x_l)n=1 € |

1. Find the range of values of x for which the - .
sequence {(x+2)” oS
Then, state the [imit values. i .
[Sol] Since the common ratio is g2 —l<7+2<1
e =< ps—]

Also, the limit values are

£




range of values of 1 for
Find the Which the S€quence {(y2_, 1)*)

" Lonverges. Then, state the limjt values

<ol Since the common ratio is 22—, Lisli<a? =<
Sof=lsini—r—1 - (Dandalsox~x1 <l

From @, z’—x > @; therefore, (71 E

<1l ,T’<x ®

From @, £’ x—2 < @ therefore, (x+1)(z— —-2) <@
[i]<-<[] @

From @ and @, the range of values of 7 js

1 |<z< o[ 1]<x E

Also, the limit values are,
when —1<xr <0, 1<x<2, }i_{lgo(‘rz—r—l)"=0 and

when x=—1, 2, ’;i_r.x;(xz—x—l)’fl

Find the range of values of x for which the sequence {(z2—3z+1)")
converges. Then, state the limit values.

0l] Since the common ratio is x%—esfel—:lr'x 1<z 31’ +1 <1
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Sequences

N77a

Infinite Geometric

2
1. Find the range of values of z for which the sequence {(%’m%)"}
.
state the limit values.
: i 20 210, —
Sol] Since the comim t1 LARE Z°+2r=5
[Sol] onratio is —z— 19 -

converges. Then,

Since 22—z +2 >0, rearranging the inequality, €= z
—(z®—z+2) < p24+2r—5<zr’—xt2

So.

_(z?-z+2) <z?+2x—5 ~Oandalso 22 +2x—5<2’—z+2 @

From @, 2x°+x—3 > 0; therefore, (2z+3)(x—1) >0 i

3 I<——3—, 1<z )

From @, 3z <7
el
< e

A 3 @

From ® and @, the range of vaives of x is




N77b

g, Given @n=(4sin’6+2c059_ ),
 sequence {ax} converges. (g

> flnd the r
a
SO<q) 1€ of valyeq Of 6 for whicp, the

[sol] Since the common ratig i 4 sin%g+ ot

: sh=l e 4sinze+2cose~3 <1
Ccos 9)+ZCOSG‘3 € Coinit

i8S
«

4sin’6+2cos6—3=4(1 _
~ T 4cos’0+2¢0504 1

Therefore. rearranging the inequality,

—1< —4cos’0+2cos0+1 < 1
So,
B Co 0 T2cos0 L Diatid oo docsbaisii e o
From @, 2cos’0—cosf—1 < 0: therefore, (2cos8+1)(cosf—1) < 0

. —% <cosf<1 @
From ©@, 2cos’0—cos0 = 0; therefore, cosA(2cos—1) = 0

. cosf <0, % < cosf @
From ® and @, ——;‘—<

~ Since 0 <6+

= P ‘
~ when cosf=—,
W ﬁ{ilrgfg}gy 9>

%\@:&Qﬁﬂﬁwi =4

o]
£) - 4 e e §
U A e 3 A
. n 5

1—() :

v 1
S Sa = |
= > 1ae OF O 1S : e |
rlf' A e N CINE -anoe 01 Vdiuvd & ’
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Infinite Geometric Sequences

ence {a) defined by the following conditig

Find the limits of each given sequ

III!I a:=1, a,.+,=—§—a,,—1 el N )

2
[SOl] Since anu:%an"'l, an+1+3—— 3 (an+3)

LetBy=ant:
A

oV

i it

b1=a1+3=4 ...@

n—-1
From @ and @, b”=4(_§_>

n-1
£ anzb”_3=4<*§_) _3

Sl e

oL S d o

- imes=im4(2)" 5]

#—o n—x

(1) a,=3, an+1='—%—*an+3 (n:l, 2’ 3' .)




78b |

a
‘::2, Ane1= =

an+3 (nzl’ 2' 3. o

a
Since An+1— 5 1 +3

Ant3 Qny. T

74 [

=l
Let 0= -

ince bn+1:3bn+1, b"*1+%=3(b Lt
\ )

e gy Ll
tc'l—bn+ 2 .

Cns1=3Cn

...@
o) Wg¥ i s
Cy—=b, D= 5 D =] =@

From @ and @, ¢,=3""
=3’l-1_ 1

L AR O
-b”—C" 2
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Infinite Geometric Sequences

tan”"0+2

,  poe e o tan” G2
1. Find the range of values of @ which satisfies '!l_l‘.l;lo Stan0+2 2

(o<9<—2"—)

: T
1Sol] (i) When 0 < tanf < 1,i.e. 0 <6 <,

,!i_{lgtan”0=0
AR (IE S
o 0L 202

(ii) When tanf=1, i.e. 9=%’

-

o : _
A e e A R R L RN S

S e

lim tan"@ = 1

2 llm tan”6+2 =t 1+2 _i
n—= 2tan”0+2 2:-1+2 4

(iii) When tan6 > 1, i.e. % << —’2”—




79D

b en the sequence {a,} which js defined by ¢, —

=0, a;=1 and
_,__._ n+ +3an =

(y ) (n=1, 2 3, ...), solve the following questions.
Let ba=ann—an (n=1, 3 3 %) Express b,,intemlsofn

: 1
] Since @ns2="(an1+3a,), g

,wnh %, 7, 1 respectively,

LA

an-z‘—%anﬂ—%a":() ®
Rearranging @, : By
j Gria— R —%(a}nl—'a”) (‘} : (41"‘3)(1'3—1):0
TEC R 5Oy
Letb,=an1—ay,. ; 4’
((N47)
bn+1= _%bn “'@ ‘r““"‘“‘*-—:-m--——...._.._.._.

Y {b.}isthegeometric
bi=a;—a,=1 - ! sequence with 1" term

- gaz—ax—l and common
From @ and ®, b..=(— ) € ;mt,o _.4_ ‘

Express a, in terms of 7.

| From (1), since the general term of the sequence of differences of {a,} is

L T R B A YRR LA SR

Pt

£
i .

'l
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Infinite Geometric Sequences

1. Find the following limits.

s e e e B
(1) ll_gl 22!! 3u _.__.. 4n_3u P_{Q_

. N+l
hm4 2-=lim

7N~ 3" ”--=

Alternative Solution

o AT 2N A
i 5 = (3

BT ANE 7 L) P~y
o T T s s "
L b e - . . -’ "y

r2n-1

® Jmomy
[Sol] (i) When |r| <1,

T g
mr"'+1




'NSOD

: f values of
2 e Which the sequence [( 2+3 )"
Then, state the limit values, converges.

» N76

[501] gince the common ratio is

e =T <& ]
Also, the limit values are,

whea -7<J.'<l, lim

N>

when =1, ,{i_',T},(ITH);l

3 Find the limit of the sequence {a,} defined by the following conditions.
2l (a=1,12] B 5)




N8la KU

Infinite Geometric Series

an infinite sequence {an}, the expression @i @z +a3'+--- S |
and a,, are called the 1* ferm and the yu

Given
where a.

is called the infinite series,
tively. !
e (a.), let S» be the sum of the first 7 terms

Also, given an infinite sequence = terd : it
When the infinite sequence {S»} converges, the infinite series @ is said to conver,
} diverges, the infinite series @ is said to diveres

When the infinite sequence {Sx ek > sCIE : .
Likewise, a+ar+ar*+-+ ar"~*+ - which is the infinite series that is deriyeg
th 1°* term @ and common ratio 7 is caljed

from the infinite geometric sequence wi
the infinite geometric series with 1% term @ and common ratio 7.

——

Determine whether the following infinite geometric series converges or diverges
atar+art+-t+ar” "+
[Sol] When a=0, all terms become 0; therefore, the infinite geometric series

converges to 0.
When a #0, let S, be the sum of the first # terms.
When »#1 ".—_:M s
Sp=2 = 0

When =1, S,=na

(i) When |r| <1, since lim7"=0, lim S, = i _|_a ‘
] : n—o N STy

€ries converges and the sum




Tges and the sym is 1 4 :
if |7| = 1, then the series diverges, ]

hen =0, the series converges and the sym is 0

;rmine whether cach given infinite

geometric series converges or diverges.
converges, find the sum S. i

[Sol] The 1* term is 2 and the common ratio js - :

o~ Since ‘7| 13
the series converges.

]
27

porlen].
L0

| 1 MU ey 1
The 1% term is 1 and the common ratio is 3. Since I—g I <1,

e

ot BEOwl, Ul ! bl i - Py

the series é@mergﬂéﬁ:vxy .Cils Dt {rif‘in,;',_l ik Dok 0 21 in M ™1 o

A e S e g Gradeed

s ha i e P A L e i1 e
AT

A AT . L
Y & T 997, 5 Y 1M | S !
: '._lr_. e M

C 2 RN a . v L




TS

LT B gy et v b - E
AT o -~

AP e e Y
P e X+

TRy

@) 6- 2\/‘+2—2

N82a

Infinite Geometric Series

Determine whether each given infinite
If it converges, find the sum S.

V2 a2
WPless s

[Sol] The 1* term is 1 and the common ratio is ——2—2—. Since

the series converges.

_ 2(2—+2)

~(2+42)(2—2)
—9-V3

J‘

PR oA

KUMON

geometric series converges or dive e

€

 Multiplying the numerator and

lthe denominator by 2—+v2

1

E




:

|n82°

&.(zr-.’zma.z "+ 10743y

‘2
(2-72)(2+ 73)

=4241

0 (4 -u=-m-.ahm- 3-8)-4(7-43)
!'.h 431 and the commen e

¥4

z

-2 ' 4% 3 t,}‘ ’ - /341
S
.: El T T — F' I- 2
.' ; ,\-‘rhll '.I'f NPT




N83a
Infinite Geometric Series

range of values of a real number ¥ for which each given infinite
d the sum S.

Find the
SEometric Series CoNverges. Then, fin

" prrevE-

[Sol] Since the common ratio is 2r, =1 <2r <1 €~

ity 1
S 2<_z:<2
1

Also, S=m € iS

3
(1) 3+I+IT+---

[Sol] Since the common ratio is %, =1 <%< 1
s =3 <y
Also, S= 3

W
155
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@3 r+z(1=2)+x(1-2%)24

[501] (i) When 270, since the commop ratio is 1 — 52
0, ~1<1—2* @ andalsg o U

From @, x <@ therefore n<x<n €
From @, x >@ therefore, r<@ E<
i

From @ and @, n<r<@ D<x<
“?5 1=(1= r)L;J

ii) When x=0 - i
(ii) Whe -_,?ll terms become 0; therefore, the series converges.

’.S=l|

From (i ) and (ii), the range of values of z is V2 |.

‘1<1 =i

Also, when| —+2 0 ’L0|<I<

when r= Po=

4) r+r(1—z)*+2x(1—2)'+

Sol] (i) When x #0, since the common ratiois (1—2)3, “1<(1=-72)* <1
So,.—1 < (1—z)8= ..@ andalso (1—x)* <1 - =@
From @, (1—x)*+1 > (; therefore, it is true forallrealnumbers.r.

! <,thzefore0<-‘r<2 @R
Frqm@_-r(-‘” 2) <0 o o e T




kUMON

BB

o geometric ser o \ o term 18 4,
G en on the mt mitc genmctric geries whose sum is9and 2 }
1A :
find the 1% term a and the common ratio r.
"’1 <7r & 1 ‘“n-

[Sol] Smce the sum is 9, @ +0,
_a =9 - .m

Gt @
ar=—4 @
From ® and @,
o(1 -r)r=—4
g’ =0 —4=0
(3"'*‘1\\15)’—4):0
e
363

Since —1<r<1,r= __13.

From @, a=12

1. Given the infinite geometric series whose sum is %- and 2" term is —2, f
the 1* term @ and the common rauo /4 4

N g

(/ p:
0“'-.1

_“'.V "-
I v .II

[Sol] Smeethcsumxse&- a »,w - r‘n,‘\*ﬂ..




stkb

. en the infinite geometric ger
Gﬂ',es gives another infinite geo
el:nd the common ratio 7 of th

a

o] Since the sum is 3, g #(),

es »Yhose Sum js 3, Squarin
me‘tnc S€ries whoge sum is
€ original ipf inite geometric

ot s
sl AllemativeSollnion
_2 __g3 =@ Since the sum is 3,
L I=7 a#0, ~1<r<q
It 2

(-
1\_'_ D
at

From®, a=3(1-r) -0
From @, a’=6(1-r*) ..@
From @ and @,
(3(1=r))=6(1-)
Y1—7) O e Aars
(1-F7 [ (57=1)(r-1)=

4l
r=e1
1

N 5

g each term of the
6. Find the 1# term
series,

—

a

Since —1<r<l.r=%'

=12 | Fom,a=g: J
From @, a=—¢

. f the
: 7 is 2, cubing each term o
2 Given the infinite geometric series whose .sum s 3  Find the 1%
ther infinite geometric series whose sum 1S 73
series gives ano

i oinal infinite geometric series.
d the common ratio 7 of the original infinite g
term g an

Since the sum is 2,

1 ™ \iirnative Solution
) , =S W T
Since the sum is 2, @70, : a#9, ~1<r<1




KUMON

N&5a _

Infinite Geometric Series

A}

'y

block of digits that repeats without end in jte

ting decimal. The repeating decimal is expressed L

ontains a digit or

e s RO

A decimal which ¢

decimal part is called a repea
wn over the first and the last repeating digits as shown below:

placing ™
=0.3 0.454545...=0.45. 0.123123123...=0.123

0.33333..-=
Also, the repeating decimal can be expressed by a fraction using the sum of an

infinitc geometric series.

- b
s

Convert the following repeating decimals into fractions.

I\

B |
|

[Sol] 0.6=0.6+0.06+0.006+ " 1
0.6 is the infinite geometric series with 1¥ term 0.6 and common ratio |
0.1. Since 0.1| < 1, it converges. |

L0080
U e e

1) 012

[Sol] 0.12=0.12+0.0012+0.000012+ -
0.12 is the infinite geometric
series with 1st term
0.01. Since [0. 01' < 1 1t Converges ke 0.12 and common ratlo




.NSSD
ol 0,324.—_0.3+o.024+o.00024+0_00000
7 The 2™ and subsequent termg e ;;1:

with 1¥ term 0.024 and COmmon ratjq ¢
gince 10.01] <1, it converges. 3

S o . ol
1S the infinjte geometric series

s 0.324=

W 352
[Sol] 352=3.5+0.02+0.002+0.0002+ -

The 2™ and subsequent terms of the RHS is the infinite geometric series
with 1* term 0.02 and common ratic 0.1.

Since 0.1| < 1, it converges.

A 002 _ 7., 1 _317
% 352=35+7 7= 15" 90

r
s
(g LAt

¢

7,
e !ur;dtmﬁ’?-?& § oortp) 1 o
P . ": A %
5) 5.477 b R

v i

) e
o > 3
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N86a KUMON

Infinite Geometric Series

m On a number line, starting from origin O, point P moves 1 unit in

positive direction and then moves -% units in the negative direction.

Then, it moves % units in the positive direction and then moves o5 f

in the negative direction. When this motion continues infinitely, find the
coordinate of the point which point P approaches.

[Sol] The coordinates of point P are as follows.

Let z be the coordinate of the point which point P approaches.

o e e O
x 1sthe mflmte gegmg"c senes wifh 1¥ term 1 and common ratx
: ot Yo s.

I(L,‘_




number line, starti
, Ond ¢ from origin )
dire°ﬁ°“ and then moveg 1

1 ynits in the positive d

—a

iraof
; €ction and then moves Ll

9% Units in the negative
point which point P approaches.

~sol] The coordinates of point P are as follows
: .

1

e Ay W ol

] “ g .
Let x be the coordinate of the point which point P approaches.

g e
=1—%+or =T
z=1—73 + 37 T 3°
ol
r is the infinite geometric series with 1% term 1 and common ratio —73-

* sincel| —4| <1, ivconveres

. 4 = ety =
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Infinite Geometric Series

On a coordinate plane, starting from origin O, point P moves 1 unit i the: -.

. Algs e |
on to the z-axis and then moves 5~ units in the positjye t

positive directi
s A ks |
97 units in the negative directiop ¢

direction to the y-axis. Then, it moves
the r-axis and then moves —ZIT units in the negative direction to the y-axis '.
|

When this motion continues infinitely, find the coordinates of the pojn

which point P approaches.
[Sol] Let (x, ) be the coordinates of the point which point P approaches |
N |

The r-coordinate of point P is :
15l |
I:l-—-é? —2—‘——-21—6-+ “
x is the infinite geometric series with 1* term 1 and common ratio |
b |
. Since ‘ 7R l < 1, it converges. |
—

N T= 1 — &

|5

1—( _%) ¥ 2N

The y-coordinate of point P is

eleuslc cail
¥=5 2;+f2;—2l7+...

0 1,00 *

1 th 1“ term ';“ and common ratio
<k '.7,.'. Al




,, Ona coordinate plane, starting from o
aie . . glﬂ 0, 0'
positive direction to the x-axis and point P moves 1 unit in the

then m
- : OVES < units i ,
(o the y-axis. Then, it moves (l X TR units in the positive direction
3 3 ) Units in the positive directi
and then MOVES (3) units in the positi 3 irection to the r-axis
: 1ve direction t .
motion continues infinitely, © the y-axis. When this

find th :
approaches- € coordinates of the point which point P

ol] Let (z, y) be the coordinates of the poi
. int whi :
The x-coordinate of point P is point which point P approaches.

e Lela (3] +(5)+

1z is the infinite geometric series with 1* term 1 and common ratio 4

Since \—3—\ < 1, it converges. .

by b

9
The y-coordinate of point P is

2 (_2_)5 (_2_)’ 0 1.0

4 ‘b ; ' \ 4
- yisthe infinite geometric series with 1# term ;- en common ratio -

l;.Since,\—g-\ < 1, it converges.
IR & i Rye’ : i hardticea L

- 2 SR R s

53
a

el S

.
12, (]




- en that AABChas 2 perimeter of 3. form AAB.C, whose verti ;
b f the sides of AABC and then form AA-B.C, wi

the midpoints 0 .
?:tices are the midpoints of the sides of AA ,B,C.. When triangles are

formed infinitely as
AAIBICIO AAszCz- AASB3C37 RS AAanCn, ea

find the sum L of the perimeters.
(Soi] Let L, be the perimeter of AABACox .
] Lnﬂ:'%_Ln "’@ “'..

[ Ll=—%—-3_—_%— s

From @ and @,

R

DEGTRORLE2NND ] Skt 2

L is the infinite geometric series with 1% term —%— and common ratio

| <1, it converges.




NB88D

; ' {, Giv:i;?)?)tin?sﬁ?t(liehaéda Perimeter of 10, form AR C
S 1 i
i the midpoints ofﬂ: © of AABC and then fopp, r ngose it
are th e sides of A AB,C e 25,0, whose vertices
infinitely as t WAhen triangles are formed

AA;BICI' AAzBZCZ’ AA:;B:;C; &

find the sum L of the perimeters. e OABLC

(Sol] Let L., be the perimeter of A A,B,C,

1
Lnn:'z"L,. (D

Li=7-10=5 @
From @ and @),
L=5+5-l+5(i)2+5(i)3+...
2 2 2
L is the infinite geometric series with 1 term 5 and common ratio Ok

Since ‘-%—‘ < 1, it converges.

=9 _ 19
ol
- 2

. .

"ft,Give;j'x‘sqq_a:e S, and circle Cs (nv= 122 ) Cnis

inscribed in S, and Sy is inscribed in C. Let 7 be the
radius of C.. and a be the length of each side of Sy. Find the

"eNCES b

-




N89a KUMON

Infinite Geometric Series

1. Let 2 be a positive integer and 7 be a real number that satisﬁc:s el
Given that the sequence {a ) satisfies air+asr*+--ta.r'=(-1)%
solve the following questions.

(1) Express a,, a,, as in terms of 7.

[Sol] When n=1, a,r=—1; therefore, a,= —-i—

When #=2, a,r+a,r*=1; therefore, a:=% € {—I-l—a;r*:q

When # =3, a,r+a,r*+asr*= —1; therefore, a;= —
r

(2) When n > 2, cxpress a,, in terms of 7.

[Sol] When »n > 2,
{ artar’tta, = (—=1)*?
a7 tar’tta, " tat=(—1)" -
From @ and @,
awr"=(—1)"—(—1)""

e 1n fingte 2vometric series
1 i g .

¥ s
11
v h

. - .

R s 0 o 4

il
o

el




Ns?b

extended lifle of side AB such thag AB,=AC. M
BB s 2 side :fmd extend the line of sjge BB' f::e @ Square BB, C, D, using
disection to point B. Then, place point B, og lthism point B..m the opposite
such that BB,=BC,. Given points B,, B, extended l.me of side BB,
the sum of the lengths of line Ségments AB, BB“---BasBdescnbcd above, find
(Sol] Since AB=a. r U
BB:=AB,—AB
—J2AB-AB € =J/2AB!
=
=(V2-1)a
B.B.=BB,—BB,
=Y/2BB,—BB,
=(v2-1)-(/2-1)a
e . =(V2-1)%

-

- B:B:=B.B:—B/B;

L3 _ S : =,/-2_B1B2—B1Bz

Y WIN

- A. . <4 o &
S e Sk X Y 5 2

A ATy

—B‘B;l;z ,B‘le‘ see w

440
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NGOa

Infinite Geometric Series

cometric series converges or

1. Determine whether the following infinite g
diverges. If it converges, find the sum S. » N3
16+8V2+8+4Y2+
gv2 V2
{Sol] The 1* term is 16 and the common ratio 1S —5 7 16 BT E . Since *, <1,

the series converges.

< Lo b

2
L

Rty R G T D
: < : T e

32N
242

S S ch
(2—v2)(2+V2)

=16(2+v2)

--’7'1",-'.;}"2??"',-.-.’@-",‘5-‘ il e

2. Find the range of values of a real number x for which the following infinite
geometric series converges. Then, find (hc 5im S mp N&3
2+2(x =3)+2(2*—3)%+

‘t" ‘{3 )I]"

[Sol] Since the common rat




NQOD

convert the following repeaip,

0.0318 Cimal into fraction. = N85

The 2" and subsequent terms of the . b
with 1* term 0.0018 and common ¢

Since |0.01] <1, it converges,

RliS 18 the infinite geometric series
atio 0.01.

0. Orjlf =0.03+ 0 0018 3 1

] 7
1-0.01 100 ' 550 ~ 220

4. On a number line, starting irom origin O, point P moves 1 unit in the positive
P . 1 . ‘ e
direction and then moves 32 uniis in the negative direction. Then, it moves

—1—4— units in the positive direction and then moves »31-5 units in the negative

y, find the coordinate of the

direction. When this motion continues infinitel
m N86

point which point P approaches.

[Sol] The coordinates of point P are as follows.

1 — i
=gt ge =
B e
1 —é_g‘ —éT 36
point P approaches.

s - . h
Let = be the coordinate of the point Whic
i ol 9
. with 1* term 1 and common ratio =g

ini ic series
7 is the infinite geometric S

+ converges:
Since \ --1'\ <, ingol




NG la

Infinite Series

Given the infinite series @, +a;+as+ =t an @, the sum of the firsy n

terms
Sx=a,ta,tastt+an
is called the partial sum of the first » terms of the infinite series.

The infinite series @ can be written as Z}l QA

Determine whether each given infinite series converges or diverges.
If it converges, fiud the sum.

oY -

P Vn+l+Vn
[Sol] 1 2 Vn+tl—+vn
In+1+Vn  (Vn+1+Vn)(Vn+1—vn)
=Vn+1-Vn
Therefore, let S,, be the partial sum of the first 7 terms.
Sw=(Y2=V1)+(V3—12)+(YA—V3) + -+ (VpF1=Vn)
=-l+/arl

*hm( 1+\/“*)_,¢,o

tl-on




= LA 'lf\‘q I b £
N9 . 1
‘(z) Em
1
B V2n+ T +V2n—1 = (Vs E)(%‘m)
f the first 7| 23(% ‘/\)
Therefore let S, be the partial sym of

the first 5 terms.

(ff)++(

(»/_ V1)+1 25 (5-y3)41 L

=7(*1+/§n\+1)

Thus, the series diverges.

Yyn+1 —
ml)xn n = 1
“[(n+1)in -IE:J F1][(n+1)0n=nen
Vn+1

s sl e W T
= ‘”“i(,iﬂ)

v j =
(nt1)Vn+n




: ‘ R .

PP gy > -

“ar
gy Ae

Ry L ) ,,"Jw,‘; ot s O

N92a

Infinite Series

Determine whether each given infinite series COnverges or diverges.

If it converges, find the sum.
IH 1 I R,
13t237 37T T RGED

A o hdih
Boll Lt 5Dy~ 5 w41

1=a(n+1)—bn €

=(a—b)n+a %

~ a=l, b=1 | :
Therefore, let S, be the partial sum of the flrst n terms

SRR

1
n+1

=]1—
1

" limS,= ( ——_*)
S K- n+1
these‘“"*“"Onwrz&sandthesuuus 1.




a0
e
TR

NQQD

/]-'~f-°§— 1 A 1
B3 35 57t
(277\17)'(2’2;%1) 150§
e
b =z

L |
Let AN
[50\] (27’1—1)(271«%1"):'29 =]
1=a(2n+1)— il
: )=b(2n—1)
=2(a—b)n+(a+p)
LSPEED S S|
hel A= 5% b=—
g 2
Therefi § i
erefore, let 5, he the partial sum of the first # terms
AR |
= (153 (33 -
3 5 2N S &“'_2(.‘2#—1_'2”1-'1

-

)

* imS,= ,131‘1%

n—o

Thus, the series converges and the sum is 5

1 T e 1 ¥
b e
Boll 754+~ L
2
2 a
Let n(n+1) n
2—-a(n+1)’bn
_(a,b)n-i'a
e
Therefore, 1€t Snb
. 28
Sn= ('1’ 2
i
_2(1- 71
. ‘5’—;”_"
”the serics convers?



L et

i l‘}'.'l.': "’,' .’F

Determine whether each given infinite series converges or diverges.

If it converges, find the sum.
1

v 4o
O T s et T (D)
b

: 1 - a gt
iSol] Let n(n+)(n+2) nn+l) (AH+1)(n+2)"

l1=a(n+2)—bn
=(a—b)n+2a

T a==5, b

Therefore, lct 5, be the partial sum of the first # terms.

—Lfae )] [1S5]) kg iy 1 1
S 2(2 6)+2(6 12)+2(12 zo)+'"+7[n(n+1)

.

1
(n+1)(n+2_)_]

)
(n+1)(n+2)

J

o



NQBD

1
o+ :
P 12" 12+23 T L ¥ A

= 1 1395 1
gl T-2+2:3+3-44 3 242353 (
n(n+1y S5—1 Ll
k(k+1
= 1( , 1
62 \n+1)(9
T+ Sn(n+1)

I
eo

3
=3 0
n(n+1)(n+2) n’n+1)-7z'+T)b(n*2)
7_5 _—;(a—b)n+20
R 3
a'—21 b 2

Therefore, let S, be the partial sum of the first # terms.

I
%[~—W>]

3

] =

1,///’] 4
,11125"',1,%3[’ Gl (a2

the sum 1S 4"
Thus, the series converges and
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Infinite Series

Find the sum of the following inf inite series.

i (COS%‘“COS"E’%_T)

k=1

[Sol] Let S, be the partial sum of the first 2 terms.

S.=(cosn—cos—;—)+(cos-’zr-—cos-g-)+--- +(C°S%—cos%+l)

= T
j— n— —
COS CcOS F1

= —1—cos—=
n+1

SR N o ~
lim S, ll_l.rl( 1—-cos— "3

?(cos— TCOSTIT k+1 )-—2




94D

(2 22cos 23“, sin zfﬂ

!"['501] 2cos %Tsin%

r4[ sl

2k+1 + 2k+1 >_Sm

=]

= sin—zrr— sin ok
Therefore, let S, be the partial sum of the first 2 terms.

T

S,.=(sin1r— sin%—)-k (sin—g-— sin%)-&-----i-(sin%r— sin—é;>

: I,
=SsInn— Sln_2'7

L
<
]
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Infinite Series

When the infinite series 33 @ and 23 b converge, where 23 2, =S and
g b,=T, the following properties are true:

5:.‘ ka,=kS (k is a constant)

n=]

3 (aut+b,)=S+T
n-le (an—bn)':s_T

Find the sum of ihe following infinite series.

Wi‘( 1 5)

— zn-l -4_;.




.
|
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Infinite Series

e
s of infinite series ”Z‘.l Gn

Let S, be the partial sum of the first » term

When n = 2, a..=S..—S:-x

When the infinite series Z An
lim @, = lim (S»— S..-l) th,. th,.-

N+

Therefore, when 2 a, converges, lima,=0
Also, when the sequence {@,} does not converge to 0, Z a» diverges.

From the above, the following statement is true.

converges, let S be the sum. Then,
=5—5=0

“Cony rgence and Divergence of Infinite Series

If the infinite serics 7‘_.1 a, converges, then Al_rg an,=0.
If the sequence {a,} does not converge to 0, then the infinite series

21 a» diverges.
n=

Determine whether each given in{initc series converges or diverges.

Ui 2des g
o 1+3+,5+7,+;-
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1 3
(2) §+F+%‘+1’7\2
[Sol] The %% term ¢, is 5 — 2n—1
"“W. |
ik . 1
lma,=lim— 7 _2
n—co 3 3

The se
€ se quence {a,) does not converge to ()
Thercfore, the series diverges. :

ASLEIRE Y

2

[Sol] The #* term a, is a,=—7—
}tt+1 .
PE&“F},@#: =1
1ls
n

The sequence {a,} does not converge to 0.
Therefore, the series diverges.

(4) 1—2+3—4+-

[Sol] The »" term a.» is a,=(| —1 \)""n.
The sequence {@x) oscillates and does not converge

Therefore, the series :

0.

(5) =143=8i75 g
[Sol] The 7° term dn S :@"é.( i (i’:iow 1jlbt’conv
" The sequence {dx) oscillates an

e e, he s Ve

erge t0 0.

- la 0 P~ .:.p-_' T+
aalil, e io ensaatiy

R ' "-.- - Al =
SR Rt

= 1
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Infinite Series

Determine whether each given infinite series converges or diverges.

If it converges, find the sum.

n p LU e

(s 22 e 38 0 Ilbe Tas it t
mz TR LT PRETEG [ WPRSTR T R )

[Sol] Let S, be the partial sum of the first z terms and 7 be a natura] '

number.
(i) When n=2m—1,

-
m— o

(ii) When n=2m,




N9Tb

—94+2—3 4.3 n+2 . n+
(1) gre+2 + o — = \+u_£3—
3§ 3 n e g

[Sol] Let S, be the partial sum of the first 7 terms and 7 be a natural number
(i) When n=2m—1,

Snzsmu-l
=3+( _2+2)+(_§_+§_)+...+(_M+M)
S&e3 m m
=2

2 ,li_l.llsz,._l=3
(ii) When n=2m,
Sn=SQ.

S N o I e by ey

= _m*3
—S“"d—( m-il)
3
. 8 lim52n=lil'ﬂ. Sz--x b _’{.L. =9

m—- . 1 +__

From (i) and (ii), ms:--x *li_x}}.S,.
Therefore, the series diverges.
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Infinite Series

iverges.

Determine whether each given infinite series converges or d

If it converges, find the sum.

Nl P B S a RS N el L
shatertartortast
[Sol] Let S, be the partial sum of the first » terms and 7 be a naturg]
number.
(1) When n=2m,
S,.'_—'_S_z!_.-
i 11 (_1-
_[2+ 2
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[Sol] Let S, be the partial sum of the first » term
(1) When n=2m,

| Si=Ssa By
[ (3 () e Aol Y
T AT
B

(ii) When n=2m—1,
Sn=52m—1

(4]

- mswimpmls-—2(3) |

m-—sx

From (i) and (ii), im Som= lim Sam-1

the series converges and the sum is —2-

i Therefore, R
: ' ‘#‘ \-' "‘. Li:
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Infinite Series

4 5
1, Giventhesequence(a..}:i_—zgar. 2.3-92" 3-4-2°"

solve the following questions.

(1) Find the general term of {@x}.

n+2

(Sl = Gt 1) 27

b o
T i

(2) Find the constants b and ¢ which satisfy 2”a,=

[Sol] From (1), 2"a,,—7’ﬁ;2 o)

Since 2"a,,=ﬁ+

n+1’

(b+c)n+b

n(n+1) O
From(Dand@) n+2= (b+c)n+b -
+ 0=2. e =1 IR &/

las=
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- 9. Find the sum of the following infinite series.

OB 38.

—— —_— - n
1+7r+7f2+7t3+ +F+"-

(Use the condition lim 7x"=0 when |z| < 1)

[So] Let S, be the partial sum of the first 7 terms.
Sa=1+2 +i+ 2

@
i Multipiying both sides of @ by %,

H

N T s AT v e e | iR

; From ©®—®,

i e cnben &

! (1 T S (1+7tT722+7t3+ +7T'H n" %

é £ l_)“ .§

? % (’; = ¢

| 1-1 Sum of the geometic sequence.

3 SO Ry

| ((§

£ T T
-l

Therefore the sum of the mf"mlte seriesis

N - — :-z

A, \‘l':-;
n}
)

-..rus" a}t‘i

:Wlth l‘mm 1 oommonmloi
* 1 andnmnbaofm" J

i

e
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Infinite Series

1. Determine whether each given infinite series converges or diverges.
If it converges, find the sum.

3 2
1) ..21 Vn+l+vn+2 ™ N9

[Sol] - 2 3 2(Vn+l—Vn+2)
Vn+t1+vn+2  (Van+1+Vvn+2)(Vn+1—vn+2)
=—2(Vn+1—-Vn+2)

Thereiore, Ict S, be the partial sum of the first » terms.

Sa=—2(V2-V3)-2(V3-V4)—2(V4—V5)——2(Vn+1—Vn+3)
=—2(vr2_~~/m)

. imS,=1lim[—2(/2—Vn+2)]=o0

Thus, the series diverges.

2) ——+%+L

15 59 913+~:
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9. Find the sum of the following infinite series

=» N95

~ [Sol] Let S, be the partial sum of the first 7 terms and m be a natural number.
(i) When n=2m—1,

S»=S2m-1 ] 5
6 i,
=2+(’% ’g')+(_’$'+"7)+"'+( 2m+1+2m+1)

a=1 10" »=1 1
)
25 T
| Syes e @]\ BRI
210" ,.:1(5>_ =1 SREA
'F 5
' e D e ) LI _1_)"_“ IS\ A 13
| 2 107 “,.=1<2 2(?) ST
E 3. Determine whether the following infinite series converges or diverges.
i If it converges, find the sum. = N97
> 4 6.6 2 on  2wit2
i1 B 55 .7 17 ntli 2n+l 2m+3
¢

g o . Y R S -t - T —
¥ [T o o §
T M L — & 1

g
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