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| Find the distance between the two given poinis

Al=1.2). B(3 1 ’e

The Pythagorean

[Sof) AB=/(3+1)"+(4-2)" € |Theoem /

(1) A(3. 1), Bl(7.,4) Ve
- Bi7. 4
[Sol) AB=v(7-3)*+(4—1) ) /
T\ |

v25 - = s

5 B T T T
(2 A(0.3). B{—4.—1) 1Y
i““” AB=v( -4 0y +(—1-3)° M

J12 L u &

=4y 2 Bl -4 | i

(3) Al(L —-2). Bl4,3) 78
{
’ I
[Sol] AB=+(4 1} +(3+2)°
| :
=v34 N Y R
AL -2
(1) Al-4,2), B(3 2) :
s E : Al =42) : B2
[SO“ AB=+(3+ 4)541(2-2)" | Ahemative . . —
e Solution l
=v49 AB=3+4 -4 ul 3z
=7 | =2
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Find 2 when the distance between two points A(2, —3) and Bz, 5) is 10.

ol Smce AB= 10,

—- RV
J (x '3““5"*3". 10 ey |
:
r'-4z-32=( (’-
P — L
r+4)(r—8)=0 mm* ;
dvimplifying | |, :

x==4. 8 | “HA@ -3

4 Fmd r when the distance between two points Alx.2) and B(5.5) is 5,

[Sol] Since AB- 5, va
BiS 5)
W(5-2)"+(5-2)"=5
r'~10xr+9=0
2 1.._
(x=1)r=9)=0 A : 4
: ok
o X=19 3

Find y when the distance between two points A( 1. 3) and B(2, u) is 3¢5,
Sol] Since AB=3/5,
2+1)V+ (-3 =3/5
- Y by -27+0
fu+3)u-91-0
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~ from two points Al 1.2) and B(4,3).
[Sol] Let the coordinates of point P be (£, 0).
AP=V(r+1)7+(0~-2)’

=yx*'+2x 45

S -— T - il — i il T— — e — — TEY L TEETO W OTHES T TEETT TTHET T OTERET W T W OTERE ) TEET O TEERET W MR W OTmE WS WM W W
b

BP=V(z-4)"+(0-3)° o /7
=Vz'—8r+25 o
Since AP~ BP, 1.e. AP"=BP’, |
r'+2r+5=x"-8xr+25 Pr.o) %

1. Find the coordinates of point I” on the x-axis such that it is equidistant from two

points Al -~ 1, 4) and B(5, 2).

[Sol] Let the coordinates of pont P be (x, 0).
AP=Y(x+1)+(0~4)’
=Vri+2r+ 17
BP=v(r-5)"+(0-2)°
=yx’=10r+29
Since AP=BP, i.e. AP"=BP,
42+ 175 2 105429
S r=] = _
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Given AABC with vertices Al —1,0). B(2 4) and C(3.2), show that

2 ABC is 8 nght-angled triangle. =
(Sol) AB’=(2+ 1Y +(4-0V=25 B2 §)
BC'=(3-2) +(2-4)"=5
CA'=(~-1-31"+(0-2)*=20 >
“. BC* +CA’=AB* T N
Therefore, ~ABC is a night-angled Al —wP %
tnangle with nght angle C.

1. Given S ABC with vertices A0, 3), Bl —3. ~3) and C/4, 1), show thas
AABC ts u nght-angled tnangle

(Sol] AB*=( ~3-0)"+(-3-3)"=45
BC*=(4+3)"+(1+3)"=65 A0 )
CA*=(0—4)*+(3-1)*=20 g

. AB'+CA'=BC*
Therefore, £/ ABC is 4 nght-angled
tnangle with nght angle A

2. Given ZABC with vertices A(1,2v3), B(2, v3 ) and C( - 1. 0, show th
A ABC is a nght-angled irangle.

(Sol) AB‘ -{z-l}'ﬂ.ﬁ'-&@'!l
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. Internal Division and Internal Dividing Points

Given that point P lies on line segment AB, and AP : PB= m - n_line segment
AB is said to be internally divided by P in the ratio m - n. Pomnt P is called an

internal dividing point. )
(m and » are positive numbers. ) /0\

3 — T Riak )

Given points A2, 0) and B(8. 0), find the coordinates of point Plz, 0)
which internally divides line segment AB in the ratio 2: 1.

(Sol) (x—2):(8-x)=2:]1 €~ [APSZ"Z PESa-

2(8—x)=x-2 'T

o x=6 .. P(6,0) o Azl h,,pn;—.t K

“

I Given points Al 3,00 and B(7.0), find the coordinates of point Plz, 0)

which internally divides line segment AB in the ratio 3: 2

[Sol) (x+3):(7T—2)=3:2 ua
JT7-x2)=2(x+3) ‘/—‘—‘W
' x=3 .5 P(3.0) Al=30) ) Pz 0) BT o) ¥

2. Given points AL~ 1,0) and B(6,0), find the coordinates of point Plx, 0
which internally divides line segment AB in the ratio 5; 2.
[Sol) (x+1):(6-x)=5:2 v
5(6-x)=2(x+1)
“x=4 . P(4,0)

Al=10)¢
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Given that point P lies on the same lme as (When m - ») 8

line segment AB, but outside of line segment ——

AB, and AP: PB=m : n, AB is said to be 3
externally divided by P in the ratio m © n,

Point 7 1s called an external dividing point. rf%l_@__/’ﬁ

(» and n are positive numbers., )

(When m < m )

Given points A(3,0) and B(7,0), find the coordinates of pomnt P(r, 0)
which extemally divides line segment AB in the rano 3 : 1.

[Sol] (x—3):(x=T7)=3:1 & [AP=x-XBP=x—7|

I(x—=T)=x—3 v
| -.l .I' _'9 |
I S P(9,0) O  Ax0 B(7.0)Plr0) ¥

1. Given points A(2, 0) and B(5, 0), find the coordinates of point P(x. 0) which
externally divides line segment AB in the ratio 4 : 1.

[Sol] (r—=2):(x—5)=4:1

W

4(x—5)=x—2 I
.. x=60 -
" P(6.0) O A(z0) B(50) P(r0) =

2. Given points A(L 0) and B(4, 0), find the coordinates of point P(x. 0) which
externally divides line segment AB in the ratio 1 : 2.

[Sol] (1-x):(4-x)=1:2 us
A=x=2(1-x)
o M= e -
b 4
L P(=20) Plx.0) O] A(L0) Bl4.0)

3. Given points A(2, 0) and B(4, 0), find the coordinates of point P(x, 0) which
externally divides line segment AB in the ratio 3 : 2.

Sol) (r=2):(x~4)=3:2 “]

3{1' .t}_;ZfI—z} /—®\
=f - ©
( 0| A(2.0) B(4,0)
\@-m ‘
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|

il

lind the ni of pommt P /
m i i :
s
|J. -
— —
| lind the coordinates of point Pl
nt AB in the ratio 2
/ &
0 -
I il il IMMNT [J 1
b 11
ol
-
o
Lr
o
- -
.
.
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Let the coordinates of two points A and Bbe Alx,, i,) and B(z,, y;) as shown

in the diagram (x, > z,), Find the coordinates of point P(z, y) which mternally
divides line segment AB in the ratio m : ».

[Sol] (x—x,): (xy—x)=m:n
m(x;—x)=n(xr—x,)

op= _?-II|+M:
: . m+n

(w—w) i (ye—y)=m:n

m(u:* —ufu—u:}
]!1"'?"]!: :
L f+" -, ol = x Iz I
p nx,+mx, ,+m;
o\ mtn mtn |
— —
[T T 4 b

e A tr x| AL Aw e xm '

Similarly, find the coordinates of point Q(x, y) which extemally divides line
segment AB in the atio m : n. When m > n, x > x; > x, is true.

(z=x,):(x—=23)=m:n
mixr—x)=n(r—x,)

_ onxtmx
m—n

["_Hl.:'liu'"U|):#l:ﬂ

my—uys)=nly—u,)
“nUt Mmis

u_—_ et o R peic S B —

m-n 0 n I

MY

S Tt v S A %

. {J( NX EME; Ryt miuys
i M= ' Im=h

'1,“:1150 truc when m < n.
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Lriven pounits
|_|-l|:'Tr I e
Pommt P
Sol]
!; .
/) Pommt Q1 r.
in the ratio
. !
Soll r
l
7]

Civen pomnts

{_Coordinates of Internal/External Dividing Points )

LS A

*

T3 U3 ), the coordinates of the points that divide
7 are as follows:

., and B

ABE in the ratio M

"I mry Ryt mus J
' n - n m+n
ML, ML ny, +my,

)

2.7, lind the coordinates of the following

L m-—n

1) and B

iIsing the formulas above

/- which internally divides line segment AB in the ratio 3 : 1.

/e

1 Q

.» P(L 5)

u) which externally divides line segment AB
]

Bz 7

o
ar

~242:2 g
1)+2-7 . -

51 15 .. Q(6, 15) T

2 N

AL, ~ 1) and B(5, ~5), find the coordinates of the following

pownts by using the formulas above

Powmt PI ¢

-

4

y [
e i

wil| z

Pount Q1 ¢

in the ratio 3

i
L8]

v

]

v which internally divides line segment AB in the ratio 3 - <
5 _ 21 e 1
3 . 17 (2l 17
J+2Z 5 I ( 3 5 J

v which externally divides line swgment AR

q
L

11 Q-3 11)
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1. Letthe umnlumtunl Aand Bbe A(x,, y,) and B( r;, u;). Find the coordinates
of point Pz, y) which internally divides line segment ABmnthe ratio 1: L

(Express point P in terms of x,, x y, and y3.)
!

o 1'.I| t1l-x, "
"\l'lli ' l 3 ] (‘-" ua
N = 1 L H;:I- Ew!
rytXsz The coordinates of the point | |
2 internally dividing the line in |
Loy +1° 13 the ratio »1 : n are vt
U 151 nr,+mz, nu.*mm) '
m+tn ° mtn it
Wyt s
2 |
| I I I z

I.( x,tx, mtu: )
<. 2

A point which intemnally divides line segment AB in the ratio 1: 1 is called the
midpoint of the line scgment. From the above, the following formula is true in general.

( Midpoint ) —

Ihe coordinates of the midpoint M of line segment AB, where Alx,. y,) and

B(x, y:), are given by

(. tx2 vt s
_\\1 1 : i ; ]

2. Find the midpoint of the line segment formed by the given points.

B8 A1) BT (2) A(3.-7), B(—=5.3)
(244 147 95 =7
(sl (5%, L+7) (Sol] ('i =2 —C 3)

o« (=k=2)

(3) A(—-1, =5), Bl3. —1)




d the coordinates of point Q( . v) which is symmetric to point PO15)
with respect to point A(3, 2)

I a

P(1.5

4y Since pc;int Als
S 5 2= €~ the midpoint of
limet_}_

F the coordinates of point Q( x, ) which is symmetric to point P(2, 5) with
respect to pomt A 1,2) P(2.5)
. - y— ST Y
Sol] 1 3 //
b v l
Q=4 ~1)

~Y

Xr yl

Find the coordinates of point Q(z, ) which is symmetric to point P( -2, 4)
with respect to point A(2, 1),

7
P-2.4) |
2+1r el :
prd ’ - . i -
- £ ps
r=H, y 4
Q(6, —2) = —F

Mr py)

Find the coordinates of pomnt Ql r, y

which 1s symmetric to pont P(2, —~5)
with respect o point A( -3, -2

J‘,T
2 4 K 4
b” : Fa I . :rf .l l‘; Q5 y

-
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1. Given AABC with vertices A(2,8), B( —5 ~4) and C(6, —1), solve the
following questions,
(1) Points D, E and F are the midpoints of sides AB, BC and CA respectively.
Find their coordinates.

(Sol] D: (2 2 —3—'-2-'1)

(‘ —5+6 l

—— ——— —

2

r(’ 6+2 ‘ —148

(2)  Find the coordinates of point G, (x, ¥) which intemally divides line segment
AE imtheratio 2: 1.

1:2+42: 5 1 3+2-(—-%)
[SolllTm—s—tCmy Ry
Gi(1.1)

(3) Find the coordinates of point G (x. ) which internally divides line segment
BF inthe ratio 2 : 1.

7
1-(—4)+2-L
+
sol) p= 142302 oy e 2 o
. Ga(1.1)

(4) Find the coordinates of point G, (x, y) which intemally divides line segment
CD in the ratio 2 : .

[Sol] x= l?j?(‘ )

2+1
S Gall 1)

The line segment connecting a vertex of a tnangle to the midpoint of the opposite side is
called a median. The three medians of a tnangle intersect at one point which internal’
ivides each median in the ratio 2 : | The point at which the three medians intersect
center of gravity of the tnangle. ‘




M&D
(_Center of Gravity of Triangles )

Given " ABC withvertices Al z,, y,), B{x,, ys) and C( x,, s ), the coordinates
of the center of gravity G are given by

L

[ X+ 234X U ¥ Ut us
3 3

Give

n LABC with vertices A(2,8), B( =5, —4) and C(6, ~1), find the
coordinates of the center of gravity G(x, y).

Nl
' . JTh
[Sol] r==— 1

Given L ABC with vertices A(3, 2), B( —1,0) and C(4, =5), find the
coordinates of the center of gravity G(x, y).

2 ]+ Wa
ol 2
: B(-1,0) s
y=2205_ o G s
GI(2, ~-1)

Ci4, -5)

Grven ZLABC with vertices A(2, 3) and B(0, —6) and center of gravity
G =1 1), find the coordinates of the other vertex C(z, ).

Ml el t0+r 3-bty
ol] ~1 1 e 3 Clx. o)

> Xx==5 ywg

\.° —
-« C{~5,6) ¢ .

| S S



| pa— PRI —

MQga KUMON®

Points and Lines 1 Narre

100% L~m‘~m|-—m|ml ==

1. Given 2 ABC with M as the midpoint of
BC, prove the identity
AB*+AC*=2(AM?’+BM?)

[Sol] Placing side BC on the r-axis and M at
the origin, let points be Ala, b),
B(~¢,0)andC(c,0). B

AB*+AC'=[(—c—a)*+(0-b)*]+[| (c—a)’

= 2a*+267+2¢7 | @

— — L LR B == 7

2(AM?+BM*)=2[ | (a*+b*)+¢? |]

=| 2a*+26°+2c° | @

From @ and @, AB* + AC*=2(AM?+BM?)

2. Given L ABC where point D internally divides side
BC in the ratio 2: 1, prove the identity
AB*+2AC*=3AD* +6CD?

[Sol] Placing side BC on the x-axis and D at the S j

origin, let points be A(a. b), B(~2¢,0) B(~2c.00 0 D)

and C(c, 0), A
AB'+2AC =1(~2c=a)"+(0~5)") +2((c~a)*+(0=B)]

=3a"+3b*+6c* @
SAD*+6CD* =3(a*+ b?) +g?
=3a’+3b* +6¢* @
From (L and @, AB’+2AC’=3AD'+BCD‘

AB'+ AC"=2(AM" + BM"), which is proved in question 1, T
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1. Given points A(—3,2) and B(4,5), find the coordinates of point P(x, y)

which intemally divides line segment AB in the ratio 2 © 1.

= (=3)%2:4 'O
[Sol) z=14=3L 2
_1-2+2-5

[ Alternative Solution
(x+3):{4—2x)=2:1
4=x)=x+3

5

Lx=g

(p=2):(5-y)=2:1

A5-pyl=y-—2
TS |

- P(34)

» Mb
va
ymlsj
% Plz. w)
Al—32)
0 T

2. Given points A( =4, —2) and B(1, 8), find the coordinates of point P( r, i)

which externally divides line segment AB in the ratio 5 : 3.

[Sol] x= = 3_'_':_,__"_]1_15_‘1_"___‘11

§—3 2
_=3(=2)+58
- p(AL
i P( 9 .23)

Alternative Solution
(r+4):(x=1)=5:3
S5(r—1)=3(xr+4)
‘i 17
% 9
(y+2):(y—8)=5:3 |
S(y—8)=3(y+2)
s Y=23 |
- p(42)

» Mé6
v
Plz. u)
B(1.8)
0 T
Al =4, =2)
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Find the equation of the line passing through point A (x,, u,) with slope mr.
A

[Sol] The equation of a line with slope 71 15
y=mx+n O

Since line @ passes through point Alz,, v, ), flod i

= mx,tn| Q@ . @
From @ and @, / @
U= Uy : mlx—x,) / < 3

i The equation of a line passing through point (x,. y,) with slope »1 is
y—w=mlxr—x,)

1. Find the equation of cach given line.

EX.
2 The line passing through point (2, 3) with slope i— “

[Sol) y—3==5(x—2) 2/.{2.{

1

. L im
.u—zr-E

(1) The line passing through point (1, 4) with slope 2.
(Sol] y—4=2(xr—1)

L y=2x+2

(2) The line passing through point ( —6, — 1) with slope }T

[Sol] w+1= ,lj (r+6)

=y
S Y= 3.r+l
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Find the equation of the line passing through the two given points A and B.

m'— ! BB(3 4

I'he slope of line AB 15 . I:, .],
-1 lr+3) € Pawing through
x point A( -3, 1)

B(6, ]
S The slope of line AB is 3 |
]
d 0 I 1
y=-—x4+7
2) Al(-=2 -2) B(41]
ey : 14 l Ve
[S0l] The slope of line AB 1s 57 =
4+2 2
y+2z 1 r+2)
B H
y l: I
-
1(3.4). B ]
. s
501} The r-coordinates of both ponts are 3 (34
From the graph, |
) 0 T
the equation of line AB is 1 3 B3, -1

CEquation of A Tine 1)

he equation of a line passing through points A(r,. . ) and Blz, u

] I
L/ 1 I X
4 Xs—2X 4 ,A-hr:nr rr,

IS

rf - r.whenr I,
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Find @ for which all three given points lie on the same line

I'-.\. ,"E'HI i |. lil :!' 'J.L_ ("' . ~_-|

e

[Sol] The equation of line AB is B

0 -
yt+l 5 1,{'1' 3)

So, v 2¢-+5 @

Since line (D passes through point C,

5 2a+5 -~ |SmeeCla, 5]
substitule

.. id 4 | Ir=g.p= _5
mito 0.

(1) A(2.3). B(4,9), C(5.a)

[Sol] The equation of line AB1s

So, y=3r—3 (

Since line (D passes through point C,

M2

a=3:5-3 =
x
L a=12
2) A(LD), BL2,7) Cla,a)
[Sol] The equation of line AB is
=t i =3 £ =11
: 2~1
So, y=2r+3 (L
Since line U passes through point C, &
I

a=2a+y -
Cla al
 a==3
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1. Find the equation of the line passing through the pont of mtersection of two lines
2r-3y=-1 ~@and2r—y=1 @ and pomt (2, ~2).
[Sol] From @ and @, r=1, y=1
Therefore, the point of intersection is (1, 1). 4
Thus, the equation of the lineis

= =) e
=1 51 (r—1) €=

(L.1)

S y=—3xz+4 [3x+y=4] G

2. Find the equation of the line passing through the point of intersection of two lines
2r-3y=5 ~@and xr—5y= —1 --Q and point (6. 5).
W

[Sol] From @ and @, x=4, y=1
Therefore, the point of intersection is (4, 1).

Thus, the equation of the line 1s

Coy=2x-7 [2x—-y=17]
3. Find the equation of the line passing through the point of intersection of two lines

3r+4y-8=0 @ and 6x—5v—3=0 @ and point (2, —1).

(Sol) From @ and @, = 5. y=1

Therefore, the point of intersection is (‘j' 1).
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Find the constant m for which all three lines 2r — y—4 =0 D,
2u+3=0 <and mx+y—1=0 (D intersect at one point
¥ 1 L .I u.
>0l From U and &t E 1. ) 2

=

I'herefore, the point of intersection is (1, —2).

Since line €0 passes through point (1, —2),
mel—2-1=0 & Substituting

x=], y=~=2
m=3 into D

». Find the constant m for which all three lines r —-2u+8=0 -Q

2r+3y—=5=0 Q@ and mr—y—3m+4=0 (1 interseet at one point.

-

1Sol] From QD and @, r 2. 0=3 W4
Therefore, the point of intersection is ( —2, 3).

Since line 3 passes through point ( -2, 3),

\S

m-l=2)=3—=3m+4=0)

L

. Find the constant m for which all three lines z—y= —m - @,
xry=m—1 ~QDand r+5y=4m+1 @ intersect at one point.
Sol] From D and D, z - .i.u m- I!

herefore, the potnt of intersection is ( : . m i, )

Since line U passes through point ( ! . m

3
3+5(m-3)=am+1
.m=3 "
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ya=="n] = = i — 3= : i

'wo lines

il
v=myxr+tn, L
U=m.rtn, @

are parallel if their slopes are equal.

Therefore, the following is true.

Fortwo lines y=amt,x+n, and y= m,r = n,,

the parallel condition is m, = m,.

Find the equation of the line which passes through point (1. ~2) and is
parallel to line 3z + 2y - 10=0 -, : = -
[Sol] The slope of line (D is g €& = —i'l""‘ﬁ B\‘

Therefore, the equation of the line 15 o

y+2 Ej"r 1) e  Passing theough T
" point (1, ~2) | -4 |
S 3xr+2ut1=0

1. Find the equation of the line which passes through point (3, ~ 1) and is parallel
to line 2z~ 5y +3=0 D,

[Sol] The slope of line (D is f .

]
Therefore, the equation of the line 18 /
2
= 3)

ytl=glx
J

11 |

" 2x—5y—11=0 ”‘"'g_l'_“g' (A -

_u
5

Fwo lines  myx b omy and o myxt my overdap when e, © mg and n, o m
Fhese two lines are considered 1o be parallel as well.
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2 Find the constant a for which two lines ax —4y=6 ~Dand 2r+y=3 - Q
C allel.
are paralle :

[Sel] The slope of line (D is _fll : X

The slope of line @ is| =2 |.

Since the two lines are parallel, \lO
a ’
: 2
. a=—8

3. Find the constant a for which two lines (@ +3)xr—4y=5 @ and
(2a~1)x—=2y=10 @ arc parallel.

3

:'""-
The slope of line @ is 241,
Since the two lines are parallel,
a+3_2a-1
4 2
TN )
« o 3

"y

[Sol] The slope of line @ is 2

. Find the cquation of the line which passes through the point of intersection of
two lines 22+ y—8=0 @ and 3r~2y+2=0 @, and is parallel to line
r+2y=0 -,

Sol] From D and @, x=2, y=4
Therefore, the point of intersection is (2, 4).
Also, the stope of line @ is 1.
Thercfore, the equation of the line is

Syl
u—4 21'1 2)

- x+2u-10=0 | y=--%—:+5 .I
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Points and Lines 2 Harme
Date / /
4100% -90% | -80% | 70% | 69%-| S

Prove that if line y=mx @ is perpendicular to line y=myr @, then
mym;= —1.

[Sol] As shown in the diagram, draw a line parallel
to the y-axis and passing through point (1, 0).
The points A and B, at which this line intersects @

anr.@and @l are
AL | [m ]y
B( 1 [.[m))

Smce A AOB is a nght-angled triangle with # AQB=90",
OA*+OB*=AB* @ € |The Pythagorean Theorem|

Therefore,
( 1%4+m,’ H-{I 14 m,’ ‘}=‘ (m.-m:)’] (@
From @),

momy=|=—1] +@®

"'"" rﬁm@. |
2em =

[~ (%00 —Th) " T s | U | e ] M ] SumsTy

Conversely, when @ is true, @ and @ are also true.
Therefore, two lines (U and @ are perpendicular.

Civen two lines y= m,x+n, and W U=
¥ = myx + n, parallel to lines @
and @, m,m,;= —1 1s also true.
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{_Perpendicular Condition )

riwo lines y=m,xr+n, and y=m.x + n,,

the perpendicular condition is m,m,= — 1.

=3 Find the equation of the line which passes through point (3, 1) and is

RS

perpendicular to line 4xr —2y+3=0 --@.

[Sol] The slope of line @) 15 2,
Let the slope of the line be m.

1
2

Im l.1.e. m

I. Find the equation of the line which passes through point ( ~2,3) and 1s
perpendicular to line 2+ 3y +1=0 (.

- /&
Sol] The slope of Ime D 15 g /
: (i
Let the slope of the line be m.
£ ] m=2 @
3 o 18 2
: Al
2 . (x4
y—3 gtz 2)

al )

-

Find the equation of the lmc which passes through point (4, —3) and is
perpendicular to line 52~ 3y +5=0 -,

" 3x~=2y+12=0 y=-g—r+ﬁl

sol] The slope of line D) 13

Lctllws.k:pu:uflhchmbcm

:’m lL.re.m 3
3 ’ 5

. y+3 f-.?"x 4)

Ry

 3x+5y+3=0 y=-3,.3
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Points and Lines 2 Marre

Cate / /

1. Find the equation of the line which passes through point (1. 1) and is
perpendicular to line AB which passes through points A(1. —2) and B(5,6).

[Sol] The slope of line AB is

6.9 Vi
5= ] R
Let the slope of the line be m.
o3 sl \
2m lLie. m= 2 P
" u-l:"]‘-(:-l) ol
2
- e D Sk
. Xx+2y—3=0 [u 2:r:+2}

2. Find the equation of the line which passes through the point of intersection of
lines r =3y +3=0 ~@Dand4x+2y—9=0 --@, and is perpendicular to line
r+2y=0 --@.

[Sol] From M and @, x= —:2] u :% v

()
ol
S,

Therefore, the point of intersection is (

Also, the slope of line @ is — %

Let the slope of the line be m.

:lgm'— -1, i.e. m=2

SO, &
LW 2"2(‘ 2)
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Find a for which two lines ax+ 3y +a=0 ~-Qand(a-2)x—py—1=0 @

ire perpendicular

(When a=1)
e

1Sol] Theslope of line D 18 —=a |

he slope of line @ s a=—2

Since the two lines are perpendicular,

l. Find a for which two lines ar =4y —2=0 - Dand (a+3)r by—=1=0 @
are perpendicular.

{ ‘
Sol] The slope of line D is li a o J. .

Theslope of line D is ~(a+3)
Since the two lines are perpendicular,

ca-[—(a+3))=~]

a'"+3a—-4=0
(a+4)g~1)=0
Jea=—4, 1
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Points and Lines 2

Marra
. Date / J
/100%| -90% | -80% | -70% | 69%-|
Ll = = = = e ] }

Given points A(0,6) and B(4, 4), find the equation of the perpendicular
bisector of line segment AB.

[Sol] The midpomnt of line segment AB is o
i y A0 6)
(034, 844) e 2.5,

Since the slope of line AB s

=61, [EYE=

the slope of the line 1s 2. € Ild
Jo y=5=2(x-2) €&~ Passing through
A e e |
e 2r—ytli=0 ‘midpoint (2.5)

L. Given points A(4, 0) and B( —2, —2), find the equation of the perpendicular
bisector of line segment AB.

[Sol] The midpoint of line segment AB is

(452, L L) ie. (1. -1, y

Since the slope of line AB 1s 2
2=0. Al40)
=4 3§ 0

the slope of the line s — 3. o ','/: "

A (e el | 3(xr—1)

S 3x4y—=2=0 |y=—-3x+2|

— — T —

A line which passes through the midpoint of a line segment and is perpendicular to the line
segment is called a perpendicular bisector. A point which lies on a perpendicular bisector is
equidistant from the end points of the line segment.




- i b sl i
ind 1304 1), find the equation of the perpendicular

3 7
l y { L= [m
ind 15 find the equation of the perpendicular

0 y ] € Genenlly, coeflicients
have o be simpler integers;
therefore, divide both sides
by 2 when 6z + 2y 20
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Points and Lines 2 Marre
: ) Date e / /
/100% ~90% | ~80% | ~70% | 69%~|
Ll = = — 1~ — —— =

Find the coordinates of point Bl @, ) which is symmetric to point Al — 1. 4)
with respect to line 2r—y+1=0 Q.

[Sol] Since the slope of line @ is 2 and line AB Vs
i1s perpendicular to line @, @

==

ST

So,a+2b—7=0 @

Also, since the midpoint of line segment AB 1

/ 0
( l;u. 1.;h)licscn line @, /

9. = 1.-;' ad 1 éb '-"l_'{} 6'-

So,2a—b—4=0 @

Bia. b)

ut

Substituting r = -12""4 ﬁl'--u;
Jinto (D

From @ and @, a=3. b=2
oo | BUSN2)

1. Find the coordinates of point B(a, b) which is symmetric to point A(3, 6) with
respect to line 2+ y—2=0 ---@.

[Sol] Since the slope of line @ is —2 and line AB is perpendicular to line @,
2.2=6 _
a-—3J

So,a—2b+9=0 @
Also, since the midpoint of line segment AB

(fi*r; 6+b
Y AR

e |
3+a  6+b Bla.b) \

Wa

Al3L6)
) lies on hine (D,

ot e e e

So.2at+b+8=0 @

-
r

From@and @, a= -5, b=2
L. B(=5,2)
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2. Find the coordinates of point B a, b) which is symmetric to point A (5, 4) with
respect to line 3r 2y +6=0 .

[Sol] Since the slope of line @ is g and hine AB is perpendicular to line O,

K - b i ] W

2 a3 Bia, bl
So.2a+3b—22=0 Q) "N
Also, since the midpoint of line segment AB
{ iéa. 'léb )licu'mlinc D, 1 Al5. 1)

3.9%a 5, A+ . . _

5552438 ous i o
S0, 3a—2b+19=0 @ S8 <
From @ and @, a= ~1,b=8

. B(=1,8)

. Find the coordinates of point B(a, b) which is symmetric to point A(2, 3) with
respectwo hine 3z -y~ 1=0 @,

501} Since the slope of line @ is 3 and line AB is perpendicular to line @,
3.'&.:%:_1 w,
a—2
So.a+3b-11=0 @
Also, since the midpoint of line segment AR
(%52.252) ties on ine @,

L2a 30 .

0
So,3a-b+1=0 -G /1
From @ and @, a= 1 p 17

(s
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Points and Lines 2 Marre

/100%]-90x [-g0u |70 [0

L. As shown in the diagram, given two lines 2r —y—1=0 @ and
Sr+y—4=0 @, and point A(0, 4) lying on line @, find the equation of
the line which is symmetric to line @ with respect to line @.

[Sol] Let point B which is symmetric to point A
with respect to line @ be (a, b).
Since the slope of line @ is 2 and line
AB is perpendicular to line @,

ol
2 = 1

So, a+2b—8=0 @

Since the midpoint of line segment AB

( g d;—b)lics on line @,
22430 19

So,2a—-b-6=0 @
From @ and @, a=4, b=2
S B(4,2)
Also, let the intersection of lines @ and @ be point C.
From @ and @, x=1, y=1
S G
Since the line passes through two points B and C,

=8 bar drel

e Xx=3yt+2=0 ‘ y=%.r+—2-] “

| st gi—-‘
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e

2. Given points Al — 1, 3) and B(5, 11), solve the following questions.

L) Find the coordinates of point P which is symmetric to point A with respect

to line y=2r.

[Sol] Let point P which is symmetric to point A
with respect to y=2r be (a, b).
Since the slope of y=2r is 2 and line AP is
perpendicular to y = 2r,

.
Za*l— |
So,a+2b~5=0 (D

Since the mr&wmt of line segment AP

( - 12*"'. 3;b)hnonu 2z,

3 ;_b_ 27 ..l;a
So,2a~b—5=0 @
From @ and @, a=3, b=

< Pl3.1)

2)  Given that point Q lies on line =2z, find the coordinates of point Q which

mimimizes the value of QA +QB,

Sol) Pmﬂmdﬁliemtb:madcwnhmpmmu

Since QA+QB=QP+QB > PB, €~ [Poin
QA+ QB 1s minimized when three points
P.Qand B lic on the same line.
Also, the equation of line PE is

hl y“&t""l‘ "'@
Fm@udy-ﬂz.:*!g—. y=-%—

TEY
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Points and Lines 2 Name
Dato / /
/100%| ~90% | -80% | ~70% | 69%-| =
P —— =] Tme : o
1. Given points A( —2,3), B(4,1) and C(3a+4, —2a+2), find a for which all
three given points lic on the same line. =, MI2
[Sol] The equation of line AB is
va
P L i
= = AR -
So,y=—rgztg =D L B(4.1)
Since line @ passes through point C, o 7 >
C(3a+4. —23+2)

-2a+2=— :13—(3a+-l}+%

T a=l1

2. Find the cquation of the line which passes through point (1. 4) and is parallel
to line 2x+3y+5=0 -~ @. » M4

[Sol] The slope of line @ is — g \
N O

Therefore, the equation of the line is

el (i
v—4=—75(x-1) “ d
; = =—2,.14
S 2x+3y—14=0 [y— 31+3J s
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3. Find the equation of the line which passes through point (3, —1) and is
» MI5

perpendicular to line 2r + y+1=0 @,
[Sol] Since the slope of line @ is —2,
the slope of the line is é :
L oy+]l= ; fr—:ﬁ.

r -
- x=2y—5=0 y:-‘%-.r—-g-J

4. Find the coordinates of point B(a, ) which is symmetric to point A(4, —1)

with respect to line 4r —2y—3=0 @,

» M8

[Sol] Since the slope of line @ is 2 and line AB is perpendicular to line @,

0, 0F) _ _
2-—=g5=~1

So, a+2b—-2=0 @
Also, since the midpont of line segment AB

( _{l_;,ﬂ . ;.12..*':.51) lies on line @,

A¥a 5 T

So, 2a~b+6=0 QP
FromDand D, g=~2, h=2
e B{""Za 2}

e
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Points and Lines 3 MHarre

T — Tm . 10

Date f !
/100%| -90% | -80% | -70% 69
P —

Given A ABC with vertices A ( l 7).B(—3, —7)and C(8. 4), let AP, BQ
and CR be the perpendiculars dropped from A, B and C to their opposite sides
of ZABC.

(1) Find the equation of perpendicular AP,
= =
8+3
the slope of perpendicular AP is — 1.
==1:(T+1)
" W=—x+6
[z+y—6=0] v

S bk ad .
[Sol] Since the slope of line BC is =1 w=-x+6 T y=icid

(2) Find the equation of perpendicular BQ.
=
8+1
the slope of perpendicular BQ is 3.
T yt7=3(x+3)
=3x+2 [3xr—y+2=0]

[Sol] Since the slope of line AC is

(3)  Find the equation of perpendicular CR.

(Sol] Since the slope of line AB is —1—1 =7,
the slope of perpendicular CR is — .:.
" y=4=—+(zx-8)

y-—--:}-.r-#-—- L x+7y—36=0
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¢/ Find the coordinates of the point of intersection of perpendiculars AP and
BQ

ISol] From (1), the equation of perpendicular
AP i r+6 Q.
From (2), the equation of perpendicular
BQisy=3r+2 Q2. -
From @ and @, x=1, y=5 [

(1. 3) v

-

5/ Find the coordinates of the point of intersection
of perpendiculars BQ and CR,

[Sol] From (2), the equation of perpendicular
BQis y=3z+2 @,

1 =
I

From (3), the equation of perpendicular CR is v= — .;I, xh 3.',;6 @,
FromDand @, r=1, y=5
. (1,5)

6) Find the coordinates of the point of intersection of perpendiculars CR and
AP.

Sol] From (3), the equation of perpendicular CR is - ;I,.r t ?‘,ﬁ (D,
From (1), the equation of perpendicular AP is y= ~x+6 @),
FromQand D, 2=, y=5

« {1.5)

T——“_‘M

rom (4)-16), perpendiculars AP, Q) and CR dropped from the vertices of / AT 0 their
spponste sidos interoct & one poent
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Points and Lines 3 Narre

Oate / /

/100%| ~90% | ~80% | -70% | 69%-
Y — =

= Turd - ic

—

1. Prove that perpendiculars AP, BQ and CR dropped from the vertices of
AABC to their opposite sides intersect at one point.

[Sol] When AABC is a night-angled triangle, all three
perpendiculars intersect at the vertex of the ©
nght angle. When £ ABC is not a right-angled
triangle, place side BC of A ABC on the r-axis,
and place perpendicular AP dropped from
vertex A to side BC on the y-axis, and then
let A, BandCbe A(0, @), B(b,0)
and Cle. 0) respectively.
(a#0.b+#0,c#0)

Since the slope of line AB is ~ %.

the slope of perpendicular CR isi {2 l
Therefore, the equation of perpendicular CR is

D= beN s
u‘ar a )]

Simllurty. since the slope of line AC is

£
a

Thcrcfnru the cquatiun of perpendicular BQis
Y= I..L‘E. ‘ ) ‘—-

)

This shows that H is on the y-axis, i.c. on
perpendicular AP,

Thus, three perpendiculars AP, BQ and
CR intersect at one point.

- ﬁ . the slope of perpendicular BQ is

|-|(_‘_ 0. | —%—

The point at which all three perpendiculars of a triangle dropped from the !
called the orthocenter of the trangle.

—— e oy
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2. Given S ABC with vertices A(6,3). B{ =5, —=8) and C( =3, 6), let BP and
LQ be the perpendiculars dropped from B and C to their opposite sides of
ABC. Find the coordinates of orthocenter H of 2. ABC.

[Sol] Since the slope of line AB is _2__; =1, ¢ m:{.-j_;
the slope of perpendicular CQ is —1. Cl~3 6 )P
Theretore, the equation of perpendicular | Al6.3)

CQusy—6=—1:(x+3).

So, u r+3 (D

- oo . 6-3 1 0
Since the slope of line ACis — 3—6 = "3
the slope of perpendicular BP 1s 3.
Therefore, the equation of perpendicular
BPis y+8=3(x+5).
So, y=3r+7 Q@
From @ and @, x= -1, y=4

“ H(=1.4)

3 Gaven LOAB with vertices O(0,0), A(5,2) and B(a, b), let AP and BQ be
the perpendiculars dropped from A and B 1o their opposite sides of 2. 0AB
ta 20,6 #%0). Find the constants a and & when the orthocenter of 2 OAR is
H(3 1).

B(~5. -8)

Sol] Since the slope of line OA is g;o

0
the slope of perpendicular BQ is
Therefore, the equation of perpmdlculnr

BQis y—bh= —%[r--n).

tn;

'i

=Y

H(31)

Also, since perpendicular BQ) passes through
pomnt H(3, 1),

5a+2b=17 D
Sinice the slope of line OB is 20 - b,
the slope of perpendicular AP is -
Therefore, the equation of perpendicular

APis y~2=~7(x-5).

Aho.ﬁnupupmﬁicujuﬁl’pumthmugh point H(3, 1),
2a+b=0 Q@

From @ and D, a=17, b= —134
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Points and Lines 3 Name
Daze / /
4100% ~90% | ~80% | -70% 22ad [ e

Given A ABC with vertices A( 5, 4). B ~L6)and C(2, —3), let /. m and n
be the perpendicular bisectors of sides AB, BC and CA respectively.

v
\ Bi-L&
1oL

(1) Find the equation of perpendicular bisector /
of side AB.

[Sol] The midpoint of side AB is
=35=1 4+6
(=51 4£6) ic.(-3.5.

Since the slope of line AB is —?—i “%
the slope of perpendicular bisector I is — 2.
Therefore, the equation of perpendicular
bmcctnrf:&. y—5=-2(x+3).

- W=—2x—1 | 2x+y+1=0) ca-n

Al=5 4}

=L T
2=

(2)  Find the equation of perpendicular bisector of side BC.
[Sol] The midpoint of side BC is

(525 (1)

Since the slope of line BC is _2_-+_1' = '*13,

the slope of perpendicular bisector m is 3

Therefore, the equation of perpendicular bisector m is y— %- -:.:-(:--%—)_
Soy= ;r+— Lx=3y+4=0

(3) Find the equation of perpendicular bisector 7 of side CA.

[Sol] The midpoint of side CA is

(572 ") ie (-5-3)

Since the slope of line CAis 453, =
the slope of perpendicular bisector » is 1.
Therefore, the equation of perpendicular bisector 2 is T -%— = l-(x+-g-).

“y=x+2 [ x—y+2=0]

.
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i) Find the coordinates of the point of intersection of perpendicular bisectors

{ and m

[Sol] From (1), the equation of perpendicular
bisector [ is v 2r—1 D).
From (2), the equation of perpendicular

H P
e - § e | I_".J:l i ¥
bisector »1 1s y 9 e 3 : Al=5

From (L and @, x 1, y=1
- i=1.1)

) Find the coordinates of the point of
intersection of perpendicular bisectors
m and n.

[Sol] From (2), the equation of perpendicular

bisector m is y= _]1_; ' :; (D,

From (3), the equation of perpendicular bisector 2 is y =r+2 @,
From W and @, x= — 1, y=1
eigi==1L5)

6)  Find the coordinates of the point of intersection of perpendicular bisectors
nand |
Sol] From (3), the equation of perpendicular biscctor #is y=r +2 ().
From (1), the equation of perpendicular bisector [ is y= —2r—1 &),
From (U and @, r LLu=l
« (=1 1)

mﬁ__

From (4 L), perpendicular bisectors L.mand i of sdes AL BC and CA of -7 AR
Nlenect 2l ong pouet

[ —



M24a KUMON® M 24

Points and Lines 3 Marre

Cate / /

/100%] 90 [ -a0n [ 704 [ 60|
VA — = = =

L. Prove that all the perpendicular bisectors of three sides of /. ABC intersect at
one point.

[Sol] When £ ABC is a right-angled triangle, all three
perpendicular bisectors intersect at the midpoint of
the hypotenuse. When 2 ABC is not a right-angled
tnangle, place the midpoint of side BC at the origin
and side BC on the r-axis, and then let A. B and C
be Ala, b),B(—¢,0)andC(c. 0).

(@ £c,b#0,c#0) — —

u.upu.umurqdf.-ABmU a=c | %|).

Since the slope of line AB |s|

the slope of perpendicular hlscctur MM’ of side AB is —-3‘-%'5- !
Therefore, the equation of perpendicular bisector MM is
-| —lakeiff- | ‘a=cli\E |
y 2 b .(" | 2 ) o )
LetK bc the pumt of intersection of @ and the y-axis. & g8
@ +b'—c § -
k([o] | £28=< ) ¢
Sum:lm‘l;q,r the CQMIIDH—GFPCMWMMNN' ofside ACis
| b |_| _a=c|f._| atec i
VEIve bj(’ T ) 0 "'\ el

The coordinates of the point of intersection of
e i l_ 3
@ and the u-uxism(| 0|, [—"—"“—9—"‘- )

=) 2b

Since this coincides with K, : :

perpendicular bisectors MM’ and NN’ intersect at one pmmhm
Since the perpendicular bisector of side BC is the y-axis, all the P -
biscctors intersect at one point.

The point at which nli the perpendicular bisectors of three !idud'“:illﬁ intens
the circumcenter of the trangle. 5
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2. Given three lines 3xr+2y—16=0 @, 2xr—y+1=0 @ and
r 4y +4-0 D, let A be the point of intersection of lines (D and @, B be
the point of mntersection of lines @ and (D, and C be the point of intersection
of lines 0 and . Find the coordinates of circumcenter K of A ABC.

[Sol] From @ and @, r=2, y=5 o
. A(2.5)
From @ and D, r=0.y=1
. B(0,1)
From@and D, =4, y=2
.« C(4.2)

Also, the midpoint of side AB

s ( Eéﬂ. "él ).i.c. (1,3).

A TR Y
From ‘2, the slope of line ABis 2.

The slope of the perpendicular bisector of side AB s -

Therefore, the equation of the perpendicular bisector of side AB 1s
1

y~3=~2(z=1)
SR S ()

So, ¥ 27X+ 5 @®

The midpoint of side BC is ( 94, %—3) ie. ( 2, %)

From @, the slope of line BC is i

The slope of the perpendicular bisector of side BC 1s — 4.
Therefore, the equation of the perpendicular bisector of side BC is

B = -
vy 4lx—2)

5'04 ": _.u.’...lzg '”@
T

x(12.2)
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— T -— g T me '

Given line [ : axr+by+c=0(a#0,b#0) and point Pl x,, y,) which is not on
line /, prove that the length of perpendicular PH dropped from point P to pomt
by, +cl

H(xy w:) whichis on line [ is PH = Ia.rr_ ~
va‘+b

[Sol] The slope of line [ : axr+by+c=0
- a
is —
Therefore, the slope of perpendicular PH
b

15—,
a

W= _

: w3y X

b

d

@

=Xy __ U3z

— U

Rearranging @, :!a ——
Let & be the value of this expression.
Iy-xy=ak. ys—u,=bk @ &=~
Also, since point H(xs, y3) is on line [,
ar;+bys+c=0 @ From @, substit
From@and @, alx, +ak)+bly,+bk)+c=0 €~ b
(@*+b* k+(azx,+by,+¢c)=0
- -+ _ﬂ]‘*‘ﬂ;""(‘
A a'+b’ ®

From @ and @, PH*= (z;~2,)*+ (s = u, ¥ =(| a®+b’ ) k* (""

(o (| -t |y /

_| lax,+byi+c) |
a'+b’ "1 =
laz,+ by, +cl i 1
. Bl
el J
s R ' o0

WP e ﬁ‘%‘;%_ﬂ-lﬂ_m
R

(34 MG T8y a4 gy T0
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Distance [ :

'he distance d from point (x,, y,) to line ax+ by +c

o J TS o

Find the distance o from a point to a line for the following questions.

] Pomnt (1 and line2r+y—4=0

il“‘i'l‘:pL ';rl = ¥ J
2 ¥ !

) Poim (5, 7)and line r+3y—6=0

v +3-7—6 20

/1743 T B

30 Pomt (0,0) and line 3~ 4y+8=0

N-‘
=
-
=
-
W jae

(Sol) g=50—4-0438] _

i) Poimt 22)and line r+2y+1=0

Soll d 0*2:2+1 ¢
i50) 1742

(5) Pomnt (3,2) and line Sy+4=0

. D*3+5-74
[Sol] d 2L il .14
v +5H ™ ]
Alternative Solution o+ 2+ 3 .14
! . )

'ﬁ_—

I'he formula shove m alwo true when cither g or b 15 0

'.f* L 2
0 !
I |
. I
.l H L]

e —
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Points and Lines 3

Maarra

T —_—— e Cate / /

‘x’!;100°f0 9‘0":] BO‘# L ?0": i EQ‘: i - g
£_imeaas) () ) e | | I . = —

Find the coordinates of point P which is on the z-axis and at a distance of
v 5 units from line 2r — y+1=0.

[Sol] LetPbe Pl p, 0).

J5=22220FL
v2 ' +(—1)°
5120 +1=5
p=2,-3 ¢ CEENEES

< P{2,0),(=3.0)

1. Find the coordinates of point P which is on the r-axis and at a distance of
v 10 units from line 3xr —y + 2=0,

[Sol] LetPbe P(p,0).
13:p—0+2|
Y3 H(=1)"
. 13p+21=10

q p
p=-z. 4

v 10

. P(5.0).(-4.0)

Jr—=p+2=0

2. Find the coordinates of point P which is on the y-axis and at a distance of

2 umits from line 3x + 2y - 6=0.

[Sol] Let Pbe P(0, p).

. 13:042-p—6 5

B v3*+2?

. 12p—61=2V13
p=3 13 IN Ir+2p—-620
J % B =k i 5

. P(0,3+V13) 0|

=Y

P N




M26D

Find a for which the distance from point (5, — 1) to line axr —4y—4=0 15 3.

I When & 15 a constant, find & for which the length of perpendicular dropped

frompomt (Z. 1) whnekr+y+1=018 ¥v3

(Sol|

k'+8k+]=0 From Quadratic Formula
(’j J102),
k= =42d4’~ 1]
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Points and Lines 3

.‘i.,]rrr.u

Crato / /
e e
£ iretahany § -— — — T - . .

— _ = e —

Find the distance d between two parallel lines 2r — y+1=0 @ and
2x—y+6=0 Q. Apitca e
[Sol] Consider point (0, 1) on . €= “‘ﬁ =

Since the distance between lines @
and @ 1s equal to the distance from
point (0, 1) to line @,
g=12:0-1+6|
v2'+(~1)?

en

1. Find the distance d between two parallel lines 3xr —y+2=0 @ and
3r—y+7=0 @,

[Sol] Consider point (0, 2) on .
Since the distance between lines (D
and @ 1s equal to the distance from
point (0, 2) to line @,

3:0-2+7] _ 5 _ Y10

yE+(-1)? Y10 2

“o o

“y

[

'ﬁ
\Note| The distance between two parallel lines is equal to the length of the perpendicular
dropped from an arbitrary point on one line to the other line, The arbitrary point can
be any point on the line that is convenient to calculate, For example, a point with

integer coordinates, or r-/y-intercept, which contains 0 in the coordinates.
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Find the distance d between two parallel lines 3z +4py~6=0 @ and

i
t

[Sol] Consider point (2, 0) on Q. - va

Since the distance between lines QO
and 2 18 equal to the distance from 3

point (2,0) to line @,

2.0 4 . =0}
J ¥ - I fj I-l f‘
¢l — - .
¥ 3§ 1
Alternative Salution
| |
Contider pomnt | 0. 7 ) on O,

Smnce the distance between lines © and @ is equal
to the distance from pomnt [l‘]. ‘: ) to line @,

£ |
il d -2
30 12“}

d YL

3. Find a for which the distance between two parallel lines 2r— y—2=0 @
and 2r—y+a=0 - Qis v5.

[Sol] Consider point (1, 0) on . ve @ ®

Since the distance between lines @D and @ is
equal to the distance from point (1, 0) to line @,

@

J5=121-0%al
T AP (-1
5=lg+2l -

. a=3, =7 (j

Alornstn e Solutsm
Consader powt (0, ~ 2) on D
Satwe the destance between (mes U and L s equal
10 the datance fhom powt (0, ~ 2) o loe D
/5 ':{,:’L'!_L‘!..
v2'+(~1) /
2= lg+2i
a=3, 7
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| Points and Lines 3 :
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| /100%)| -90% | -80% | -70% | 69%-]
/;---Ja | e = Ty ) e

Find the area S of

ABC with vertices A(0,

3).B(3.3

jandC(—1.3

' [Sol] The equation of ine AB is va

Are34=-3 !
| y+a=g"0x=0) |
. 5o 3z—4y—-12=0 Q@

The distance d between pont C
and line (D 1s

,d |IH'| I' 15 ]2: .I'.
' 3%+ ( - 4)*

Also, AB=v(8—0)*+(3+3)?

=10

) | e
Ly E'IU'J-JJ

1. Find the area S of AABC with vertices A( —5, —3), B(3, =1)andC( — 1. 8).

[Sol] The equation of line AB s

: 148 ~ .
e 945 \r+5) C
“ r=4y—~7=0 @
The distance d between point C and line @ is
|=1—4:8-7] A0 A0v 17
d=A7e= 001 _ 40°_ 40+ =3
T (—-4)F Y17 17 -
| Also, AB=V(3+5) +(—1+3)"=2/17 ,, =
A7) S gl | LAl
IS 2*3\1:"'1,? =40
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2. Find the area 5 of Z ABC with vertices Al =3, =5), B(5, =1) and C( =2, 4).

E=

|Sol] The equation of line AB s A

y+5=—1E3 (2 49
H5+3
r=2u~=7=0 -..@
I'he distance d between point C and line @ is

2-2:4-7) _17 _17/5

d —— . -
vi1 "+ (—=2) vJ 3
Also, AB=vy(5+3)"+(—1+5)"=4/5
ey — 1745
. 8= 2 V5. 5 =34

3 Find the area 5 of a triangle which is formed by the lines
2z-y~1=0 D, z-4y+3=0 - Qand 3x+2y—-19=0 Q.

[Sol] Let A, B and C be the points of intersection of @ and @, @ and @,
and U and @ respectively.
From Dand @, r=1, y=1 us ®
S A(LL)
From @ and @, £=5, y=2
. B(5,2)
From D and D, r=3, y=5
S. C(3,5)
The dastance d between point C and line @ is B(5.2)
g=J3-4543 1 W17 _—T7Au. :
1"+ -4 17 17 ; \ r
Also, AB=4(5-1)+(2-1)"= /17 'y
5.=] 17 l"rl? =1

e
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Points and Lines 3 tarre

Date
00%] 00s [oon 70w Jon|

1. Given point P moving along curve y=x" 1 and point Q moving along line
y=1x—3, find the coordinates of point Q and the distance between P and Q
when the distance between those two points is minimized.

[Sol] Letpoint Pbe (¢, £*—1). The distance d between point Pand line y=r — 3,
. x—y—3=0 Qs v y=x'-1
Ht=(2=1)=3)
(1)
Sl el a=plle
V2 "
= F=t:+2| i

v2

d=

Therefore,

when (= % the minimum value of 4 1s 7?
With this value, point P is (“% -%) &~ 3

Since the slope ul‘lmc v=xr—3is 1, Ihcslopcuflm:PQu o) U
Thus, the equation of line PQ is u+%~= - 1~(r--§-). .
So, 4ax +dy+1=0 @

From @ and @, r=1L, y= __1_3:}_

8
(i)
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—

y=x"+4x+7

[Sol] The equation of line AB is
]

7 l‘: ”I'r 0)
2r=y+1=0 @

Letpoimt Pbe (£, 17 +41+7). The

distance d between point P and line @ is

2-0 = (2 +4t+7)+1]

d= —

4]

Also, AB=(2-0)"+(5-1)"=2/5

1 ., /= 12 +2¢+6]

. S'—E‘Zis J‘s'

e |y

=[(¢+1)*+5| B

=(t+1)"+5 (}
Therefore,

when = ~ I, the minimum value
of Sis5.

2 Given pomts A0, 1), B(2,5) and point P moving along parabola
D, find the minimum value of area S of APAB,

D u

|

Alternative Solution
The equation of line AB is
2r—y+l=0 Q@
Letpomnt Phe (£, t"+ 4t +7).
The distance d between point P
and line D is
. h"+2;+6l
_A+1)* +5]
5
__.;’g_-fw_{,+l,.+;§
Therefore,

when 1 1, the minimum value

of o is V5.

Also,

AB=¢(2-0)"+(5-1)" =25
S SmLi2/5./5m5

Thus,

when t -~ - |, the minimum value

- of S5u§
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Points and Lines 3 Narne
Data / /
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L. Given AABC with vertices A(3,4), B(0, —8) and C(3,0), let AP and BQ
be the perpendiculars dropped from A and B to their opposite sides of 2 ABC
Find the coordinates of orthocenter H of 2~ ABC. » M22

[Sol] Since the slope of line BC is n_a =1,

the slope of perpendicular AP is — 1.
Therefore, the equation of perpendicular AP
sy—=4=-—1-(x—3).

So, y=—x+7 @

Since the slope of line AC is g——:—-s" = - ;;-.
the slope of perpendicular BQ is %

Therefore, the equation of perpendicular BQ
1s y+8= 3 (x—=0).

So, y= 3—:-3 @

From @ and @, r= 230 u= é
fealiz0e]
ey

2. Find the coordinates of point P which is on the z-axis and at a distance of
2 units from line 3z —dy+1=0. m» M26
[Sol]) Let Pbe P(p, 0). va
9= 13-,2'—4-0+EI

V3" +(—4)
S 13p+1l=10

11
3

- — 1%
- Pts.m.( g .u)

Ir—=dy+l=0

p=3, -

B H: =
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Find the distance d between two parallel lines x =2y +3=0 @ and
2y—1=0 - m» M27
>ol] Consider point 3.0) on (D,
Since the distance between lines (U
and 2 1s equal to the distance from

poInt 3.0) 0 line (D,

F 3201 ! iv5
i - i

Alternative Solution
¥
¥ i
C onsader pont |Tl. 9 } on L
Since the distance between lines @) and @ 1s equal

to the distance from point | 0, E ]m line @,

[

§+5
_5_,. |

- &
/5

{. Find the area S of /. ABC with vertices A( = 1,3),B(5. =2)and C(2. 4),
» M25

Sol] The equation of line AB is

: 2—3
3 (z+
' R 541 rrl)
» ax*+6y—13=0
The distance 4 between point C and

line U is
J=19:2+6-4—13] _ 21 _ 21461
'-.FJJ T ﬁ; 'ﬂ] ﬁl
Also, AB=4(5+])'+(~2-3) = /8]

. swd./p7. 20461 _21
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Circles 1 N

Data / f‘
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Toro ; o

As shown in the diagram, let P(z, y) be a point at a fixed distance of 2 units from
onigin O, Find the equation of point P.

Wa

[Sol] Let a perpendicular dropped from point P to Plz. u)
the r-axis be PQQ.
|I"I .'_'.,OPQ', e — — q
2L DO = (P?  The Pythagorean, 5 2 T
0Q ._PQ (]P € N ;
... II,+HI:"I

b= A+ X Dasuy

The equation of point I? above is the circle with center at ongin O and radius 2.
Generally, the following formula is true.

— CEquation of a Cirle 1) —
v
The equation of a circle with center at origin O and (z.y)
' radius 7 is
. I, ?‘U::?‘" —-r r E
I. Find the equation of each given circle. va
- 2
(1) The circle with center at origin O and radius v 2.
-42\0| /v £
[Sol] x*+y*=2 E 2 -

(2) The circle with center at origin O and radius 3.

[Sol] x*+p*=9




& — —
liaeral t PO, ) be apomt at a hixed distance of 3 units from
mtion of point P
/A
Ar iTOom point E” )
| .
P & -
{) I
E—=4) *(y—2 9
- — _— -
| } ! FAMSLIY

ition of poant 1 above 1S the circle with center at point (4, 2) and radius 3

he tollowing formula is true

-jquuliun of a Circle IT )

juation of a circle with center at point La, f o l" L. U
I.:I F
S—
quation of each given circle 4
' th center at poant (2. 1) and radius 2
r—z)yV +iy—1 | § -
{) |
I he circle with center at pomnt (2 2 and radius
: i
» r=J3) +ly+2 }
0 T
j
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Circles 1 Marra
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/100%] -90% | ~80% | ~70% | 69%
£ e -
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1. Find the equation of the circle with points A(—5,1) and B(3,7) at the
endpoints of its diameter.

[Sol] The center of the circle is
( —5+3 1+?7).
2 el 2 ;
Let the radius of the circle be r.
r=vy(=1+5)’+(4—-1)*=5
S (x+ 1)+ (y—4)=25

2. Find the equation of the circle with points A(—2,1) and B(4, —3) at the
endpoints of its diameter.

[Sol] The center of the circle 18

(;Jgﬂ,léﬁ)inlpun.

Let the radius ul‘lh-:_ci_n‘_:lq:_t_:p r.
r=v(142)*+(-1-1)’=V13
Solx=1) +(y+1)'=13

3. Find the equation of the circle with center at point C(4, 3) and touching the

r-axis at only one point.

[Sol] Let the radius of the circle be .
7 1s the distance between point (4, 3)
and the x-axis.
o (x=4)+(y=3)=9
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i Find the equation of the aircle with center at point C(2, 3) and touching the
[
u-axis at only onc pomnt
[Soll Let the radus of the circle be r

4

s the distance between point (2, 3)
and the ypy-axis

yr==a2

r—2) +(y—3)"=4

0 2 3
Find the equation of the circle with center at point C(1, —3) and touching the
1x1s at only one point ot
Q] whont 0] 1
S0t} Let the radius of the circle be 7. = \
r

=Y

7 15 the distance between point (1, = 3)
and the r-axis

- 3
r=4

(z—=1)V+(y+3)'=9

b. Find g for the circle with points A(1, 1) and B( -

3. @) at the endpoints of its
diameter and touching the z-axis at only one point.

|Sol] The center of the circle H( ! 23. ) :';:u ) Le. ( =15 a:;l )
Let the radius of the circle be ».

r s the dnt.muc between the center at point

F.

s F i' and the r-axs. MFEHMM'
the center and the 7-axis, it is
a+1 qﬂuhmmd‘
oL 7 € the ycoontinee
Therefore, the equation of the circle is Bi -3
L 1A a+*1y\y fa+1V¥
r+1)4+(y 2 J .( > )

Since ths passes through pomt AL, 1),
TRRLPY | a1\ _(a+1yY
1+1)+{1-45k ) =

7,

a1




Circles 1 Nene
Dato /
(el =T T ] ™ v et

Rewrite each given equation in the form (z—a)+(y—5)*=7* and state
center and radius of the circle.

F.x.

vy =2r—4y—20=0 J '

[Sol] (z—1)*+(y—2)*=5* €
<. center: (1, 2), radius: 5

(1) £+y*—6x—2y—6=0

[Sol) (xr—=3)*+(y—1)*=4?
~o center: (3, 1), radius: 4

(2) x*+y*—Br+6y+16=0

[Sol] (xr—d4)*+(y+3)*=3?
J. center: (4, —3), radius: 3

(3) :’+u‘+4.’:+ﬂir+15_h,q > _.

[Sol] (x+2)"+(y+4)'=(¥5)
. center: (=2, —4), radius: V5

e
‘wlin




centler:

center:

center:

center:

U

e

!

, radius:

, radius:

, radius;

, radius:

whs g |
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Find the equation of the circle passing through three points A(1. —1),
B(5.1)and C(—2,0).
[Sol] Let x*+ y*+ax+bytc=0.
Since this circle passes through points A, Band C,
a=b+c=-2 Q@
Sat+b+c=—26 @
—-2a+c=—4 Q@
From ~,
a=-2 b=—8 c=-—8
Xt ty'—2x—8y—8=0

1. Find the equation of the circle passing through three points A(3,5), B(2, —2)
and C( —6, 2).

[Sol] Let x*+ ' +ax+by+c=0. "

Since this circle passes through points

A, Band C, Al3.5)
3a+5b+c=-34 Q@

2a—2b+c=—8 @ C(~6.2)
~6a+2b+c=-40 @

From (D~(), !‘
a=2 b=—-4, c=—-20 B(2 -2)

Lxt ' 2x—A4y—20=0

—-
I




cribed crrcie 0]

(r rm
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Circles 1 Marro
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Find the equation of the circle passing through two pomts A( -2, —3) and
B(4,5) with its center on line y=2r—1. .
[Sol] Let the center of the circle be (a, 2a — 1 ). €~ ciek
Let the radius of the circle be 7.
(r—a)'+(y—(2a—1)]*=r?
| Since this circle passes through two

- BILS)
| points A and B,

(—2—-a)’+[-3-(2a-1)*=r* -@

(4—a)’+[5—-(2a—1)]*=r? =@ a.2a—1)

From @ and @, a=1,r*=25 0 z
o (=1 +(y—1)*=25 |
Al—2Z =3)

L. Find the equation of the circle passing through two points A( —2, 5) and
B(4, —3) with its center on line y=xr—1.

[Sol] Let the center of the circle be (a.a—1).
Let the radius of the circle be r.
(z—a)'+[y=(a—=1)]}=2?
Since this circle passes through two
points A and B, =z~
(=2=a)+[5=(a=1))=r* --@
(4—a)*+[=3—(a—1))=r* @
From @ and @, @ =35, r* =50
S (x=5) 4 (y—=1)"=50
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2. Find the equation of the circle passing through two points A(4, 1) and B(3, 2)
with its center on the r-axis. Since the center of the circle lies mmm}

[Sol] Let the center of the circle be (a2, 0). €

Let the radius of the circle be r.
J F |

(z—a)'+y'=r B(3.2)
Since this circle passes through two

Va

points A and B, / A4 1)
(4—a)?+17=r* .-@ 2 "
(3 u.j.-"‘zl_r @ \ﬂ (a,0) I

-

From D and @, a=2,r’=5
. Nx=2)+y’=5

3. Find the equation of the circle with its center on line = x+2 which passes
through point A(6, 1) and touches the x-axis at only one point.

[Sol] Let the center of the circle be (a, a+2).
Let the radius of the circle be 7.
(r=a)+[y—(a+2))"=r
Since this circle passes through point A,
(6-a)’'+[1-(a+2))?=r" -~ @
Also, since this circle touches the r-axis at unly one pomt
rela+2l @4 |Siace r is the dists '
From @ and @, it omsbetiohed
(6-a)* +[]—Ta+2ll"*{a+2}'
a’~14a+33=0
la=3)Ma—11)=0
~a=3 11
W Ax=3)'+(y~5)=25
(x=11)"+(y=13)"=169
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Find the positional relationships between the following circles and lines (for
example, “they intersect at two different points,” “they are tangent and intersect at
only one point” or “they do not intersect™), and find the coordinates of the common
point(s) if there are any.

1] ( 2*+p*=10 --@
yv=2x+5 @

[Sol] From @ and @, W ®
r+ar+3=0 €= @ into® and
(z+3)(x+1)=0 simplifying =~ ~ T
r==—3 =1
Substituting into @, —

when r= -3, y=—1and whenr= -1, y=3
Therefore, they intersect at two different points.
The common points are ( =3, —1)and ( —1, 3).

U r+5 @ 1Whna.t‘+b.r+., _
_ dhmmmﬂﬁb" a
[Sol] From (@ and @, L(K'Iﬁ) '

' +5z+9=0
D=5"—4:1-9=-11<0 ()
Therefore, they do not intersect.

(1) [ z*+y’=5 @

y=r—-1 @

[Sol] From @ and @,
r'—xr—2=0
r+1)x—2)=0
. | (R -
Substituting into @,
when z=—1, y= —2and when x=2, p=1
Therefore, they intersect at two different points.

The common points are (—1, —2) and (2, 1),




\|..|"'|J

[Sol}

Sol]

M36D

= yt=2
1J i ._',I -_'T
From @ and 2.
r'=2x+1=0(
r—1V=0

Substituling into 2,
whenr=1, y ]

herefore, they are tangent and intersect at only

one point. The common pointis (1, —1).

:.: | f}' F - i ."'LJ

r—2u=2 ¥a
From D and @,

St Bu=0 =

viSyu+8)=10
u=10, %
&

Substituting into 2,
when y=0, x=2 and

8 6
“hm /= :}rr 5

Therefore, they intersect at
two different points. The common points
are (2.0) and ( - -’.i _FS_)'

5 5

b y’=3 D

| v x+3

From D and 2,

r’'=3r+3=0
D=(~3)"~4-1:3 3<0
Theretore, they do not intersect.

Alternative Soluton
Froem (D and @,

St —dr~|2mp &
(Gr+8Mr~-2)mg °

Theretore,

they imterseet ot two different
points. The common points are
1r » ? - ;-jmrl'lﬂl,

o
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Circles 1 Name

/100%]-90% [ g0s [ -70% [605-| T
= = 1 > i ———
Lositional Relationship between a Line and a Circle

When the quadratic equation ax® + br + ¢ =0 is obtained after y is
climinated from each equation of a line and a circle, let the discriminant be
D(=b*—4ac).

D>0 <> They intersect at two different points.

D=0 < They are tangent and intersect at only one point.
They do not intersect.

D<0

1}

Find the range of values of & for which circle x* + p*=2 - intersects
with line p= —x +k& @ at two different points.

[Sol] From @ and @,
2r'=2khx+k*—2=0 4=

D~ (—k)*—2(k*~2) [Sibstitating
. @ into @
R*+4>0 '
. k?< 4
2<k<2
1. Find the range of values of & for which circle r*+ y*=1 - intersects with
line y=x+k @ at two different points. va
[Sol] From @ and @, /Q
2x*+2kx+Rk'—1=0
B~k -a(k*-1)
4
kR*4+2>0
o Bt <2

. =J2<k<v2

Note Summary } —
When a quadratic equation is shown in the form ax* +2b'sr +c=0,use

-:'D-u-b”-uc. - "?\h : 1
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2. Find the value of & for which circle £* + p* =4 - is tangent to line
u=3r+Rk '

[Sol] From (L and (2,

10" +6kr+k*—4=0

D 3y~ 10067~ 1)
k' +40=0

. R°=40

T hk=x2410

3. Find the range of values of & for which circle xr*+py*~2r=4 @ has
common points with line y=2x+k @,

[Sol] From @ and @,

527 4+2(% ~1)z+k"~4=0
f (2k—1)—5(k*~4)
k'~ 4k+21 50 4
LR k=210 m
(k+7)(k-3) <0
) =7 kC3

1. Find the range of values of a for which circle (r ~2)* +(y—2)" =1 intersects

with line y= arx + | at two different points.

[Sol] Let (x=2)"+(y—2)"=]1 D and
v=ar+l Q.
From D and D,

(@’ +1)27-20a+2)r+4=0
I) . ¥ ' )
1 =[~(g+2))"~(a’+1)4
~3a’+4a >0
S 3a'-4a <0
al3a—~4)<0
U{a{—}
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Let the points of intersection of circle '+ y*=2and line z—y+1=0be
A and B. Find the length of line segment AB.

[Sol] The distance d from center (0, 0) to
linex—py+1=01s
0—0+1] L _ Ve

a N+ (-1) J2 2
Also, the radius 1s v 2 |
Let the midpoint of line segment AB be M. /2|
AM =/ (+2)'~| V) =5 € [REKOM |
= = AM*+OM*=0A*
C. AB=V6 € AB=2AM Also, OM =d _J

I. Let the points of intersection of circle r*+y*=5and line x+y—2=0be A
and B. Find the length of line segment AB.

[Sol] The distance d from center (0,0) 10
liner+uy—2=018
A 10+ 0 :,“ 2 /2
vy12+17? v2
Also the radius 1s v 5.
Let the midpoint of line segment AB be M.

AM=+V(v5)*—(J/2)*=V3
. AB=2+3

A perpendicular dropped from the center of a circle to its chord bisects the chﬁ.@
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2. Let the points of intersection of circle (r=2)"+(y—1)"=4 and lin¢

2r + y—3-0bec A and B. Find the length of line segment A,

a

[S0l] The distance @ from center (2, 1) to
hne 2x+y—3=01s

4 2:2+ 1 \
a . =
L Tk va !

Also, the radius 1s 2.

Let the midpoint of line segment AB be M.

AM=/2’ (}, ) 15

J

- 2xty—3=0
_B8vD

oF

. AB

3. Let the pomts of intersection of circle x*+ ' =8 and line 2x +y+a=0be A
and B, and the length of line segment AB be 2V 3. Find the value of a.

[Sol] The distance d from center (0,0) to A

Ine Zr+y+a=0is
19:0) 4 i §
4 12:0+0+al Ir;:.
\2; +17 va

Also, the radius is 2v 2.
Let the midpoint of line segment AB be M.

P

. (2J2v [ .4 L S
al
2./8~7=23 =~
L : Squaring both sides
' 5 & simplifying

B O E h s R e R R e e e
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!
I Find the maximum and minimum values of y—3x + 4 for which point (z, y)
moves along circle (z—2)*+y*=1 - @.

(Sol] Let y—3z+4=k - @. €~ Find the range of |
From @, y=3zx+k—4 @ for which |
From @ and @, -

10?4+ 2(3k—14) x+k* =8k +19=0
D - (3k-19)"-10(k*~8k+19)

=—k’—4k+6 20
Therefore, since k* +4k—6 < 0,
~2-J10 < k< —2+Y10
Thus, P Pocas
the maximum value is —2+ Y10 and | ke solution of £* + '

the minimum value is —2—10. J
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2. Given that circle r*+ ' =2y =0 intersects with line axr— p+2a=0 at two

different points P and Q, solve the following questions.
‘1) Find the coordinates of the center of the circle and its radius.

[Sol] z*+(y—1)*=1?
Theretore, center:(0, 1), radius:1

2} Find the range of constant a.

[Sol} £*+ ' =2y=0 @
Since ar—y+2a=0, y=ax+2a @
From @ and @

= Rrppbic - ]
(@’ +1)x*+2a(2a-1)z+4ala—1)=0 Let the ditance from the conter
D ( : .‘. ( (0,1 b0 tine ax =y + 2440 be .
A “lal2a—1))~(a’+1)-dala=1) b_’}::}:j&ﬁ:_%
==3a'+4a -0 €~ Since the Gircle and the line
. AfTerrest
S 3a’—4a <0 .T;.:‘:I:l: rnts,
i LT B
al3a-4)<0 e e
o uqﬂqi alla-4) <t
3 a’-ﬁt.lt{-

(3)  Find a for which the length of PQ is v2.
[Sol) The distance d from center (0, 1) to line ax —y +2a=0is "
~1a:0—-1+2a| _|2a—1 .
dm SR~ T
Also, the radius 1s 1.
Let the midpoint of PQ be M.

P”=VG’(JT?') -t

3a'+4a

A 41 2 Since PM - r .fi:if,'-::..u
7a’ —aa+1=o 7 Squaring both sides

(Ta~1)la~1)=0

a-%'. 1
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1. Find the equation of the circle passing through three points A(0. —2). B(3,7)

and C(7,5)

[Sol] Let x*+py  +ax+bu+c=0.
Since this circle passes through points A, B and C,

20+c=—4 -~
3a+Tb+c 58 @ [
Ta+5b+c 74 Q@ {
From O~@, \

s

%

- 034 |

B(1L7)

a 6. b 4, c=—12
L xiy’—6x—4y—12=0

b

B(5 —3) with its center on line y=x — 1.

[Sol] Let the center of the circle be (@, a —1).
Let the radius of the circle be r.
(r—=a)+ly—(a—1)]"=r
Since this circle passes through two
points A and B,

-
2
I ’
(X
C
HY

Find the equation of the circle passing through two points A(2, —4) and

U

=» M35

y=z—1

(2=a)+[—-4—(a—=1))=r' @

(5—a)+|—-3—-(a—1))=r* @
From@ and @, a=2,r*=25

S (2=2)'+(y—1)"=25




Find the range of values of k for which circle ¥+ y* =1 U intersects with
line y=2r+k at two different points, m» M3
I i
; ¥, / i
lrl
: F ]
Ir 5 il
2< k- 3
Let the points of intersection of circle x* +y*=10 and line z—y—2=0be A
and B3, Find the length of linc segment AB. =, M35
[Sol] The distance d fromcenter (0. 0)toliner—y—2=01s
0—0—21 2 - 1
d IJ_..-“.IlJ' ‘”é- ‘3' 1D
. i
Also, the radius 1s v 10
Let the mudpoint of line segment AB be M.
AM =J(/10)*—(42)? =242 —718 oz

- AB=442

Allernative Sodution
r'+y 10 l
MEr-y—2=0 y=y~2 ’i
From Dand D, "~ 22310
ix*]ilr—3)=(
X 1.3
Substituting mnto D
when 1 . iand when r»7 yn)
Therefore, the pomts of mersection of U and 7
aIc L-3iand (11
AB=4(3+1)+(143)'=4/2
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Given that line / is a tangent to circle x* + y” =" at point P(z,, i, ) on the circle,
show that the equation of tangent [ is x .z + y, u=r".

[Sol] (1) When point P lies neither on the I-axis nor
the y-axis, x, #0 and y, *0.
From the diagram, the slope of OP 1 :s e
Since tangent / is perpendicular to OP

E
the slope of [ is \\y‘ [

Therefore, the equation of [ is | W =] = (x—) x2 |)
Rcmu\'mg llu. dcnommatnr and simplifying,

.tl.r+mu .r.’+u- @D

Smcc poth:sapoml nnl]wmrclc.:;’é-m‘:i r'|-@

From @ and @, x . x+pu=r" @
(11) When point P lies on the y-axis,

ri=0and y,= £r.

The equation of the tangent is either

u-'—l r ‘ﬂr y= ‘ —r |

(i11) When point P lies on the r-axis,
v,=0and x,==%7r.
The equation of the tangent is either

z=rlorx=|—r|

Both (11 ) and (iii) satisfy @,

From ( i )~ (iii), the equation of tangent / to circle x* + pl=r
at point P(z,, ;) on the circle is x .2+ y y=r"

1 L]
d— 4 U= 4t WG TR T "x 'ﬁ-— " .t!:“"‘ SEmsu



A i -
% -’J i | :-_/
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Find the equation of the line which passes through point (3. 1) and is
tangent to circle x* + y* =5,

[Sol] Let the tangent point be (a, b).
a’+b*'=5 @ €

Also, the equation of the tangent is
axr+by=5 @ x+2y=ms ua 2r—p=5
Since the tangent passes through
point (3, 1),
3a+b=5 Q@€ ¥
From @ and @, ,
a’~3a+2=0 €=
(a—1)(a—2)=0
S a=l, 2
From (D, when a=1, b=2 and
when a=2, b= —1
Therefore, from @, x+2y=5, 2r—y=5

1. Find the equation of the line which passes through point (7, 1) and is tangen:
to circle x*+ p*=25.

[Sol] Let the tangent point be (a, b). Ar+dy=25 Vs
a’+b*=25 @ \
Also, the equation of the tangent is

ar+by=25 @
Since the tangent passes through

p{}lﬂl {?1 1 }t -5h ﬂ
Ta+b=25 Q@ k
From (D and @,

a'—Ta+12=0

(a=3)a—=4)=0

. .a=3, 4 ey
From @, when a=3, b=4and when a=4, b= -3
Therefore, from @, 3xr+4y=25. dx—=3y=25
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2. Find the equation of the line which passes through point ( =3, 1) and is tangent
wcircle r*+y*=1

A
Sol] Let the tangent pomnt be (4, b)

a’*+bh’=1
A\lso, the equation of the tangent is
r

fi I

“Y

Since the tangent passes through point ( =3, 1),
3a+bh=1 -Q (

=%

From (U and

' ir 7] ¥
M 7 ”
d Ml 3 M)
1=1) '.‘
by |
: 3 4
From (U, when g =0, b= 1 and when a x b b
7 g TS =i o
I'berefore, from @, y=1, 3x+4y=-5 | — E.JI':—gmr—l

3. Let the tangent points of two tangents from pomnt (5, 10) to circle £+ y* = 25
be A and B. Find the equation of line AB.

[Sol] Let the tangent point be (a, b).

a’+b'=25
Also, the equation of the tangent is

i)

ar+bu=25
dince the tangent passes through
pownt (5, 10),

Sa+10b=25 Q@

From D and 2, =~ :
V' -4b=0 & MI “’l ;
“ ! o
blb-4)=0 ' . é
v 0=0, 4
From 0, when b=0, g = 5 and when » 1, a 3
Therclore, since line ABisy 0 'i.i ”_, (r-=5), ¢
i ] H
oLt 5 -
V=Tt x+2y=5 Passing through twa points
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Find the equation of the tangent which touches circle
(r—1)"+(y—=3)"=2at point (2, 4).

[Sol] The line x = 2 which passes through point (2, 4) and is perpendicular
to the r-axis cannot be the tangent. €= Frm 1
Let the slope of the tangent be m. The equation is
. y—=4=m(xr—2)
So, mr—y—2m+4=0 -~ @D
Let the distance from the center (1, 3) to line D be d.
_|m-1-3-2m+4]l _ Im—1| ==
E mi+(-1?  Im’+1 ==
Since distance d is equal to the radius,

m_ _ 5 ..®

Yym?+1 Squaring both udes
From®. m*+2m+1=0 € sl hpitylng” 3
(m+1)=0
Seom==1 J. y=—x+b

|. Find the equation of the tangent which touches circle (x +3) ¥+ (y—=2)"=3
at point (2,5).

(Sol] The line x =2 which passes through point (2. 5) and is perpendicular to the
r-axis cannot be the tangent.
Let the slope of the tangent be m. The equation is
v=5=m(x—2)
So, mx—y—2m+5=0 @
Let the distance from the center ( =3, 2) to line D be d.

g1 ~3)—2_2m #61 _ 15m—3l (2.8)
ym*+(—-1)* ym’+1
Since distance d 1s equal to the radius, %
5m =3 _ /37 @ \—ﬂ( \
ym 1
From @, 9m* +30m +25=0 ve 2o §

(3m+5)'=0

Lom=—3 u=-—§-.r+3§1 [ 5x+3y—25=0]



Find the equation of the line which passes through point (3, 4) and is tangent

circie 1 J L =) 10

Sol] The line which passes through point (3, 4) and is perpendicular to the
cannot be the tangent

Lt the slope of the tangent be m1. The equation is

| Yl
SO M = am-+4=I)
t the distance from the center ( — 1, 2) to line Q be d.,
" . 2—-3m+ 4 im—2| 2 :. :
v m |5 by sym +1]

since distance d 1s equal to the radius,

L " 7
W 17 : & . ;”
m*+1]
From 2. 3Im " —8m—3=()
i+ 1 m=—3)=0
1
m ~PRE

7} *-,:-:+5, y=3x-5 | x+3y—15=0, 3x—y—5=0

i Find the equation of the line which passes through point (3, 3) and is tangent
wcircle (r—2)"+(y—1)"=1

Sol] The line x = 3 which passes through point (3, 3) and is perpendicular to the

r-axis can be the tangent. €= [From e dapr

Let the slope of the tangent be m. The equation is
y—=3=mixr—3)

S, mr—=y~=3m+3=0

Let the distance from the center (2. 1) o

line U be d
g M2 1~ 3m+3 m—2
sm ] - L ﬂ'l'} L I
Since distance d 1s equal to the radius,
m—2 .
- ] v
sm - 1
3
From . m ‘

r=3, y=4z+ *: =3, 3r—4y+3=0
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Internally/Externally Tangent Circ )

Let the radin of two circles C, and C; be r, and r:(r, ~ r;) respectively, and
the distance between the centers of the circles be d.
(1] Internally © & (2] Externally

tangent @ tangent
Ir! Fy— I3 ff r|_ "‘.P";

- Find the equation of the circle mlh center at pﬂmt (1, v3) which is
internally tangent to circle x*+ y* =25 Q.

[Sol] Circle (U has its center at point (0, 0) and 5
radius 5. The distance d between the
centers of the circles 1s

d=J1’+(v3)*=2
Let the radius of the circle be r. Since
this circle is internally tangent to circle D,
2=5=r € Whenthecirclels]
e T=3 E internally m| 2|
S (x—=1)*+(y—+3)*=9 tocircle D, 55 r

1. Find the equation of the circle with center at point (1, 2) which is internally
tangent to circle ¥+ y* =20 -,

[Sol] Circle @ has its center at point (0, 0) and radius 2+ 5. "'T
The distance d between the centers of the circles is
rt' v I: t ::’J vH
Let the radius of the circle be r. Since this
circle is internally tangent to circle D, =7

v5=245—r | )

o, L
NAx=1)'+(y—2)"'=5

— . —— e ——
As shown in [1] and [2] above, when two circles have only one common point, it is said thes
the two circles are tangent. ||| internally tangent | 2] = externally tangent
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2. Find the equation of the circle with center at pomnt (4, 3) which is externally
tangent to circle 2+ y* =1 @,

[Sol] Circle 7L has its center at point (0, 0) VA (x—4)'+(y~3)"=16
and radius 1. The distance d between
the centers of the circles is
rf ¥ 1‘ L 3: 5
Let the radius of the circle be 7. Since this
circle is externally tangent to circle @,
a=r+|]
. r=4
Nx=4)+(y=3)=16 E

3. Find the equation of the circle with center at point ( — 1, 7) which is tangent to
cirele £’ + "~ Br + 10y +16=0 @,

[Sol] Rearranging circle @, v
(x—4)+(y+5)"=25
Circle (U has its center at point
(4, = 5) and radius 5.
The distance d between the centers
aflhcc'm:lnh
d= (441 +(-5-7)=
Lﬂlh:r:dmnufthccm:lcbcr.
When externally tangem,
13ey+5 .. r=§8
When internally tangent, Waon
13575 " r=18 €= intem
Therefore,
(x+1)V+(y=7)" =64
(x+1)+(y=7)=324

(r+1)+(y~7)"=324

(241 +(p~T7) =64

b} J
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- Fmdthu.. value of £ when two circles '+ y*=5 @ and
'y —8r—4y+17—k=0 @ are externally tangent.

From @, (r—4)+(y—2)'=k+3 "‘"HF:P
cok> =3 @ € acile .J

Circle @ has its center at point (4, 2) and r‘.'tdu.ts -k+3

The distance d between the centers of the circles is
d=V4+2"=2/5

Since circles O and @ are externally tangent,

25=V5+Vk+3 .. k=2 @ D

@ satisfies @,
" R=2

va

1. Find the value of k whentwo circles (r+1 ) +(y—1)*=4 @ and
'y’ b6xr—8By+k=0 @ are externally tangent.

[Sol] From @, circle (D has its center at point ( —1, 1) and radius 2.
From @, (x—3)*+(y—4)*=25—k "
o k<25 @
Circle @ has its center at point (3, 4) and
radius 25— k.
The distance d between the centers of the
circles is
d=v(3+1)*+(4-1)*=5 Gt

(Sol] From @, circle (D has its center at point (0. 0) and radius 5.

Since circles @ and @ are externally
tangent,
5=2+V25—k .. k=16 @
@ satisfies @.
Co k=16
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- Fmd the coordinates of the common pmofm
'+ y'-10=0 @ and 2*+ ¢’ -&:+4v+lﬂ=ﬂ -

[Sol) From @ and @,

(r—1)(z-3)=0 g "
e =13
From (D,

when r= lu--3mdwhm.t=ﬂ,v=5F'5i
Therefore, the common points are EIC"@}J 3.1).

1. Find the coordinates of the common points of two ¢ [
and ¥+ ¥ —6x-2p+5=0 Q.

[Sol] From @ and @,
br+2y—10=0
" y==3x+5 Q@
From @ and @,
x'=3r+2=0
(r=1){x—-2)=0
. x=], 2
me@
when xr =1, HHZMMM@-&& g l' >
Therefore, the mmipoimmr‘ |
(1.2), (2,=1).
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2. Find the coordinates of the common points of two circles

eyt =224y +1=0 - @Qand 2+’ —4r—6y+11=0

(Sol] From (U and @,

cr+~zp—10=0
. U r+5 Q@

From (U and (D,

" —4r+3=0

LY

r=1)(r—=3)=0 @
=1, 3
From (D, e <
when r=1, y=4 and when r=3, y=2 “I \ -

Therefore, the common points are (1, 4), (3, 2).

5. Let the points of intersection of two circles x*+ * ~ 2y=0 @ and

vy 2 A0 D be points P and Q. Find the equation of the circle

which passes through points P, Qand R(2,0). ¥

Sol] From D and D, Pio,2)

2r=2u+4=0
L y=z+2 Q) Qi—=1.1)
From @ and D,

r'+x=0 / Q
r{x+])=0
“ xr=0, ~1

From O,

when r=0, y=2Zand when r= 1, y=1

Iherefore, the potnts of intersection are (0, 2),( 1, 1).

Let the equation of the circle be 2° + ' vax v by +c=0. € HM

Since this circle passes through points P, Q and R,

2b+c= —4 - Ag)
at+b+c==2 QP
2a+c 4 )

From %, a Lb=~),e= =2
. 24y —x=y—-2=0

o
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Let A be the point of intersection of two lines:
x+y—-4=0 @
x—2y—1=0 @

Since point A lies on lines D and @,
kix+y—4)+(xr—2y—1)=0

represents a line passing through the point of

intersection A regardless of the value of
constant k.

Find the equation of the hine which passes through pont (3. 2) and the
pomt of intersection of two lines 2r —~y~3=0and r+2y—4=0.

[Sol] Let & be a constant.

R(2r—y—3)+(x+2u—4)=0

Since the line passes through point (3, 2),
k(2:3—-2-3)+(3+2:2—-4)=0

« R==3

Therefore, since

=3(2xr—y—3)+(x+2u—4)=0,
r—y—1=0

l. Find the equation of the line which passes through point (4, 3) and the point of
intersection of two lines r+y—4=0and x -2y~ 1=0.

[Sol] Let & be a constant, i

k(x+y—MD+(xr—2p—1)=0 rhy=A=0

Since the line passes through point (4, 3),
k(443-4)+(4=2:3-1)=0
" k=1

Therelore, since

1 (r+y~4)+(x—2py—1)=0,
x—y=—5=0

2r—~y~5=0
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Let A and B be the points of intersection of two circles: ud

Iz_yi_ 10=0 r'L
r’+y’'—8x+dp+10=0 @

Since points A and B lie on circles @ and @,
R(x*+p*=10)+ (2?4’ —B8x+4y+10)=0

represents a figure which passes through the pomnts :

of intersection A and B regardless of the value of k=-2

constant k.

# When k= — 1, the equation represents a line which passes
through the points of intersection A and B of two circles.

3

AVINY

m_f-‘iml the equation of the circle which passes through pomnt (3, 2)
! and the two points of intersection of two circles r* + y* — 10=0 and
ey —dxr—2y=0.

| [Sol] Let & be a constant.

' R(x*+ 1y —=10)+ (2 + ' —4xr—2y)=0
Since the circle passes through point (3, 2),
|
|

k(3*+2°~10)+(3*+2°—4-3-2-2)=0

Jok=] =
Therefore, since
1-(x*+py’—10)+(x*+p*—4x—2y)=0,

-0
' +y'—2x—y—5=0 iyt e -2y=0

1. Find the equation of the circle which passes through point (1, 0) and the twe |
points of intersection of two circles r* + y* ~2=0and x* + y* ~6x 2y +6=0

[Sol] Letk be a constant. e
R(x*+y'=2)+(x*+y*'=6x—2y+6)=0 2

Since the circle passes through point (1, 0),
k(17+0"—2)+(17+0"-6:1-2-0+6)=0 "7\ 0|
k=1 g

Therefore, since

1 (P + " =2)+(x?+y'—6x -2y +6)=0,
x’+y'=3x—y+2=0

£yt =2y+ 60
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Let the radn of two circles C, and C;, be r, and r;(r, > r;) respectively and
the distance between the centers of the circles be d.

(1] Completely (2] Intermally [3] Intersect a2 (4] Exiernally 5] Completely
inside Langent two posnts tangent outside

d<p,—r, d=r\=ry ri=ry<d<r,+r; d=r,+r, d>r,+r,
# [3]~(5] are also true when 7, =7, If it is not possible to define which is greater
between the values of 7, and 3, use |r, — 74l instead of 7, —r, in [1]-(3].

1. Find the range of values of @ for which two circles r* + y* =1 and
(r—a)®+(y—1) =1 intersect at two different points.

[Sol] Circle x*+y*=1 has its center at point (0, 0) and radius 1. Also, circle
(r—a)*+(y—1)"=1 has its center at point (@, 1) and radius 1. The
distance d between the centers of the two circles isd =va’® + 1.

. 1-1< Ja*+1 <1+1 TR ol
0<Ja*+1<2 ' eyt=)

0 < va®+1,1e. itis true with any real numbers.

va*+1 2, 1.6 — T3 <a<vl &~ ::‘;:;'l

o =¥3<a<y3 > =

2. Find the range of values of a for which two circles r*+ y*=1 and

(z—a)’+y’ ‘; (a > 0) intersect at two different points.

[Sol] Circle x*+y*= Ilhas its center at point (0,0) and radius 1. Also, circle

(2=a)t u':f_ll has its center at point (a4, 0) and radius %T‘!’ndﬂm

d between the centers of the two circles is o =g

ll 2 g Ca<ld . |Vimde i ikl
a

9 et punbie 1o Jdefime which vadus
'!_““_-_H < W

: F L . It:,‘”-,"l_'?_,
1 g | <@iea>g € a<i-§<a | P
a<l+ g-i.c. a<? te-facicde /‘
E{H{Z

3
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i Gnven four lines which are tangent to both circles C, : x* + y* =4 and
Coolxr—4)"+y" =1, find the equations of those four lines.

150l] Let the tangent point on circle C, be (a. b).

&+ b*=4 D

Also, the equation of the tangent is

r=hy=4
So,ar+by—4=0 @
When line 2 15 also tangent to
circle C,, let the distance between
the ::r:nl:f of the circle (4, 0) and
line D bed.

Since distance d is equal to radius 1,

4a — 4|
1{"':"-‘9‘, 1 rﬁ}
From @ and @, R
(1a—4)"=4 € S A |
' 40’ —Ba+3=(
(2a—=1){(2a-3)=0

e 1 3
' o P —
From D whcnr:—-;.b= 1",.1,5ztm:halv.rhn:rmr-g b=+ i;
| V15 J7

Therefore, from @ .21, L - = ﬂ.gr* 2 v=4=0
. XXV Sy—8=0, 3x+/Ty—8=0
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1. Find the equation of the line which passes through point (4, 2) and is tangent

to circle x*+ y*=10. » M42
[Sol] Let the tangent pointbe (@, b). r+3u=10 Vs z-p=10

a*+bv'=10 @
Also, the equation of the tangent 1s
ax+by=10 @

Since the tangent passes through
point (4, 2),
da+2b=10 @
From @ and @,
a‘—4a+3=0
(a—1)(a—3)=0
. a=1, 3

From (D, when a=1, b=3 and when a=3, b= —1
Therefore, from @, x+3y=10, 3xr—y=10

2. Find the equation of the circle with center at point (4, —8) which is extemally
tangent to circle x*+ =20 -@. 3 Més

[Sol] Circle D has its center at point (0, 0) and
radius 2v5. The distance d between the
centers of the circles is

d=V4'+(-8)"=45
Let the radius of the circle be 7.
Since this circle is externally tangent
to circle @,

AW5=r+2v5

Sor=2v5

S lx=4) "+ (y+8)'=20
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rdinates of the common points of two circles 2 ! 0

N m» MLA

| -
7 2and whenx=2, y=1
ommon points are (1, —=2), (2, 1)
I 1. B " 3 ¥ il - i _|- |Ir-'l--' i "y 1} ]|.- ) | ¥ w i B
Juatios i rcle which passes through point (2, 1) and the two
I 1 WO CIT 1CS 1 Iy } () ’H!l i ll'ﬂ. ol I.'llr_lI ()
F r Al )
r ! nrough pownt
Il
f |
| | 1) ' g 1)
r ~ L I - 7 ij

B S ——
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1. Given two points A and B as shown in the diagram,
there are numerous points P where AP=BP.
Draw many points such that AP =BP.

As shown above, a locus (plural: loci) is a set of points that satisfies particular

conditions.

Given points A(0, 2) and B(4, 0) where AP=BP, find the locus of

point P

[Sol] Let point Pbe (x, y).
*\P—-\r +(H 2}’

BP- —4) 4} Squhﬂuhlﬁlh] Al0,2)
ﬂ o e e i" ‘T’

Since :"\[‘ —BP.
Vi +(y=2)=V(x—4)+y*
“w 2x—y—=3=0

Therefore, the locus of point P is

line 2 — y—3=0.

:
¢

0] Bl40)F

2. Given points A(1, ~1) and B(4, 4) where AP=BP, find the locus of point F

[Sol] Let point P be (x, ). v
AP=V(z—1)+(y+1)? i 1 Bl
BP=V(x—4)"+(y—4)*

Since AP=HP,
'{:—1J’+{u+11= V=47 +(y—-4)F —5
3r+dy—15 L\(L-—Il

Terqurc the locus ol' poml Pis
line 3x+5y—15=0 Lu- --3—:+3J
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3. Given pomnts Al ~3,0) and B(1, 2) where AP=BP, find the locus of point P.

[Sol] Letpoint Pbe (x. y). 2r+ytl=0 v
AP=J(x+3)'+’
BP=J(x—-1)"+(y—2)?

Sice AP=EBP,
Hx+3) '+ =V(z-1)7+(y-2)°
- 2rty+1=0
Therefore, the locus of point P is A(=3.0) \“
line2x+y+1=0 | y=-2x-1|. |\

Y

I Given points Al 1. 3) and B(3. 1) where AP=BP, find the locus of point P.

Sol] Letpommt Pbe (z, y). e  2r-y=0
AP={(z+1)+(y~3)?

BP={(z-3)"+(y—1) —
Since AP=BP, A(=1.3)
Vx+1)P+(y-3P=/(r=3)+(y—1)?
Lo 2r-u=0 B(3.1)
Therefore, the locus of point P is %

line 2xr—y=0 ' y=2r]

Note A ﬁ;m[uhu:luﬂd:dﬂk}lhmldh:ﬂﬂmtﬂthcﬁﬂﬂ for each of the
“find the locus™ guestions.
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1. Gaven point A as shown in the diagram,

' P e - s A — ' = . -
point P is the point whose distance frompoint Ais 5.
There are numerous points P where AP~ 5. - >

Draw many points such that AP = 5. .

2. Find the locus of point P such that the distance
from point P to origin O s 3.
[Sol] Let point Pbe (x, ).
Since the distance between points O and P is 3,
vri+yi=|3 . : j
1 ;
: Squanng both sides
-. r: 4 ”J 9 e
Theretore, the locus of point P 1s a circle with its

centeratpoint (1 0 |, 0 |) and radius 3.

3. Find the locus of point P such that the distance il
from point P to A (4, 3) 1s 2. P

[Sol] Let point Pbe (x, ).
Since the distance between points A and P s 2,
Vir=4)"+(y—-3)"=2
S (2 =4)+ (y—=3)"=4 0l 7
Therefore, the locus of point P is a circle with its center at point (4, 3)
and radius 2.

1. Find the locus of pomnt P such that the distance
from point Pto A(2, ~1)1s5.

[Sol] Let point Pbe (x, y).
Since the distance between points A and P is 5,
v(z—=2)"+(y+1)*=5
' (z=2)'+(p+1)'=25
Therefore, the Tocus of point I is a circle with its center at point (2, =1
and radius 5.
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[Ex I en pomnts Al — 1, 0) and B(1, 0) where v
AP+ BP* =20, find the locus of point P.

[Sol] Letpoint Pbe (z, y).
AP =(x+1)+y’ S

MY

TGN} &

BP?=(z—1)"+ %
Iherefore, |
U+ 1)+ 1+ (2 =1)74 17 ] =20 € Sliang e
AP+ =

S50, x4 ?,t" Y
I'hus, the locus 1s a circle with its center at point (0, 0) and radius 3.

). Gaven points AL —2.0) and B(4, 0) where AP? + BP? =50, find the locus of
pmnt B

I

Sol] Letpont Pbe (z, y).

AP =(x+2)"+yp’

BP'=(x—4)’+¢’

Therefore, Al =

[(x+2)+y" )+ [(x=4)+ 17 ]=50
So.x"+y —~2r~15=0

(r—=1)'+y"'=16
Thus the Tocus 10 a circle with its center at point (1, 0) and radius 4.

Given pomnts Al 3, 0) and B(3,0) where AP? -~ BP? =24, find the locus of
point P

sol| Letpomt Pbe (r, ). Ve
AP'=(z+3)"+° P
BP'=(r-3)"+¢’
Therelore,
I : ’ f Py ’
H’m.: ; ikl 1 “Al=3.0) O 2B 0) 7

[hus, the locus 1s line r=2
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1. Given points A(ﬂ 0),B(2, OdeC(ﬂ Z)whﬂcZAP'= P
locus of point P.

[Sol] Let point Pbe (., y).
AP1=II+"I
BP'=(x-2)"+y’
CP’=x'+(y—-2)*

Therefore, | o
2(xr*+ v )=[(x-2)"+* 1+ [+ (y—2)"]1

So, r+y—2=0

Thus, the locus is line x+y—2=0 Eﬂ=—.t+21

2. Given points A(3, —2),B(1,2) and C(5.4) where AP*+BP*=CF
the locus of point P.

[Sol] Let point P be (x, y).
AP’ =(x-3)*+(y+2)*
BP'=(x-1)"+(y—2)?
CP’=(z-5)"+(y—4)*
Therefore,
[(x=3)"+(u+2)* |+ [(x=1)*+(y
So, x*+ H'+33+3H"_.'2§1_"!0'
(x+1)*+(y+4)*=40
Thus, the locus is a circle with its center at point (
210.



|

with is

center at proamt

d circle with s center al point

o’

I

and radius 2

and radhus « 30
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Given points A(—2.0) and B(1,0) where AP: BP=2: 1, find the locus ¢
point . Fill in the following blanks.

[Sol] Moving point P while satisfying AP: BP=2: 1, the locus of point B
can be found as follows:

From the diagrams [1]~[5] below, the locus is a  circle  with its cente
at point (| 2 |, 0) and radius 2 |.

(1] [3]
HI Ve
.,4®-‘:
Al-2.0[0 B(1,0) F A O T

15)

7 7 M owsut

Given two fixed points A and B, the locus of point P which satisfies
AP :BP=m :n(m#n) becomes a circle
whose endpoints of its diameter are the points
which internally and externally divide line
segment A in the ratio 7 : n. This type of A
circle is called the circle of Apollonius.




MS54D

Ex. Given ponts ACL 0) and B(4,0) where AP : BP=2: 1, find the locus

of point P, Va

150l] Letpomt P be (x, v).
AP=y(z-1)’+ 1 AL
P=J(x—=4)* 4+’

Since AP: BP=2: 1, AP=2BP; therefore,

W(x=1)+p ' =2v(x—4)"+ ¢ j Sqm;m;h
'+ u —10x+21=0 € and smplifying
5 +uy'=4
Thus, the locus 1s a circle with its center at point (5, 0) and radius 2,

L. Gven points AC - 6,0) and B(2, 0) where AP : BP=3: 1, find the locus of
point I

Sol] Letpoimt Pbe (x, ).
AP=J(z+6)*+?
BP=Jy(xr—-2)'+¢°
Since AP : BP=13: 1, AP=3BPF: therefore,

(z46) 4+ =3J/(x-2)+° A(=6.0)
Lt y'—-6xr=0
(x=3)*+y*'=9

Thus, the locus 15 a circle with its center at point (3, 0) and radius 3.

- Given points Al —1, ~2) and B(2. 4) where AP : BP=1:2. find the locus
of point P.

sol| Letpoint Pbe (z, ).
AP=vlx+1)'+(y+2)?
BP=v(x~2)’+(y—4)?

Since AP : BP=1: 2, 2AP=BP; therefore,
2 (x4 1)+ (y+2)=J(x=2)*+(y—4)?
Xyt +4r+8y=0

(r+2)'+(y+4)'=20

Thus, the locus is a circle with its center at point ( =2, —4) and radius

2+v5
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Given moving point Q on circle x* + y” = 4, find the locus of midpoint P of
line segment AQ connecting point A(8, 0) and point Q.

[Sol] Let point P be (x, ) and point Q be (s, t). Since point @ lies on
circle r* +y* =4,
s’+?=4 @
Since point P is the midpoint of line segment AQ,

8+s .
T=—ple. $=2r—§ v
' ¥

8l bty v ‘F: N P
7 g et =2V .
Substituting them into @, "EQ‘JE SL/._ AR 0 *

(2x—8)*+(2y)*=4
So. (r—4)*+ =1

Therefore, the locus is a circle with its center at pont (4, 0) and
radius 1.

I. Given moving point Q on circle x*+ y* =16, find the locus of midpoint P o

line segment AQ connecting point A (6, 0) and point Q.

[Sol] Let point P be (z, ) and point Q be (s, t). Since point Q lies on circle

x*+y* =16,
3’3‘-!’:16 (D Ve
Since point P is the midpoint of 4
line segment AQ, > p
rf-%i.i+r.3flr—6 .

_ | = | Ol X
= 05 Lo iy B [y )
Substituting them into D,

(2r—6)"+(2y)*=16 =4

So, (r—3)"+y’=4

Therefore, the locus is a circle with its center at point (3, 0) and radius 2
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2. Given moving point Qon circle x* + y* =9, find the locus of midpoint P of line
segment AQ connecting point A(6, 4) and point Q.

[Sol] Let point P be (x, ) and point Q be (5, ). Since point Q lies on circle
r’+y'=9
' +t7=9 @
Since point P is the midpoint of
line segment AQ,

O+S - x
Ir 9 1L.C. §

7 ':; r.I.L‘. t=2y—4
Substituting them into @,
(2r—6)"+(2y—4)’=9
So, (£—3)*+(y—2)*= 3
Therefore, the locus is a circle with its center at point (3, 2) and

s
AlB, 4)

2r—6

Y

radius -g-

. Given moving point Q on circle x*+ " +4x—2y+1=0, find the locus of
midpoint * of line segment AQ connecting point A(3, 2) and point Q.

S0} Let point P be (x, ) and point Q be (s, 1). Since point Q lies on circle
'+ A -2y +1=0,ic (x+2)+(y—1)"=4,
(542 +(2—1)'=4 D
Since point I 1s the midpoint of
line segment AQ,

X

_3+s
2
_2¥t

e 3=22-3

y 2 e l=2y~2

Substituting them into ),
((22-3)+2]"+[(2y—2)~1 )7 =4

So(: ;)"(U“'%):I

Therefore, the locus 1s a circle with its center at
radius 1

pdnt(-%-.-g-)and
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Given moving point Q on circle x*+ y*=4, find the locus of pomt P

internally dividing in the ratio 3 : 1 the line segment AQcmmmgm
A6, 0) and point Q. —r

Since point Q lies on circle x* + y* =4,
s?+t*=4 @

Since point P internally divides

line segment AQ in the ratio 3 : 1,

1:6+3-5 _3s+6 . __4r—6
IFL A s e mE
.; i"l I L] .E. 3"

Substituting them into @,

(425%) +(5v) =4

F
So. (I - ;) +yi= 3

Theretore, the locus 1s
a circle with its center at point (—g— o)

L. Given moving point Q on circle x*+ y* =9, find the locus of point P internally
dividing in the ratio 2: 1 the line segment AQ connecting point A(6. 0) and
point Q.

[Sol] Let point Pbe (x, ) and point Q be (s, ).
Since point Q lies on circle z* + y* =9,

s'+'=9 @
Since point P internally divides line segment AQ in l.hc rmtio 2: 1,
I_lﬁ 2:s _2s+6 i s=3%=6
2+1 il 2
60 B B e 55y 3

= d"'l 3;-'2.‘:2'”

Substituting them mmlffD
)
(2572) +(34) =
So, (x-2)"+ ' =4

Therefore, the locus 1s
a circle with its center at point (2, 0) and radius 2.

AlGD) F
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Coven moving point Q on cirele (xr—6)7+ " =9, find the locus of point P
mternally dividing in the ratio 2 : 1 the line segment OQ connecting onigin O

and point

{Sol] LetpomntPbe (r, ) and point Q be (s, 1),
Since pomnt () lies on circle (r—6)°+ 7 =9,
6)°+¢*=9 @
Since point P internally divides line segment
OQmnthe ratio 2 : 1, A
1-04+2-5  2¢ 3
2+ e odgs)
u ”:‘:" ‘?;.I.c.f U

e

r

B L

Substituting them into @,

2 s 3 "
Ii::: \')J’(EHJ G
So. (r—4)"+y'=4
Therefore, the locus 1s

a circle with its center at point (4, 0) and radius 2.

L Gaven moving point Q on circle (x—3)" + =16, find the locus of point P
externally dividing m the ratio 3 : 1 the line segment Q) connecting origin O

and pont Q,

Sol] Let point Pbe (z, y) and point Qbe (s, £).
Since point Q lies on circle (r—3)7+ " =16,
(5-3)'+t'=16 @D
Since point I externally divides line segment
O mnthe ratio 3 : 1,

1-0+3-3s _ 3s Py -
2t 9 LE. §= 9 I — . .
10434 _ 3 2 & From Coordinates of External
v 31 g + e =g Dividing Points (M), given points
Substituting them into O, M?mﬁ"h
(‘:.r 3) + ( :;y) 16 mﬂwﬂl&ww
' A | m . nare
Therefore, the locus is
a circle with its center at point (-g— 0) and radius 6.
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12=0, find the locus of midpomt P

‘ /100%] 90 | -80- | - |
L immen = 1 1 I i i —=f
| 1. Given moving point Q on line 2r + 3y —12=0, fi
line segment OQ connecting onigin O and point Q.
[Sol] Letpoint Pbe (x, y) and point Q be (s, £).

Since point Q lies on line 2r + 3y —12=10,
25s+3t—12=0 ---Q
Since pomnt P is the mldpmnt of line segment OQ,
I ﬂ:g Le. s=2r
5

=l -0
] D) » LE. I =2
Substituting them into @,

2:2x+3:2y—12=0

S0, 2r +3y—6=0

Therefore, the locus is line 2xr+3y—6=0 ; u=

segment AQ connecting point A(4, 0) and point Q.

[Sol] Let point Pbe (z, i) and point Q be (s. ¢).
Since point Q lics on parabola y= x?,
t=s? @
Since point F is the midpoint of line
segment AQ,

=413 e s=2r-4

u="5"ie. t=2y

Substituting them into @,

s

2

)

2r+3y—6=0

2xr+3y—

12=0

-

—5=+2|

2. Given moving point Q on parabola y =z, find the locus of midpoint P of line

2!}'-’(21'"‘”‘ u‘

So, y=2x"-Bx+8

Therefore, the locus is parabola y=2x"—8x+8.
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Given moving point Q on line 2 + i+ 1 =0, find the locus of point I internally
dividing in the ratio 2 : 1 the line segment AQ connecting point A(3, 1) and

poant U

sol] Let point Pbe (2, i) and pomt Q be (s, £).
Since point Q lies on line 2x + py+ 1=0,

25+ +1=0

nr

Since point 2 internally divides line

segment AQ in the ratio 2: 1,

1-3+2-5  28+3 .. =9

2+ 1 B bantie =70
1-1+27¢ S 2041 - =il

7| a1 3 e 9

Substituting them into (D,
o - Jy—1 .
e e L

So. 6r+3y—>o=1)
Therefore, the locus is line 6x+3y—5=0 y=—2x+-

wien

Given moving point Q on parabola y=x*—2x + 4, find the locus of point P
externally dividing in the ratio 2 : 3 the line segment AQ connecting point
A(2, 2) and point Q.

Sol] Let point Pbe (z, y) and point Qbe (5. [).

Since point Q lies on parabola y=x° —2x + 4,
(=s"—25+4 D

Since point P externally divides line segment

AQ in the ratio 2 : 3,

3:2+2-s r+b
= 2546, 1€ ! -
r 27 23 L 1.C. 8 2
3-2+2-1 E y+b
6
(7} -7 2{*+b.re. | 9

Substituting them into O,

06 (~£:8) 5 (=55,

So, v .1:"-1: “

4

Therefore, the locus is parabola = — %—r'+-lr-3.
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gravity G of A ABQ with vertices A(0,6). B(9,0) and Q

[Sol] Let pointGbe (x, w) and pmnl Qbe !
Since point Q lies on circle x* + y* =9,
s*+°=9"--Q
Since point G is the center of gravity of JABQ,
QE9==g g9

r - ~—_Le. $=3x—9
J J (__
6+0+t t+6 : - 3
i g A e =300 ———
e = . Center of Gravity of
Substituting them into (D, Triangles (M8)

(3xr—9)*+(3y—6)"=9
So, (xr—3)*+(y—2)*=1

gravity G of A ABQ with vertices A(4,0), B(2, 3) and Q.

[Sol] Let pomt G be (x, y) and pomt Q be (s, £).
Since point Q lies on circle x* +y*=1,
Ypi=1 @
Since point G is the center of gravity of AABQ,
4+2+s 516

1. Given moving point Q on circle r*+y° =9, find the locus of the center o

Therefore, the locus is a circle with its center at point (3. 2) and radius 1

2. Given moving point Q on circle x*+ p*=1, find the locus of the center ¢

x 3 3 1.6 §=3xr—6

I 0.'5;” !:;J.It.tfti'lu 3 Qe

Substituting them into (), - IQ
(3r=6)*+(3y—3)*=

So, (r=2)*+(y—1)* é
Therefore, the locus 1s a circle with its center at point (2, 1) and
radius !i

o e e L e e e ot b ot 4L 8 8 A /
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Given moving point Q on circle (xr—2 )34 (g =2)7 =4, find the locus of the

center of gravity G of 2. ABQ with vertices A(6, 2), B(4,5) and Q

Soll Let point G be (2, y) and point Q be (s, 2). Since point Q lies on circle
'..I p ) 'L Iy !

"

J § = '

Since point (i is the center of gravity

ol A\ L),
1 ,
: = e $=32-10 2
) +5+1 7
Iy = r.j, 1.¢. 1=3u—1 -
F | all 5

Substituting them into 0,
iz —10) =2 +[(3y—7)-2}"=4

So, (x—4)' +(y—23)° 9
[herefore, the locus 1s a cirele with its center at point (4, 3) and

radius 2;

Given moving point () on parabola »= x”, find the locus of the center of
gravity G of /. ABQ with vertices A( ~1, =2). B(4, =1)and Q.

Sol] Let point G be (z, y) and point Q be (s, £).

Since point ( lies on parabola ¥ of 0
(=g" «Q
Since point G is the center of gravity of 2 ABQ,
> | - - .-i
: .,i fms '5- 6. 5=3x~3
} "'1 ' 3 U™~z
u 33 ¢ "3‘.:.:.:-39'3 D
Substituting them into ),
3u+3=(3r-3)° Al

So, y=3z" —bx+2
Therefore, the locus is parabola y=3x"~6x +2.
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1. Let point P be the point symmetric to point Q(s. £ ) with respect to line y=2x.
(1) Express the coordinates of point P in terms of s and £.

[Sol] Let point P be (z, y). Since the slope of y=2x is 2 and line PQ is
perpendicular to =2,

B e o A S S SN S S

JE =Tk
2 = 1
So. r+2y=s+2t @

Also, the midpoint (I;—q : y; r*) of line

segment PQ lies on y=2r,

.sz :2.:.2 S
So, 2r—y=—2s+t =@
From (U and @,
r= '*_335-!--1{* y= 4$g§t_
. P( —3s+4t 4s+3¢)
' 5, S

(2) Given the condition in question (1) and the moving point Q on line
x+y—2=0, find the locus of point P.

[Sol] Since point Q(s, ¢) lies on x+y—2=0,

s+t—2=0 @
From @ and @,
_—3x+4y ,_A4xr+3y .
Substituting them into @, i
_-—3_:-!—.1y_+ u'g_g.u..-2=o
5
So, x+Tu—10=0

Therefore, the locus is line z+7y—10=0 [@,%;_-: L 10]



| Place two points P and Q on parabola p=x*, and connect P, Q and ongin O
such that ZPOQ is a nght angle.

1) Given that the coordinates of point P are (¢, t?), express the coordinates of
pomt Q in terms of L.

Sol] From 2 POQ=90", singe points I and Q ye W=3r*+ ‘.'i
do not coincide with ongin O, t #0
t* -0

Since the slope of line OP s 1o b
the slope of line OQ 1s

Therefore, line OQ1s p= — }. x.
Since the point of intersection of this line
=t ozl
FRdne it 4 s 0
s oty ]
Since it coincides with the origin when x =0,

o ~4)

and y=x"1s -

nY

Iﬂ__a ! =:l‘!(‘—-L) ), IA;— -,n‘.'.., ‘;-i

1 +D+}l|_ : : V1Y ' ‘l'

(1 _3__=‘j(f’+*--) «“Q =
Loy I'—[H('-'d)] - Squaring both side

"‘—(t' ;-2)

3 I"+?I’-=ﬂ:’+2 o6 1)
Substituting @ into @,

v=gart+2)=ar+2

Mm.lhchcuaupnnhhytﬁ:%l
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1. Given points A(2,0) and B(O, 4 where AP? +BP*=20, find the locus of
point P m» M52

s

[Sol] Letpont Pbe (x, )
Bio, 4

AP =(xz—2)"+y"°
BP=r*+(y—4)°

I'herefore,

[(x=2)+y? ]+ [+ (p—4)"1=20
So. x4y —=2xr—4y=0 )
; = 0 Al -
L T 1)+l py—2)° 5 A2 0

Ihus, the locus is a circle with its center at point (1. 2) and radius + 5.

9. Given points A( —4,0) and B(5,0) where AP : BP=2: 1, find the locus of

point P. =» MSL

[Sol] Let point P be (x. u)
AP=vy(z+4)"+y° va P
BP=yJ(x—5)"+p°

Since AP : BP=2:1, AP=2BP, ; ®

therelore, A(~4.0) O

J(z+4) 4+ =2¢(x=5)*+°
Loyt —16x+28=0
(xr—=8)"+py°=36
hus. the locus is a circle with its center at point (8, 0) and radius 6.
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1. When the value of ¢ changes, graph the locus of the following pomts Plx, ).

—

P(t+1,2t-1)

[Sol]

{

2
—
=
—
[
-Lu
-

T

(1) PU=1, —6Td) ua

[Sol]

hY

MI-—-

1
v |—1 20




€= Eliminating ( 0

W

3 planc is represented by a varable [ such that r= (¢

1 T LN |
calicd 3 parametric represeniation. 1na) v arable !

s called a parameter
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1. For all real numbers £, find the locus of the fdbﬂﬂgpﬂf"ﬁ!’-— :

{l} P(f+2.!’+l] "_-__'_";:1.-'

[Sol) x=t+2 @
y=+1 @
From @ and @,
y=x'—d4x+5
Therefore, the locus is
parabola y=x"—4x+5.

(2) P(2t,2t—t%)

[Sol] x=2t (@
y=2t—t* Q@
From @ and @,

v= —%—x’-i-r

Therefore, the locus is

parabola y= —'i?.'l‘l"l":.
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For all real numbers ¢, find the locus of vertex P of parabola
p=x"+2tx-+4,

[Sol) y=x"+2txr+4
(x+t)"—t"+4
Let point P be (z, y).
r=—{ (D
y=—t'+4 Q@
From (D and @,
yv=—x"+4
Therefore, the locus is parabola = —x*+4.

1. For all real numbers £, find the locus of vertex P of parabola y=x"—d4tx + 1.

[Sol] y=x"—Atx+1
=(x—2t) —4t* +1
Let point P be (x, i).

r=2t (D

y=—4t*+1 Q@
From @ and @,

y=-—x"+1

Therefore, the locus 1s parabola y= —x*+1.
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w -

- For all real numbers ¢, find the locus of center P of circle
'ty At +2(t+ 1)y +61° -2t +1=0 --D.

[Sol] From @, (x—2t)*+[y+(t+1))=—t*+4¢ D
Also, since —t*+4t >0, £(t=4) <0 &=

So0<t<q @

Let point P be (z. ). From @,
x=2t @
y=—t=1 Q@

From @ and @, y= --'%.r—l

From@and @, 0<xr <8
Therefore, the locus is

line y= —-%"r—lfnrﬂ <xr<8§.

1. For all real numbers ¢, find the locus of center P of circle #
'yt =20+ 1) x+6ty+1107 +2t—3=0 -@. -

[Sol] From @, [x—(¢+ 1)) +(y+3t)*=—t*+4 @
Also, since —t*+4 >0, (¢ +2)(t—2) <0
. =2<t<2 @
Let point P be (x, y). From @,
r=t+1 @
= - 3! ...@
From @ and @, y= ~3x+3
From@and ®, -1 <z <3
Therefore, the locus is :
line y=—3x+3 [3x+y-3=0]for ~1<x <3
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Fur all real numbers m, ﬁnd lh: lm.u'i of the point ufmmm

Plr,y)oftwolines mr—y=m ~Dand xr+my=~1 Q.
[Sol] From @D, m(r—1)=y Ve D
(1) Whenrxr#l, m I—;f-l— €.
Substituting into @, Sincex#1, |
u: ' r—1=20 J
I+ T 1 T

So, x*+y'=1 @

Given @, if r=1, y=0

Therefore, when xr# 1, point (1, 0) 1s excluded in @
(11) When r=1, from @, y=0

When =1 and =0, @ is not satisfied.
From (1) and (1), the locus is a circle with its center at
point (0, 0) and radius 1 (excluding point (1, 0)).

1. For all real numbers m, find the locus of the point of intersection
P(x, y)oftwo lines mx+y=2m ~Qand r—my= -2 D,

(Sol] From @, m(r—2)=—y S

: ] ' 120
(1) Whenx#2, m =7

Substituting into @),

ul

= X—2
So, x’+y'=4 @
Given @, if x=2, y=0
Therefore, when x # 2, point (2, 0) is excluded in @.
(i1) When x =2, from @, y=0
When x =2 and =0, @ is not satisfied.
From ( 1 ) and (1), the locus is a circle with its center at point (0, 0)
and radius 2 (excluding point (2, 0)).

= -2
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For all real numbers m, find the locus of the point of intersection
Plr, y)oftwo lines mx+y=4m @O and x—my=—4m Q.

[Sol] From (D, m(x—4) 7]

(1) Whenxr#4, m- E
r=—A

F
Substituting into @, x + "_ = CTE
r—4 =4

So, (x—2)+(y—2)*=8 @
Given D, if r=4, y=0.4
Therefore, when x # 4, points (4, 0) and (4, 4) are excluded in (.
(1) When =4, from @, y=0
Substituting r=4 and y=0 into @, when m= -1, @ s
satisfied. So, point (4, 0) satisfies the condition.
From (1) and (1), the locus 1s a circle with its center at point (2, 2
and radius 2v'2 (excluding point (4, 4)).

I. For all real numbers m, find the locus of the point of intersection

Plx, y)oftwo lines mr—y=0 ~@Qand r+my=5m+3 Q.
D

[Sol] From D, mx=y
(1) When x#0, m="4

Subiutunngmm@ x-+- v 53-4-3

: 3 5\ 11

So, (z=3) +(u=3 ) =5 =@

Given @, if =0, y=0.5

Therefore, when x #0, points (0, 0) and (0, 5) are excluded in Q.
(1) When x=0, from @), y=0

Substituting xr =0 and =0 into @, when m = =% 3 @ is satisfied.
So, point (0, 0) satisfies the condition.

From (1) and (1), the locus s a circle with its center at point (-%--%

and radius %l— (excluding point (0, 5)).
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2. Giventwo lines mr—y =3 -~@Qand x+my=3m @, solve the following

Juestions

1) For all real numbers ., find the locus of the point of intersection

Pl x, u) of the two lines. D_ v D
| - J
[Sol] From W, mx=y+3 !
L TR
(1) When 2 #0, m=-Y : I
x
. (7
.\uhsmui.mg l!ﬂu g q 0 s T
o W ut3) _ 3(y+3)
: - r

So, z'+y'=9 @
Cnven D, il =0, y= 3
Therefore, when x #0, points (0, 3) and (0, —3) are excluded in @,
(1) When r=0, from @, y=-3
Substituting r =0 and y= — 3 into @, when m =0, @ is satisfied.
So, point (0, —3) satisfies the condition.
From 1) and (1), the locus is a circle with its center at point (0, 0) and
radius 3 (excluding point (0, 3)).

2} Draw the locus of the point of intersection of the two lines when 0 < m < 1.

[Sol] From D, y=mx—3 @ v
Line @ is the line with slope m passing e 1 .. V=Ir=3
through point (0, —3). ,f” i
When m = 1, ; L

from @, y=z-3 @

The points of intersection of the locus found in
question (1) and @) are (3,0) and (0, —3). g
When m =0,

from ®, y=~3 @&

The point of intersection of the locus found in question (1) and ® is (0, —3).
Therefore, when 0 < m < |,

the locus is as shown in the diagram above,
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Find the equations of the bisectors of the angles formed by two lines
x=2y—2=0and 4xr—2y+1=0.

[Sol] Let P(x, i) be a point on |tl’nﬁhf
the bisectors. Since point P is | Line (M25)
equidistant from each given lmr : gy

le—2y—2| _ l4x—2y+ f"

1°4+(-2)* J4° *T‘_E}:
Therefore,

2(x—2y—2)= +(4x—2y+1) €'
T'hus, the equations are

iy [TT LA '-

2z +2p+S5=a@

1. Find the equations of the bisectors of the angles formed by two lines
Jr+2y—=5=0and 2r -3y +4=0.

[Sol] Let P(x, y) be a point on the bisectors.
Since point P is equidistant from each given line,
13z +2y~5| _ |12x—3y+4|
f3’+IL27 v2*+(~3)?
Therefore,
3r+2y—5= £(2x—-3y+4)
Thus, the equations are
x+5y—9=0, 5x—y—1=0

Ir+2y—5=0| Sr-y—1=0
r+5y—9=0 '
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iy—8=0and 5y+32=(

[Sol] Let Plx, y) be a point on the bisectors

Since point P is equidistant from each
given hine, {r+8

ir+J3y—=8 O-x+5y+3

vy g 4+ 3" YU +dH*

Find the equations of the bisectors of the angles formed by two lines

I herefore,

ir+=3y—8 HHy+3)
I'hus, the equations are

ix—=2y—11=0. 4x+8y—5=0

7 |
i

I'he ratio of the distances from one point to lines r + y

15 2 : 1. Find the equations of the locus of this point.

[Sol] Let Plr,

nes r+y—~1=0and r—y—2=0is 2 : 1.
r+uy—1 r=y=7 91
d i.! i ]-’ u l.‘

& | ] )?
2lx—y-2 r+y—1l|
Therefore,
2ix—y—2)=2(z+y~1)
Thus, the equations are
xr—=3y~3=0, 3x—y—5=0

l=0and xr—y—2=0

) be a point on the locus. Since the ratio of the distances to
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Given point A(0, 1) and line y 1. find the locus of point P which is
equidistant from point A and the line.

[Sol] Letpoint Pbe (r, ). | AP=(distance from y= 110 point P)
Voi+(y—1)=|y+1l €

’+(y—=1)=(y+1)*
33 I8
. U=

Therefore, the locus 1s

parabola y - _1-‘-:’. T

1. Given point A(0,3) and line y= —3, find the locus of point P which
equidistant from point A and the line.

[Sol] Letpomt P be (x, y).
vri+(y=3)"=|y+3l
r’+(y=3)=(y+3)*

., iyn ol
L U E

Therefore, the locus 1s

1 =3 (r. -3)
parabola y— 1—2.::'.

2. Given point A(0, —=2) and line y=2, find the locus of point P which
equidistant from point A and the line.

[Sol] Let point P be (x, y). I;
yx'+(y+2)'=|y—2| u=2
2 +(y+2)=(y—2)*
- é::

. Al0, -2)
Therefore, the locus 18

parabola y = —-;—.r’.
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i
1. Given that circle x*+ y*=4 @ and line y=z+k @ intersect at b=
different points P and Q, solve the following questions.

(1) Find the range of the values of constant k.

[Sol] From @ and @, Substituting
r’+(x+k)=4 € Qioo®
2r* +2kx+R*—4=0 Q@

Since @ and @ intersect at two " Alemative Solution
different points, Since the distance d from center (0, 0)
= D wline y=x+k.te.r-p+k=01s
& i =
from (1, 1 k*=2(k*—14) R
=—k*+8>0 g=—10=0+kl _ Ikl _,
s kT<8 1"+(—=1)" 2

(2) Express the midpoint M(z, 1) of line segment PQ in terms of k.

[Sol] Let the r-coordinates of points P and Q be o and 5.
2k

From @, a4f=~5 =~k €= *s'im}udamuuunmaf
. o_atB__k o 20"+ Zkx +h' = 4=0, ot =~
BRIy (From Root-Coefficient Relationships

Since M lies on line @, (WJ131)y i

=, X k ..c
Y= 24—,1{ 9 &)

(44

(3)  When the value of k& changes in the range found in question (1), find §
locus of midpoint M.

[Sol] From @ and @), y= ~x €= Elimim-in_r.;i
However, from (1) and @,
~V2<xr<V2 €~ [Since ~2/2 <k <242,
Therefore, the locus of - ,(‘ < _.‘L <2 J
midpoint M is el
line y= —x for -y2<x <y
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/o) § s = 1 -

l. For all real numbers ¢, find the locus of vertex P of parabola
7 r’+qtr—2t"+1. » Me

Trre . 0

[Sol] y=—x"+4txr—2t7+1
(r—2¢)*+20*+1
Let point P be (z, y).
r=2 @
y=2t2+1 =@
From O and @,
1

y=-5x"+1

ae

Therefore, the locus is parabola y=-% 1.

2. For all real numbers m, find the locus of the point of intersection
Plr, y)oftwolines mr—y=-2m ~QDand x+my=2 Q. W M6

[Sol] From ®, m(x+2)=y
: e e
(1) Whenr#—2 m= 7+
Substituting into @,

ul

T+

So, '+ y'=4 @

Given @, if x=-2, y=0

Therefore, when x# — 2,

point ( =2, 0) is excluded in .
(ii) When r= —2, from @, y=0

When = — 2 and y=0, @ is not satisfied.
From ( 1 ) and (1), the locus is a eircle with its center at point (0, 0)

and radius 2 (excluding point ( =2, 0)).

r+

oo i i i d 4 4 4 & A A A A A A S
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A0 s [oon [ 10n [oo| o, . . o
Consider a group of points satisfying the inequality y » x + 1@, J,__

Let (z, 1) be the points satisfying . ;/% / ?/"5 7 “4 L
Whenx=-2,y=2 —2+1=-1 ,/, 7
ik o

‘,a‘.
Whenr=~1,y= ~1+1=0 /;f
When x=0, p=0+1=1 7,77
Whenr=1, y=1+1=2 47
When =2, y»2+1=3 ”

From the above, points (r, y) satisfying ©
are above or on thethine y= x+ 1. The group Ve
of points (r, y) satisfying the inequality of x and y is called a region.

Shade the region sausfying each given inequality.

e
[Sol]

zll.- '.}:&"-_".lfn{-':f:?‘" ?;_?. o= =
L i T.'ﬂ-f”f)-%l'fr&ﬁf .-Ef’ f H zr 1

%! I “ L 1 ]
/// f 7 s
7 //f /dinee |
g

The boundary is not included.
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Shade the region satisfying mh given inequality.
I::+ul <9 ) (2) Il+ul{‘r

(Sol) [Sol] Rearranging.

|
|
|
|
|
|

The boundary is included. The boundary hmm
(1) 2?+p*'>24 (3) r’+u’>6y

[Sol] [Sol] Rearranging,
'+ (y-30'>9

/ //,///

:-.-_)'{:-).r

v 7
,-*’”’ ff;ff ,f
’f‘ff/;x xfr, i

The hounm is included.

.....
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Regions O

Ciater _.’ f
/100%| -90% | -80% | ~70% | 69%- |
/i B 18 -

Tirr ‘ n
’l—

Shade the region satisfying cach given system of mequalities,
| s UL o '

V-~ —x

[Sol]

The boundanes are not included.

(1) [ p<—xt2 (2) l r+y—3<0
| y>2r=1 ~2r+y<0
{50l] U [Sell r+y=-3=0 Vp -2r+y=l

......
--------

The boundaries are not included. The hnumhnumhqm
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boundanes
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Regions Marra
- - e — Late Ir : i"
/100%] ~90% [ ~80% [ ~70% | 69%- | - |
fa——— 1 — ] z = ™ e

Shade the region satisfying each given system of inequalities.

(1) ’ 4+ 57 < 4 (3) I ’+y’<2
.H'I'l |I_U_1.=:?0
[Sol] [Sol]
Ua b 4
}
y r—=p=i1mp
r'+py'=2
1+
ﬁ -
=3
The boundaries are included.
@) [ 2*+iy*<9 ) \ 'ty >16
r+ys2 2r+y>2
[Sol] [Sol]

1:4!'2
The boundaries are included. The boundaries are not includs




MT74D

/ Vo / \

/ ; / ¢ \

f / \ e AR |
- : , L LAY

' } .

/ | o |
pre /
- LY
A = \
//' e

he boundaries are not included

indaries are included




M75a KUMON® |

Regions "

T

Yy

-
ol

/100%] ~90% | ~80% [ ~70% | 69~
- | -

P T —— {

)

Shade the region satisfying cach given inequality

Ex.B \ p
lr+uyilx _f”j- ]

[Sol] When the given inequality is true,

either
| xtu-=0
| z-2y<0
or
| r+y<t
| r—2u>0
IS true,
1) (r=uylx+py—2)<0
[Sol] When the given inequality is true,
cither
(]' r—uy=>0
| z+y-2<0
or
| x=ys0
| z4y-2>0
1S true,

(2) (z=y—=2)2z+uy—=4)>0

[Sol] When the given inequality 1s true,
cither
[ T=y—<>\
| 2r+y—4>0
or
| x—wp—e 0
| 2r+py—=4<0
iIs true.

The boundanes are not includey
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AV / v,
e
lhe by Undarjes 4re not ineyy
d Iq’ i |'|
w en the o ina -
' |L|!I!1,,-|;|'-, S i g,
[he
’I 1
! | i)
' )
’ ]
Ihe b ndarjes are .‘ncfudcd.
I I y r 0
' Guafip,
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Regions Narre

:F, [ hp] lII i"-

/100%| -90% | ~80% | -70% | 69%-
Lm0 —— -

- =1

- e
T L]

Shade the region satisfving cach given inequality.
(1) py=lx+li v

[Sol] x+1 > 0whenx = —1
“y2x+l
r+1<0whenzx- 1

'_ ;)‘ - .[_ri--llj
=)

r" " *ji i

[Sol] Since ¢ > |xl,

whenxr 20,y > x
whenxr<0.y> —x

(3) lxl+lyl <2
[Sol] Whenxr > 0andy > 0, x4y = 2
| Whenr >0andpy <0, x—y < 2

Whenr <0ODandpy =0, ~x+py =<2

Whenzr <O0andpy <0, —r—y <2

The boundanes are included.
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4) | P’+y'-2x-8<0
| (xr=pyMx+y+2)>0
[Sol] Since ¥+ -2r—8 <0,

(r—=1)'+p* <9

Also, since (r

ullx+y+2) >0,

when the given inequality is true,

either

J r=y->0

|I-?u*2ff] e
or

[ x-=w<0

L xty+2<0
15 true.

(5) v~ 2r
y=>x
e —x'+4r

[Sol] Since y < —x'+4z,
v —(x—=2)+4

The boundaries are not included.

-
F 2

u:--x'l.u

The boundaries are included.
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Regions Marre
point (2, 2), the value of k 1s maximized,

b / Date f /
100%| -90% | ~80% | ~70% | 69%~| . .
Pax—— 1. - — — o Tme . ] .
Given that ¥ and y satisfy four inequaliies r > 0, y > 0, 2r + y < 6 and
Y q
r+2y < 6, find the maximum and mmimum values of r + y and the
| corresponding values of x and y.
[Sol] Let A be the region represented by the four e
given inequalities. Region A lies inside and -
on the penimeter of the quadrilateral with
four vertices (0.0), (3,0). (2. 2) and (0, 3). /- SN
Let x+y=k,1e. y=—x+k Q. m %)
(D represents the line with slope — 1 and y-intercept k.
and when line (@ passes through point (0, 0),

the value of & 1s mmmmized.
Therefore, the maximum value is 4, at x=2, y=2 and
the mimimum value is 0, at =0, y=0.

I. Given that x and y satisfy four inequalities r > 0, y » 0, x +2y < 8 and
3x+ 2y = 12, find the maximum and minimum values of x + y and the
corresponding values of x and p.

[Sol] Let A be the region represented by the four given
inequalities. Region A lies inside and on the
penimeter of the quadrilateral with four vertices
(0,0),(4,0),(2,3) and (0, 4).

Let r+y=h.ie. y=—x+k Q.
(L represents the line with slope — 1 and
y=intercept k.
In region A, when line (D passes through point (2, 3), the value of & 1s
maximized, and when line (D passes through point (0, 0), the value of &
minimized.
Therefore, the maximum value is 5, at x =2, y= 3 and

the minimum value is 0, at x =0, gy =0.

J@



MT77b

2. Given that r and y satisfy four inequalities x > 0, y > 0, x +2y < 8 and
Gr w9, find the maximum and minimum values of —2x + y and the

corresponding values of x and . " flgmayh

[Sol] Let A be the region represented by the four r+2u=8|
given incqualities. Region A lies inside and ’
on the perimeter of the quadrilateral with
four vertices (0.0),(3,0),(2,3) and (0, 4).
Let —~2z+y=k, iec y=2x+k -~ @.

L represents the line with slope 2 and
y-intercept k.
In region A, when line (D passes through point (0. 4), the value of & 1s
maximized, and when line @ passes through point (3, 0), the value of k 1s
minimzed.
Therefore, the maximum value is 4, at =0, y=4 and

the minimum value is —6, at x=3, y=0.

3. Given that r and y satisfy three inequalities y < z, 7y = 2x and
2r+ 3y < 20, find the maximum and minimum values of z + y and the
corresponding values of x and .

[Sol] Let A be the region represented by the three
given inequalities, Region A lies inside and
on the perimeter of the tnangle with three
vertices (0,0),(7,2) and (4,4),

Let z+y=k, ie. y=—~x+k @,
D represents the line with slope — 1 and
y-intercept k. J
In region A, when line (D) passes through point (7, 2), the value of k is
maximized, and when line (U passes through point (0, 0), the value of & is
minimized.
Therefore, the maximum value is 9, at x =7, y= 2 and

the minimum value is 0, at x =0, y=0,
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Regions Name

Oate / : /

/100%] -90% | ~80% | ~70% | 69%-
L i

— - - B

Tare o

1. Given that x and i satisfy two inequalities y » z — 1 and z° +° < 25, find
the maximum and minimum values of 3x + i and the corresponding values &
rand .

[Sol] Let A be the region represented by the two given mequalities.
Region A consists of the shaded region including the boundary.
Let 3x+y=k, 1e. y= —3x+k Q.
(D represents the line with slope —3

y=-3z+k ¥ ‘.

and y-intercept k.
In region A,
when line (U passes through point (4, 3),
the value of k 1s maximized.
Also, when line (D is tangent to circle
i+ y'=25 @, the value of &
1S mimmized.
From (D and @,
r’*+(—3x+k)'=25
So, for 10x° —6kx+k*—25=0 @,

f? (—3k)*—10(k*—25)=0, i.e. k= £5+10

Therefore, the minimum value occurs when k = —5v10.
Substituting &= —5v10 into @ and simplifying,
2r* +6v10x+45=0
(V2x+3v5)*=0
3V10
2

-3"2‘“- and k= —5v10 into @, y=—

Thus, the maximum value is 15, at r=4, y=3 and

the minimum value is =5+ 10, at x= _i.z‘!l_i y=—ﬁ—9— .

: V10
Substituting r= - =~
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2. Given that x and y satisfy two inequalities y > x’ and y < —x+2, find
the maximum and minimum values of y—x and the corresponding values of

r and .

[Sol] Let A be the region represented by the two given inequalities.
Region A consists of the shaded region including the boundary.
Let y—xr=k,iey=x+k Q. @ represents
the line with slope 1 and y-intercept k.

In region A,
when line (U passes through point ( —2, 4),
the value of & 1s maximized.
Also, when line (U 1s tangent to parabola
y=x* @, the value of k is
minimized.
From @ and @,

r+k=x’
So,forx’~x—k=0 @,

1

D=(~1)"~4-1-(—h)=0,i.e. k=—-¢

Therefore, the mimimum value occurs when k= — —}I—
1

Substituting k = — 1 into @,
r'—x --‘:-=0
5 B
(.r 2) =1)
_1
>
smnmiugz--;-mxzz—%-inm@.u=_}

Thus, the maximum value s 6, at x= -2, ;y=4 and
the minimum value is —-‘!i-, at .r=-%. y=-i—.
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Reglons tiarre
S SR e— - — 'f_.l.:ﬂ‘ IIr e ;
/100%] ~90% | -80% | ~70% | 69%~| =
A Y I —— =1 = 1"
1. A bakery sells cakes and cookics. The amount | | flour eggs

of flour and eggs required to bake a cake or | cake 100g |

2
a bag of cookies and the amount of stock are | cookies | 300 g 1_
listed in the table. A cake sells for 10 dollars stock T 9000 g 40
and a bag of cookies sells for 20 dollars,
Given 9000g of flour and 80 eggs, how many cakes and bags of cookies ar

needed o be baked in order to maximize sales”

[Sol] Let the number of cakes and the number
ol bags of cookies be r and y respectively.
r20 ~Qu=20 @
For the stock of flour,
since 100 + 300y < 9000,
r+3y <9 @
For the stock of eggs,
2r+py =80 @
Let A be the region represented by (O~@),
Region A lies inside and on the perimeter of the quadnlateral with foy
vertices (0, 0), (40,00, (30, 20) and (0, 30).
Since the sales are (10x + 20y ) dollars,

let 102+ 20y =k, 1e. y= - l-,r ‘ —l—k - (@,

27 2
Then, 0 represents the line with slope — ,; and y-intercept 'flﬁ“k'
In region A, when line (0 passes through point (30, 20), the value of &
maxtmized,

Therelore, 30 cakes and 20 bags of cookies are needed to be baked.
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! Given moving pomnt PUr, i) in the region represented by dxr+py < 9,

47 { and 2r— 3y 6, find the maximum and mintmum values ol

wand r*+ u°, and the corresponding values of x and y

/4 1 2x =3 b5

150l] Let A be the region represented by the three
nven mequahties, Region A lhies inside and

n the penimeter of the triangle with

three vertices (2.1 ), |

LS R

3 land (0, 2).

Let2r+y=hk.1e. U 2r+R (L

represents the line with slope — 2 and

y-intercept R
3 .

In reguon A, when line (D passes through point ( - "‘) the value of ks

maximized, and when line (D passes through point (0, 2), the value of & is

mmimized

Iheretore, the maximum value is 6, at r = .;: =3 and

the minimum value is 2, at =0, y=2.

Also, let £+ y' =r @, @ represents the Ve Ar+y=9 2r-3y

circle with its center at the ongin and radius v r.

In region A, when circle @ passes through

point | 5+ ). the value of 7 is maximized.

When circle @ s tangent to line x+ 2y=4 -,
the value of » 18 mimimized

From (2 and D,
N I n\
I ! kT L | r
Z f
S50, for :I 2+ 4—=r=( i,
[}
f) ,.J l } 7
: ] . i—r)=01c 7 - 9
From @ and 0.
25r" =40+ 16=0
.JI' i)° i)
I I %
‘ .
” -‘I
From (J and @), y=
4 5 9
[hus, the maximum value is -i-,:t r 3 ¥=3and
the minimum value is _1:6_’ at r= ,! _f‘
5 2 2
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M 20

I. Shade the region satisfying each given system of inequalities. 8 M73. 7.

(3) l r’+y' > 1

M&80a KUMON-
Reglons ‘e
J(_I,___. ] e
/100%)| ~90% | ~80% | ~70% | 69%~|
=T —— i = 'MW
(1) ([ 2%+’ =16

Yy 2r—4

The boundanes are included.

(2) i =2r42y <2
r=y<z
[Sol]
La
Ir—=py=32

Eh

'yt =2r4+2y=

The boundaries are not included.

[Sol}

(4)

[Sol]

| r+y’=2xr—-3<0

'.
1
I
t

The boundanes are included.

l v>x'—4
r’—qxr+y+2<0

B s
r'=dz+y+dmy

The boundaries are not includs
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2. Shade the region satisfying the given inequality. m» M75

y+r'Ny—x"+2) >0

Soll When the given inequality 1s true, u

cither

y—x " t+Zi-0
or - -
b
Rl 4 i)
=X "vrao<U
1S lruc

The boundaries are not included.

3. Given that r and y sausfy three incqualities x+2y < 6, 2+ y = O and
ir —y = 6, find the maximum and minimum values of — r + i and the
corresponding values of x and p. w» M77

[Sol] Let A be the region represented by the three given inequalities,
Region A lies inside and on the perimeter
of the tnangle with three vertices
(=2.4).(1, =2) and (2, 2). (
Let ~x+y=k,ie. y=x+k O
‘L represents the line with slope | and
y-intercept k.
In region A, when line (1 passes through point
( ~2.4), the value of k 15 maximized.
and when line (U passes through point (1, — 2),
the value of & 1s minimized.
Theretore, the maximum value is 6, at = ~2, =4 and

the minimum valueis 3, at r =1, y— 2.
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Trigonometric Ratios 1 wrre
Cater ! /

/100%| ~90% | ~80% | ~70% | 69%

L owwen® | - | = i ———
Given ZPAQ, drop a perpendicular BC from point B on AP to AQ and form
right-angled triangle ABC. When A represents the size of ZA,

T rras

s I:‘fi is called the sine of A and expressed as sinA
B ¢ ;

1%5 15 called the cosine of A and expressed as cos A
—— r[j N E:LL is called the tangent of A and expressed as tan/

Given a right-angled triangle ABC, find the values of sin A, cos A and tan A,

: =
i [Sol] sinA lff'i | Frmil.&-%l

3

cos A= :a € chu.rllﬁ

tan A 5:3 & me.-E-J

1

(1) (2) B
13 12

A 3 G A 5 G
(Sol] sinA =~ (Sol] sin A=42
; Sy 5 13
cos A= "'g' cos A 2%
r, - "4— :_!-_3..
tanA= 4 tan A 5

M

The sine, cosine and tangent are called trigonometric ratios.
sin A, cos A and 1an A are the ratio values defined by the size of A -

-, |
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Trigonometric Ratios 1 Marma

Cate / - J’

e

/100% 90% | ~B0% _72;1[59..1._
i -

L_imeashen) O = 3
Given a right-angled triangle ABC, find the values of sin A, cos A and tan A

[ere o

: .3
[Sol] sinA =

(1)

: - B
(Sol) sin A= (Sol] sinA=4
cos A % cm,‘:%
tan A —\I{ mnA:%

(2) (4)
> C B
et

. 5

' A
(Sol] sin A= [Sol] sin A=
cos A ?i; cnﬂ.‘l=—3§'
tan A % mnA:—?-i-
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Trigonometric Ratios 1 tiare
y : . Dato JII__ f
/100%| ~90% | ~80% | ~70% | 69%~| 3
Va1 — = I .
Given a right-angled triangle ABC, find the values of sin, cos and tan.
S === =
B (Sol]
- 1% 1o
sin 1_ 13 ﬂnB 13
13 12 - =y 74
cos A=13 cos B= 13
r -._l.g_ =—5--
A C WA tanB==-33
(1)
B [Sol)
9 3 12 o
5 sin A=<=+ sin B=<==+
1 5 15 5 I55
_12 4 b S
C cosA="==—+ cos B=+==—+
. = C 15 § 15 §
oS = v S
(2)
B (Sol]
‘0
: v2 v2
sin A=-—— sin B=——
; 2 2 2
' V2 _ 42
i cos A=—5= cos B=—5=
C V2 A /9 2
lan.ﬁi:—‘q:l lanB='T2"=l
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Trigonometric Ratios 1 taarrer

— e / f
_,__x100°fol 90% | -80% | -70% | 69%-| =
S eemio 1 — 1 1 1 — 1 7 ] —

Given sin A 1 find the values of cos A and tan A, (0" < A < 507)

[Sol] AC=vV5'—4"=3

cos A==
)

e T e
tan A 2

1. Given sin A i find the values of cos Aand tan A, (0" < A < 90°)

[Sol] AC=v3*—1"=2V2

B
2v 2
cos A== 7 3 \
1 v2 1 - -
= = A o ] C
tanA 249 1 ) 2v2

2
2. Given cos A- ; find the values of sinA and tan A, (0" < A <90°)

[Sol] BC=v3"—2"=+5 B
A LD
sin A= g a
_ 45
tql“-"‘_ 2 r
A 2 C
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Trigonometric Ratios 1 Maro = —
— = - - — Dnte / i /
/100%)| 0% [ -80% | -70% | 69%-| o
=1 — = =1"01=3

5 A

" n - "‘tn 3 "
Given tan A 19 find the values of oA and sin° A+ cos’ A

[Sol] AB=v127+5*=13

. 5
sin A 13

cos A i‘i -;l- |
sin A 5 12 13
cosA 13 13 € 12 -%'-ig-
5 13
12
= N 1
sin“ A+ cos’ A ( 1% ) + (—E‘;)

.__1

nA

ATy ¥ / _I - = . ‘\l - S e 2
1. Given tan A 70 find the values of 08 A and sin" A+ cos’ A

[Sol] AB=V3*+4*=5 B
sin A J
5
. ol
cos A E: 4
sinA _4 3
1:'05.-*1 5 I 5 =
.y A 3 C
=g
avain(4)+(2)
sin 1+mﬂ.4—(5 + 5
=1

(sin A" (cosA)" and (tanA)® are expressed as sin"A. cos"A and tan"A respectively g
|

= P WS
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Trigonometric Ratios 1 ‘are
. ‘C_J.'r.n / /
/100%| -00% | -80% |-70% | 695~ T

’ 3 Since IIII.’A:"“‘
s wa-1-(3)-5 & [
Since cos A > 0, cos A= *‘j 5
| Also, tan A= % : ";15 = 23:3_ -. A
1. Given sinA= g find the values of cos A and tan A. (0" < A <90°)
[Sol] cos’A=1~- ( :; ) - gg

Since cosA >0, cos A= ~"§l

_.l; "!21 — 2':21_ - 2
Also, tanA=¢+—c=="57 l:_ 211
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Trigonometric Ratios 1

Yoon
- Daze / /
£100% ~90% | ~80% | ~70% | 69%~| =
— (] — = 1ee

1. Given three sides of the right-angled triangle as shown below, find the valu
of the following expressions.

wwwywywyy

2 1 5 x B
(1) 1+tan°/ l*( P )
12 13
5
169
144
4 12 C
1 169
9) . 169
{ L[}bla‘l ( E_ )I l""‘
13

2. Given three sides of the right-angled triangle as shown below, find the value
of the following expressions.

|

L

i

From the solutions (o question 2, the identity 1+ tan’A = dx;i I8 true,



1t

“.‘-"

M87D

ooy ¥ [ »
( Trigonometric Identity IT )

m ' d the values of « | and s i
y | ] (“" 1 T ‘| E !|
]
| 1
an A
0J 0 Since 1an A e 1
(" an A= 1anAcos A
! find lues o 1 and sinA. (0 |
) 7 7
0, eos === -'] i_
- | by |
RinN i AL ‘-. l-
4 ! B " |
i I i AT 1 and nA 10 | "
| | 10 !
i 1 | cos A 10 10
o0, sin A I 3v10 :
= 10 10
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Trigonometric Ratios 1 —

Dato / /

Terrey ey

/100% ~00% | ~80% | ~70% 69':.-‘
£ i — 5 | b3 T

1. Using the right-angled triangles below, find the trigonometric ratios of 30°,
45" and 607,

(1) (2) (3)
2 : ] vl
30"
43 i
a0t =L e ] i
sin 30 2 sinds” = ? =l | sin 60 i
/ Pl '-1 e gt ,.2 [ __'__L-q | - 1
cos30° = 2 cos45 > | T cos 60 37
tan30° = lg- : *:13* tand5° =1 tan60* =3

2. Find the values of the following expressions.

P sin30° cos 60° = :le . l — ;‘I‘

(1) sin45°cos 45" =~

(2) cos30°tan60’ = ‘-‘23 3= %

(3) sin60® —tan30’= “i;" > .*;3_ -_-__~16_,

(4) tand5® —cosb0* =1 - é

MI:—
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Given nght-angled tnangle ABC with ZBAC=30" and ZACB=90",
place point D on side AC such that ZBDC=45". When AD=2, find the
length x of BC.

[Sol] In 2~ BCD,
BC=x, ZBDC=45". £ZBCD=%0"

S PDC=x

In L ABC,

3. Given nght-angled triangle ABC with ZBAC=30" and ZACB=90", place
point D on side AC such that ZBDC=60". When AD=4, find the length x
of BC

(Sol] In 2. BCD,
BC=z. ZBDC=60", ZBCD=90"

g
& . IJ{J 3 ¥ 4
In ~ABC,

Y3 _ I

3 vl
-‘i"f" ?I
w x=2v3

4. Given night-angled triangle ABC with ZBAC=45" and ZACB=90°, place
point D on side AC such that ZBDC=60". When BC=1, find the length x
of AD.

(Sol] In ABCD,
BC=1, ZBDC=60", ZBCD=90"

7 B
, DC= ',f
In ~ABC,
] : '
3
3
A=T=D C

) i3
-.‘.l.'-l 3
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Trigonometric Ratios 1 tarre
Caat / /

/100%| -90 | -80% -?um'asn = oe wiili
/i = = | "t : .

The following table shows the mluu of sinf, cos @ and tan® when 6=50", 60/
and 70°. Using the table, find the values of x and y of the following triangles

( Round ofT to one decimal place.)

fl sinfl cost tant ® How to read the table

50° | 07660 | 06428 | 11018 | —xcomfd

4] comi )
60° | 08660 | 05000 | 17321
70° | 09397 | 03420 74

60" | — 035000 ]

ta
=]
&n

1

[Sol] sin50" = lﬁ'
r=10%07660 € (FEI0NRSO
=T7.66=7.7
cosdl)" = H"J'
=10 =< 0.6428

=6.428=6.4

'_

(1) [Sol] sin70° = 10

x=10x0.9397

=9397=94

(2) (Sol) cosB0® ="~
10
T 05000
=20 r“ZtLU] Al o S|
tan60" = I'IJ ﬁﬂm"ﬂ“

' lu:" 1»7321 "lnmgm
=17.321=173 | =l732=~173

$
{1 is read ns “theta” J
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e —

2. The table on the nght shows the | i sinf} cos0 tand
values of sinfl, cos@ and tanf for 25" | I'I_-i r26 09063 0.4663 |
sach degree from 6=25" 1o 34", | 2b° 0.4384 08988 | 0 1877

- | A ar i
Using the table, solve the following |27 0. 1540 | 0.8910 | 0.5095
2 28 0.4695 08829 | 05317
LESLIONS. - p -  Crep

e J 29" 04848 | 08746 0.5543 ]

30° 0.5000 0 *-Inhi I 05774
I t e | B ]

41 | 0.5150 0.8572 0.6009
- —— e g . o

' | 05209 | 08480 | 06249

" 05446 | 08387 | 06 m

| S— - . i
| 0.5592 ﬂ 8290 | 067 45

As shown on the right, a cable car runs on
the route with the angle of elevation of 31°.
When the distance between station A at the
foot of the mountain and station B at the top
is 1000m, find the altitude difference BC
between stations A and B.

T e
(Sol] sin31"=-505 €~ |sindl =—E%J

. BC=1000 = 05150
515

Ans. 315 m

(2) When you look up at the top of a tower
from point A which is 1300m away from
the tower, the angle on which you look up
is 26°. Find the height BC of the tower.
( Round off to the nearest integer. ) L~

ECTEYEITIT
apan|y

PAPE E
(Sof) tan26" =25 €= [(n28* %
. BC= 1300 % 0.A877

634.0]1 =634
Ans. 634 m

— 1 30m — C
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1. Given cos A 'i find the values of sinA and tan A. (0" < A < 90°)
-» N
- P -
[Sol] sin"A=1 ( : ) = IIE Altermative Solution g
7 ST
Since sinA > 0, sinA= 47 DS '
_ v7 _3_1'.7 ;.l_
Also, tan A i 3 aiml=% A 3 ;
=

[

2. Given sinA i'3‘ , find the values of cos A and tanA. (0° < A < 90°)

=» N
2 12:\" 28 3
[Sol] cus_sl—l--(m) "~ 169 [ Abemaive Sk |
5 AC=/13"-12"
Since cos A > 0, cos A==
13 5
Also l1nA~:~l-2 ek o0 v Y L 13
ha 13 188 =
unA--lg- A
A 5
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A )

and
When B(

-

\CB

40, place

1, find the length x

m» MEZ2
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As shown in the diagram, draw a semicircle
with the center at origin O and radus r, and
let A be point (r, 0). Place point P(x, y) on
the circumference of this semicircle and let
ZAOP=08

Then, the following equations are true.

- I
sind ” cosd r. tanf Y
¥ r I

Using the semicircle with radius 2, find the values of sin60°, cos60" a

s

tan6l".

[Sol] Placing point P as shown in the diagram,

point Pis (1, v3).

. sinb0* = ‘,f
- 0
cos bl = 1}

d—

tanbl” =+ 3

1. Using the semicircle with radius V2, find the values of sind5", cos 45
tan4d’.
[Sol] Placing point P as shown in the diagram, ol
pont Pis (1, 1).
. sinds* =2 | =

‘_

cos4h" = 2

U
V2 |
i
v2

tandd' =1




MaID

Given angle 8, where 0" < < 180", sinf, cos@ and tan# are defined as follows.

(CTrizonometric Ratios ol 0" 20 2180

X . - T L
Using the semicircle with radius v 2, find the values of sin 1357, cos 135

and tan 135

[Sol] Placing point I as shown in the diagram,
pomtPis ( ~1,1).

- sin 135

cos 135" = — 9

tan 135°

2. Using the semicircle with radius 2, find the values of sin 150°, cos 150" and
tan 150°.

[Sol] Placing point P as shown in the diagram,
point Pis ( =43, 1).

. sn 150° % "
S
L ‘3 -
cos 150" = - 2 23'1 .
e e hi
tan 150° = 3 73
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1. Using the semicircle with radius 2, find the values of sin30°, cos30°
tan30°.

[Sol] Placing point P as shown in the diagram,
point Pus (v3,1).

. sin30 ;
cos 30° ‘—23~
= 3 1
tan30 3 V3

2. Using the semicircle with radius 2, find the values of sin120°, cos 120°
tan 120

[Sol] Placing point P as shown in the diagram, o 1
poimt Pis (—1,v3).
« sin 120 ‘23
cos 120" = — *‘%’

tan120° = —v3

3. Using the semicircle with radius 2, find the values of sin135°, cos 135
tan 135",

[Sol] Placing point P as shown in the diagram,
pont Pis ( —v2,v2).
v2
2
v2

cosl3H =~ -

“ sinl35* =

tanl35*=—1
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Using the semicircle with radius 1, find the values of sin0°, cos0)” and
tantl

[Sol] Placing point P as shown in the diagram, o)

point Pis(1.0

. Using the semicircle with radius 1, find the values of sin 1807, cos 180" and

tan 180

[Sol] Placing point P as shown in the diagram,

pomnt Pis( —1.0).
an 1840 0
o5 180 - ]

tan 180" =0

Using the semicircle with radius 1, find the values of sin90°, cos90° and
tan‘

[Sol] Placing point F as shown in the diagram,

poitPis( 0, 11)

sn 9 |

I O = I
cos H) ]

I'he value of tan90" cannot be defined. (See (Note) )

§ I
Nole Since tanl : , there are no valucs when r -~ )

Iherefore, the value of Lan %" “cannot be defined ™
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1. Using the semicircle with radius 1. find the values of sin30°. cos 30"
tan30°,

[Sol] Placing point I as shown in the diagram, pomnt P is (—'- 3-, % )

2
. sin30 %— :
cos 30 = 2 p
e 1 P
tan30° == | =—— -
- 3= el I 0 1

2. Using the semicircle with radius 1, find the values of sind5°. cos 45
tandd’.

[Sol] Placing point P as shu:vn in tl‘n_: diagram, point P is (12_5_ v2 )
. sindd” = ‘22 s _:1—2- us
cos 45" = ‘;2 —"=—:l-2"
tandb” =1 =

3. Using the semicircle with radius 1, find the values of sin60°, cos 60"
tanb0",

[Sol] Placing point P as shown in the diagram, point P is (-;— -i;-:-;-)
. sinb0” :—"553- Vs
1 =R
cos 60 Ty
tan60° =3
1 X
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lsing

o v.3
11 ¥ , .
; )

|

c08120° = —--

in 120 -3

sing the semicircle with radius 1, find the values of sin 135

tan 135
[Sol] Placing point P as shown in the diagram,
[ J2 2 )
point 15 | ) )
in 135 Y2 1
2in 13 : =
2 J 2
125° = — 2.2 o i
LIS 1ot 2 . 2
tan 135 -]

tan 150
[Sol] Placing point I as shown in the diagram,

intPis 22, ]
point P 1s 7 " 2)

w:J'I.i_rU ;—

cos 150" = = 2"'

-y -V _1
tan 150 3 73

Placing pomnt P as shown in the dingram,

the semicircle with radius 1. find the values of sin120°, cos 120" and

, cos 135" and

Using the semicircle with radius 1, find the values of sin150°%, cos 150" and
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As shown in the diagram, place pomnt P(z, i) on the ol

L |
circumlerence of a circle with radius 1

['hen, the following equations are true

i

sinfl=y. cosfl=x. tant

Given 0° < 6 < 1807, fill in the blanks in the diagrams and find the values |
which sansty the following equations

Ex.

sinf ~

[Sol] 6=2307, 150 .

~> |

The points of intersection of

] ', and the semicircle are

( v3 _1)({5 _1,)
U\ ud

(1) sinf=-:° - ;

e

[Sol] 8=45", 135" ”

(2) sint?=10

[Sol] =0", 180"

he circle with the center at the ongin and radius | s called & umit circle




iy
The point of
intersection of
o
-1 and the

e

sermicircle 1s

(27)

Sol] =45

[Sol] ©#=30

(5 cosl)
(Sol] g=120°
[ f_l!
[Sol] =180

I
- ' = °
2 2
4
I |
| 0

~Y
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Given tanf=m, place point T(1, m ) on line x =1 va £l

as shown in the diagram,
Let P(x, u) be the point of intersection of ime OT

= m
and the semicircle, Then, m = = E = tanf.

Given 0° <6 < 1807, fill in the blanks in the diagrams and find the values
which satisfy the following equations.

tanf=+3

[Sol] 6=60°

(1) tanf=1 Ua rw=]

[Sol] 8=45"

3 H1n r=]

(2) tanf= 7

(Sol] 0=230"




lan it \

[Sol] =120

(4) tanf=0

[(S0l] =0", 180

2 YI3ranf+ 1
[Sol] Rearranging,
tanfs

4= 150

0

&
o

1
i

R

=y
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L

Fill in the following blanks.

[Sol] As shown in the diagram, placing point P(z, i) on the circumference
circle with radius |,

sinf=y @, cosf=r @, tanﬂ=£
Substituting (0 and @ into (),

sinf)
cosf)

tanf —

Also, the length of OP in the diagram s 1.
Applying the Pythagorean Theorem,

*+y’=1 @
Substituting  and @ into @,
| cos’0+ sin'0=1 |
(150,509 49 U15] [ =0,U5S + 9,800 g-g:i ~ puE

Ex I 2
Given sinfl = L find the values of cosf and tanf. (90° <6 < 180°)
2 5

i
(Sol] cos?0=1- (3)->§

Since cosf < 0, cosfl= —

; =L s
Also, tanfl= 3 (

1. Given sinfl= j find the values of cosf and tan@. (90° <8 < 180%)

[Sol] cos'0=1 —( )

Since cosf <0, cosf=——

Y
4
. 8. Y7\ 3V
Also, tan@ 1 ( A )— - |:... 7.]




[ | I |

-

~
4 -

..I'l.'

0

cosf)

cosfl
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Fill in the following blanks.

(Sol] Dividing both sides of the identity cos @+ sin"8 =1 by cos B,

: sin 1

e+l 1)
cos cos 0

. N e - T e
Also, since tanf :-ﬂ: 2, substituting (2 mto (L,
L)
1+ tan'0=—
cos 0

f S0

: .0 .| =

[Sol] _IJU 1+(—-2)'=5 &= I+mn'9=;l|i—l

cos
1

*. co8 0=~
1

Since tan®@ <0, 90° <8 < 180°; therefore, cosf@ <0

-
- ‘lj

‘. cosl

n

. st

1. Given tanfl= ‘,1 _find the values of cosf and sin@. (0" <6< 180"}
~ 1 1= ) 25
[Sol] cos'l 1 ( 3/ 9
2 )
Locos 0 4;;r,
Since tanf <0, 90° <0< 180" therefore, cosf <0
. =T
. cosl= 5
b i { '3 )__-_I_
- 8inf=—173 ( 5/ 5
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Civen the nght-angled tnangle in the diagram, let one of the angles other
the nght angle be 6. The other angle 1s thus expressed as 90" — 6. Expres
following tngonometnc ratios using a. b and ¢.

. 7] . b
= , sin (90" —8) -
(1] sinf=|~— [4] sin =
21 cosl 'h— [5] cosf a0 —9) _E
i " ‘.. 4 | = c
[ - a - I Qn* -b-—
(3] tan0 5 (6] tan(90"—@a) =
g 191 5 (8] & v (8] 5 (3] 5 (==
From (2] and [1), cosf= sin (90" —@0)
From (1) and [5), sinf = cos (90" -0)
From [3] and [6], tan6 !
2 tan(* —8)
¥ T T T
sin (90" —0) = cosl (90°—0) = 1
cos (90" —0)=qind lan tanf)

I. Using the formulas above, fill in the following blanks.

(1) sin50°=cos! 40 (4) sinS4"=cos 36
I =
(2) cosT0 sint 20 (5) cos82°*=sin 8
, _ 1 - s 1
(3) tan80 (6) tand3*'=——p -
tan' 10 tan, 37 _'

e ————
For the ungles of ZABC, ZA Y LB 20+ 1807 18 true.
As shown in the diagram above, when £ A «dand SC~90° then LB=90" -4
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\s shown in the diagram, place points P
and U on the circumference of a semicircle

it \OP =0 and

ith radius 1 where

AOQ=180

Since point Q i1s symmetric to point P with

respect to the y-axis, QU —r, ) 1s true.

0. Letpoint Pbe Plr, ).

Express the following tngonometric ratios using x and V.

nfl = y [4] sin(180°—0)=| gy
’ cosl) r 5] cos(180°—0) —5
tanf ¥ (6] tan(180°-0) 4
r X
_ = (9] °r [S] ‘A [¥] =N (] X [E] A [1] siamsuy
ld‘ L4 L2) | ﬂ' i s Ly ]
From|1])and |4], sinfl= sin(180"—@)
From (2] and [5], cos® cos(180°—0)
From 3] and |6]), tan® tan(180° —0)

140
Cirs | Ii"“

fj I
i)

sinf
171‘1'{'

151

tan( 180

)

tant

iy e

Using the formulas above, fill in the following blanks.
unll5" = sinl 65 \4) sinl45"=sin| 35
2) coslld cos 65 (5) cosl5 cos 75
3) tanll5 tan 65 (6) tanlH8” tan| 22
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1. Find the angle ¥ formed by cach given hine and the positive r-axis,
(0"<0<180")

| v -.’;I g=«<3r

[Sol] Since tanfl = v 3,

=60

(1) y==x off -

[Sol] Since tanf=1,

=45
(2) p ‘.'i x
J
[Sol] Since tan® ‘.{i ,

0=30

(3) w v 3r

[Sol] Since tan® v,
0=120"




3
¥ )

i 1) and

M33IDb

Let the angles tormed by the positive x-axis and two lines y
il

be a and 5 respectively. Find the angle @ formed by these two

B '
. L Fror I ' ,I
r L
rrom n vy 3
R0
6=60" 30 € 0=f-a
30 .
I
Let the angles formed by the positive z-axis and two lines v3r—py=0 -

and r+y=10 be o and 5 respectively. Find the angle @ formed by these

wo lines., () 1 < i)

~ : i
Sol] From (U, y=+3x /s
Lanar 4
7 = Bi)
From 7 I
LAn o i
L]
=135 #3f)
75 '
L]
|
|
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Y= ﬂni == £ === o= == = b e —
1. Given 0° <8< 180", fill in the blanks in the diagrams and find the values (

which satisfy the following equations. » TL

v J3

(1) sinf® =

[Sol] =607, 120

J2
(2) cos0 ,)"
[Sol] =135
(3) sinff=1
[Sol] 0=90°
(4) tan@ ‘::'

(Sol] 6=150'
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LFr
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Tura o

When OP with point O as the center is rotated on a plane, P

OP 1s called a rerminal side and 1ts onginal position OX

i1s called an initial side. An angle obtained by rotating Terminal \e-Gceral
OP from the initial side about point O is called a ude
general angle.

Assume that the positive z-axis is the initial side on a coordinate plane. Let P(z
be the coordinates of the point. such that the terminal side of general ang
intersects at the circle with radius 7. Then, the following are defined.

O Inmial s

Also, when the length of radius » of the circle is 1,

sinff=y, cosfl=x. tanf= i_f

Place point P’ on the circumference of a circle with mdius 1 such th
general angle = 240", Find the values of sin#, cosf and tané.

[Sol] The coordinates of pont 1P are (; —%

| "3 ‘

.osmnf i-“ ——

cosl=| —

tanfl= v 3

When considening the general angle on a coordinate plane, the imtial side is generally g
on the positive r-axis,



MIOID

1. Place point P on the circumference of a circle with radius 1 such that general
angle 6= 210", Find the values of sin®, cosf and tand.
, — - ) V3 1
sol] The coordinates of point P are 9+ g

sinfl= — ~

=
v3 :

cosll . s——

v 3
tant 3

2 Place point P on the circumference of a circle with radius 1 such that general

angle 6= 300°. Find the values of sinf, cosf and tand.

r':i
[Sol] The coordinates of point P are (; = \'2 )
V3
SRRy, T —.
. sty 2
cos= ';—
tanf -3

¢ |
s

Place point ¥ on the circumference of a circle with radius 1 such that general
angle 0= 360" Find the values of sinf, cos8 and tanf.

[Sol] The coordinates of point P are (1,0).
. sinf=0
cosli=]

tanf =10
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Rotating 360°, the terminal side goes back to the original position. Therefore
shown in the diagram, the p

terminal side OF of 60° and the

terminal sides of the following

angles are congruent:
420" = 60"+ 360" * ] 50" S\ 20"
2 e X{o X(\o
780" =60"+360" x 2

The general angle 6 represented by

terminal side OP 1s expressed as follows:

Temn i

P

O=a+360" x n (n1saninteger)

Place point P on the circumference of a circle with radius 1 such th
general angle 8- 390°. Find the values of sinfl, cos# and tané.

[Sol] The coordinates of point P are ( ‘.,3 . :12 ) HJ
| i L ¥
- sinf= 3 "}
cost h.j{ '?'
- 6=390" and 6=30"
v3 have the same values
tan0= " of sin0, cosf and tanf.

I. Place point I on the circumference of a circle with radius 1 such that ger
angle 0= 405", Find the values of sinf), cos® and tan®.

[Sol] The coordinates of point P are ( "22 : ‘22 )
. sint —2‘
cost) Lz-z-
tanf) = 1




M102b

ace point P on the circumference of a circle with radius 1 such that general

T o

1207, Find the values of sin®, cos0 and tan®

J ik
i ] | I: ¥ .r:: I li fl
wordinates of point P are | 5 > |
7
i AL -
2 ' '
. ~
nf=+3 ’

ce point I on the circumference of a circle with radius 1 such that general

mngle 6 . Find the values of sinf, cosf and tan0
/&
: 2 v2 ' !
T 1 e |_--4|rl.j!'r'..l1:_"= b | pﬂ'l‘ﬂl ]}.”'L" ::." ?
v 2
nt - :
. H} ] v 1 ?
/ -
o8f] = ——=
2 P
1]
ll-'rJ I :

i Place pomnt I on the circumference of a circle with radius 1 such that general

angle 0=750". Find the values of sinf, cos?@ and tan®

v3 1
{Sol] The coordinates of point I are ( J

/TR -
N, l
' 2
1, X
2
Lanfy .,Ii
$

¢ reialionsiups betwoen tigonometnic funcions of 1+ 364

“ n (where 115 an integer) and

“n)=tanf)
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Place point P on the circumference of a circle with radius 1 such ths

Sas s L2
L.osind 9

v2
cosfl=
2

tanf= —1

[Sol] The coordinates of point P are ( 9

general angle 6= — 45", Find the values of sinf, cos# and tanf.

v2

= '2)

2
o
I , th# -

1. Place point P on the circumference of a circle with radius 1 such that gemss
angle 0= —30°, Find the values of sinf, cos@ and tan#.

[Sol] 'Fhe coordinates of point P are ( ~_23__ - é ) ulT
sinf=—5 / %
cosll= ';3 -1\ 'S IE
tanfl= —--'—3— =

2. Place point P on the circumference of a circle with radius 1 such that gen
angle 6= — 120", Find the values of sinf, cos® and tan®.

r
[Sol]) The coordinates of point P are ( = }E : 1";;}3 )

- A L |
. sinf = 9
. 2l
cosf) 9
tanfl =+ 3

e




nint P on the «

“0°. Find the values of sin@. cosf and tanf/

rdinates of point P are 1.0 Ve
|
i i}
| r+
i rl

ircumference of a circle with radius 1 such that general

int I on the circumference of a circle with radius 1 such that general

Find the values of sinf, cos® and tan®

v2 v2 ) ua
e coordinates of point P are | 5 5 ) N
o e / 3
!l
z
i
nb=-5
Y 2 .
wiz I - .
7
——
]l
ines l I

nt ¥ on the

1207 . Find the values of sinf). cosf and tanf)
/1 Jn e
e I, 1% § » - 4
dinates of point I are ) 9 I! |

3
iy
e’ .f
¥a 1) l
s
tanfy Y 3

-1'

circumierence of a circle with radius 1 such that general
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For cach given @, find the values of sin. cos and tan of @ and —6.

0=60 | -

[Sol] siné ‘E"I sinl —0) *23 V.

cost ‘lg cos | HJ—_I}

| tanf=v3 tan(—0)=—-v3 ‘
I )

4

| A

(1) 6=30
N 1 | Ya
[Sol] sin@ ) sinl( —#) =5
cosfl) ‘z'j s )= _‘_'.33.
tanf) ";ii‘ tanl —f )= — -—-—~‘r3

(2) 0=45

(Sol) sing=—3%  sin(-0)=—-2
v 2
costl=—5 cosl —0) %

tanfi=1] tan( —=0)= =1




3) 0=120
:.\Hl! anh :;E' sinl —0)
coOsty :: cos ”s
= —43 1A )
: =135
::"mlj sinfl Y2 sinl —0)=
2
ros ‘22 cosl —0)=
tanf=—1 tan( —@)
) =330
ua
[Sol] sinf —; sinl —@) % ]
tanf ‘; tan( —@) ‘.;i

——

E— —
I'he relationships betweoen trigonometric functions of — 0 and ) are as follovw s,

tan!{ ~0)

tanty
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£ _tremmen) O = 1 1 — el | —

For cach given 6, find the values of sin. cos and tan of f and 6 + 180",

930

L
lf‘ml] sinf) 3 sin (0+180°) = 5
cos 0 'E‘i cos (6+180") = *-23 ;

v3 . v3
- - - i g
tanf 3 tan (H+ 180 3

(1) 6=45"

[Sol] sin6=-"5 sin (6+180°) = —%
cosll= *:Eg" cos(0+180°)=~— "22
tanfl= 1 tan(6+180°)=1

(-2,

(2) O6=60

[Sol] sin® 3-:-?- sin(0+180° )=— ‘23
cosf ; cos (0-+180° )= —%
tanf =+ 3 tan(@+180")=+v3




:"HPJ]

i {
i 1
LY, 2
v 3
2
vy 3
:II'1 -
3
0= 180
1=1{)
e lry l
AT i '”
A=315
s —".2'
2
"}
".I.FJ‘ -
2
tant -]

an (6 + 18()

+ 180

~ 180

an (60+ 180

cos (0+ 180

tan(6-+ 180

sin (04 180

covs (-

tan (0 + 1807 )

12807 )

= I /&
2
e
Z
v LV
3
)=0
)=1
)=0
v 2
| 2-- F
_v2
2
—

- - B --____

The relationshups between tngonometnic functions of 0+ 120° and 0 are as follows

{1+ 180

o L 1= 180

sinf

i l)-fj

tan(O+180° )= tanl




4

MI06a KUMON® v 10
Properties of S
Trigonometric Functions 1 =
- Data / f‘
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L ewiemi G = 1 = e 'fe : -

For cach given 0, find the values of sin, cos and tan of & and 6+ 90",

P

[Sol] sin® _#23 sin (6+90") = é
R - 1 e .. » - L3_
cosfl= 5 - cos(G+90°) 9
tanf=v3 tan(0+90")= - *:f
(1) 6=30°
R b A
[Sol] sin# i) sin(B+90° )= 5
cosfl= ‘:23 cus[ﬂ-rgﬂ'l‘—'-—-—;-
_ V3 R
tanfl = 3 tan(6+90°)=—V3
(2) 0=45"
S : - \'fz. h " . -. ‘_'2
[Sol] sin@ 2 sin(0+90") 5
cosll= ‘22 cos (0+90° )= --%2—

tanfl =1

tan(0+90" )= =1
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Properties of Name
Trigonometric Functions 1

/100%] 90+ | -80% [ -70% [ 695~ |
a1 ) |

— —

The four regions on a coordinate plane that are
separated by the r-axis and y-axis are called the
1 Quadrant, 2** Quadrant, 3™ Quadrant and
4™ Quadrant as shown in the diagram on the nght.
(See Noto)) us

When the terminal side of @ is 1n the 2™ Quadrant,
15 called an angle in the 2* Quadrant.

S

LA

0

.x. e >
- Given that 8 1s an angle in the 2™ Quadrant and sinfl= g , find the value

of cosf and tan#.

[Sol] cosf=—3

-
tanf= - ::' j =
| | s

1. Given that # is an angle in the 3 Quadrant and sinf= — =, find the value

cos0 and tanf.

: .
[Sol] cosf= 5

1
tanfl = 3

Noto| Points on the r-axis and y-axis do not belong to any quadrant.

el




|

MIO7D

Criven that € s an angle in the 4™ Quadrant and sinf) E"" find the values
0] i fi and tanf
IE A
N cosf) -
13
a
tanf=— ]'2

-.} R
Ciiven that #1s an angle in the 2™ Quadrant and cosf 13" find the values
of sinf! and 1anf
| 0 sinf) 1%
&
5
tanlf=—=5
12
L
E

i. Gaven that & 1s an angle in the 3" Quadrant and tan@ i find the values of

nft and cos
L 3 Y
Soll sinf ¥
)
|
| A
'3 - _'-.
Zv D 2 4
{fl‘\ﬂ -

|
-
S 2
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Trigonometric Functions 1 — P |
—— Cate

/100% -90- | -0~ 70% | 69%-| :
= i =1 =1 e s

As with Trigonometric Ratios, the following formulas are true for Tngonome
Functions.

Using the formulas above, solve the following questions.

EX.
£ Given that 0 1s an angle in the 3" Quadrant and cosf= — %’ find the vals
of sinfl.

[Sol] Since 0 is an angle in the 3% Quadrant, sinf < 0

. sinf= —,‘f"lll -( - .t); €

(1) Given that @1s an angle in the 4" Quadrant and sinfl= — -I‘. find the v

of cos0,
[Sol] Since 0 1s an angle in the 4* Quadrant, cos@ > 0
[ Y
. cusﬂ-,"r'l ( -15)

RAR
3

(2)  Given that @ 1s an angle in the 3* Quadrant and cosf= ~ % find the v

of sinf.

[Sol] Since @15 an angle in the 3™ Quadrant, sinf <0
S ,' 5 Y\
sing== 1]
12

R )




]
-
i}
i tant
T | I
1)
)
r
.
J
fl
¥
]
{/ -
) |
fj (1-1-
sy 5

"
|
nr
s 0
rfll

1
A
| ni
int and
l
" ]
j
IIJ’
1,
|
i i’

hind 1l
L

)

: nd the
f

\
1
i 9

HLUCS




¥ M109a KUMON’  fae

’ Properties of farre
h Trigonometric Functions 1 / /

Date
B e e
" m 1 S
b | Given sinf+ cos= ., find the values of the following expressions.
' (1)  sinficosf

[Sol] Squaring both sides of sinfl+ cosfi=

sin’0 + 2sinfcos 6+ cos’ 0= }

B e

Q..

1+ 25inﬂc0ﬁﬂ=%

. sinfcoslH= — -g-

(2) sin’0+cos’d
(Sol] sin0+ cos0=( sin0+ cosf) ( sin*0— sinfcosf+cos’d) €
“21-(53)] « EEEEE

=k
16

1. Given sinfl+ cosO= 122". find the values of the following expressions. |
(1) sinficosd

[Sol] Squaring both sides of sinfl+ cosf = -é'rg.‘
sin’0+ 2sinfcos O+ cm‘ﬂ:-—%—
1+ Zainﬂcmf?:é— : =
. S U
. sinflcos = 1 |

(2) sin'0+ cos’0

[Sol] sin'0+ cos’0~ (sin@+ cosB)( sin’0— sinfcosf+ cos'@)




B_§nm

€.




-
-

MI |I0a KUMON® Mol

Properties of
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Trigonometric Functions 1 ; — ;
- - - p— . "3_1 o
/100%)| -90% | ~80% [ ~70% | 69%-| _ =
Va1 = I = =1 x ———
1. Place point P on the circumference of a circle with radius 1 such that gem
angle 0= 330", Find the values of sinf, cosf and tan#. -» M\
[Sol] The coordinates of point P are ( 3 ! ) HIT
| > "9 )
. sinf -—TI}-
v3 -
cosltl=—-= J 1
2 7 1)
tanf= — ‘33 1]

2. Place point P on the circumference of a circle with radius 1 such that gens

angle 0=495". Find the values of sinfl, cos® and tané. -» M
[Sol] The coordinates of point I are ( - -'-:f - ‘:.22

Losinf= "1"7;'!-‘

cosfl __",.25_
tanf=-—1

3. Place point I on the circumference of a circle with radius 1 such that gen

angle = —60°. Find the values of siné), cosf and tand, =» M

" va
[Sol] The coordinates of point P are ( % S ‘23' ) 1

. _x3
. sinf= 9

cosf)=--

2 -
tanf=—v3 -1 p{ i - L_})




iy

|

[

i!u ue i
» M|OB

172
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Properties of e
Trigonometric Functions 2 e

/100%] -90% [ -80% [ -70% [ 60%-]

Par— 1. S = B S Y O T W O ne ©

Given circle O with radius 1 in the diagram below, let A and B be the two poir
on the circumference of circle O such that arc AB has length 1. Then, the size

the central angle i1s defined as | radian A
The circumference of a circle with radius 1 is 2z, €~ )
Theretore, 360" = 2 radians, m

ie. 180" =z radians. _ﬂtm!ﬁgj 0=

Measuring an angle in radians 1s called circular measure.

(Circular Measure )

Since 180° = 7 radians,

l;H radians, | radian lﬂ*ﬂ'

Generally, the umit “radians™ 1s omitted.

1. Convert the following angles from degrees to radians.

: —

g € |307=301"=30- 55 (mdians) |
J

(1) 45 ’; (6) 151}"—2-:!
(2) 60 ’; (7) 210° %n
(3 90°=% ®) 315'=Tz
(1) 120°=2x ©) ~135"=—3
(5) 135°=n (10) ~240"=~3r

h
Measuning an angle in degrees (7), for example 20° and 60°, 15 called degree measure




Il\.I |rll-- -|:1-r|l\.-”‘ 1

| (radians)

from radians to degrees

180°

1) 6) “x=225
i L 240
0() . l =390
120) [4Y) - :hl
N
== 180 10 I..] 1 330
i ]
the following blanks
2
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/100%] ~90+ [ -80% | -70% | 69%-

P = = I Tﬂ_’ -

Date / /

Place point P on the circumference of a circle with radius 1 such tha

general angle /= 5" Find the values of sin#, cos® and tané.

¥

[Sol] The coordinates of point P are (

A

sinﬂ—-.!, ;-:--w' -
cosli= ‘j
= v3
tanf - 3

L. Place point P on the circumference of a circle with radius 1 such that gener

angle 6= 1 Find the values of sinf, cos® and tané,

[Sol] The coordinates of point P are ( -3-22—. '22' ) ~2 ]
e -i.-
. sinf= '22
tanf =1

2. Place point P on the circumference of a circle with radius 1 such that gener
angle 0= ‘: . Find the values of sinf, cos# and tané,

" ‘ " 3 . I- ::i
[Sol] The coordinates of point P are ( = ".j )

i

W osinf= "—2‘3—

cosl= —;“

tan0=+3




MI112b

3. Place point P on the circumference of a circle with radius 1 such that general

angle f 7. Find the values of sinf, cosf and tand.

A v
[Sol] The coordinates of point l’arc( - v3 ) E'( 4. '.f '

2" "2 2
o 9
. sinf —?:— aax\3 " ‘
I = §) | r
cosf= =
tanfl=—v3 =

4. Place point I on the circumference of a circle with radius 1 such that general
angle ; 7. Find the values of sin#, cosf and tanf.

[Sol] The coordinates of point P ; ( 7 .!72?_) l;n
e 2%
are ( e 2--)
& a2
sinf) = 2
cosl -izi—
-
tanf= -1

5. Place point P on the circumference of a circle with radius 1 such that general
angle 0= =. Find the values of sinf, cos® and tan0.

[Sol] The coordinates of point Pare (1. ).
<. sinf=0

cosfl=—] P(=10)

tant =0
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Properties of Narre
Trigonometric Functions 2 f ;
Datn

/..L = _.E_. 1 — Tare .+

| Place point P on the circumference of a circle with radius | such that gens

angle 6~ z. Find the values of sinf, cosf and tan#.

-
-
-
~ -"'190%1_9&,' 80% | ~70% | 69%
s — i 1=
»
5
5

!
: Vs
[Sol] The coordinates of point P are ( *.32 - ‘22 ) :
. SInf= — ‘22
cosfl= — "22
tanfl— 1 l’( v

2. Place pomnt I on the circumference of a circle with radius 1 such that gene

i : =
angle ¢ 7 7 Find the values of sinf), cos# and tan#8,

[Sol] The coordinates of point P are ( }3 - ’23 )
. sinb=— ‘23
cosll= — ;
tanf=+3 p( 1

3. Place point P on the circumference of a circle with radius 1 such that geny

angle '.; 7. Find the values of sinfl, cos# and tan#é.

[Sol] The coordinates of point P are ( :1£ - ‘23 )

+ sinl= — ‘é}-

cosf)

1
2

tant)
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i Place point P on the circumference of a circle with radius 1 such that general

angle @ ]r.l =. Find the values of sinfl, cos0 and tanfl.

Uk
9
[Sol]l The coordinates of point P are ( ‘,;;' - :lf ] A
nt - ‘1
# 1
cosf) L
2 '1 [ \
! F % .i I‘{I ‘.J- 4 I’

Place point P on the circumference of a circle with radius 1 such that general
angle 6= 2z. Find the values of sin#, cos® and tan®,

[Sol] The coordinates of point P are (1, 0).

. sinfl=0
cosll=1

|
tanfli=10

b. Place point P on the circumference of a circle with radius 1 such that general

angle 6 ]11 =. Find the values of sinfl. cos and tand.

[Sol] The coordinates of point I are ( ‘22 , ‘22 )
v2

. sinf) —'2‘—

2
2

tanfl = —}

cosll= —
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. Properties of S
) Trigonometric Functions 2 = |
P - — — - Calor / f
/100%]| -90% | -80% | ~70% | 69%-| . \
L — — = 're _ "0
1. Place point P on the circumference of a circle with radius 1 such that gem
angle ¢ ; . Find the values of sin#, cos® and tané,
! : S 3 1
[Sol] The coordinates of point P are o+ "9
. Sinf= —-;—
cost "23
tanf = — "'33 =

2. Place point I on the circumference of a circle with radius 1 such that gem

angle 0 : . Find the values of sinfl, cos# and tané.

Sol] The ¢ ~ : < .

[Sol] The coordinates of poimt P are ( 5 s
" sinf=— -‘—;—

cosl) 122'

tanf= -1

3. Place point P on the circumference of a circle with radius | such that gen
angle 0= - : - Find the values of sinf), cos® and tané.

[Sol] The coordinates of point I are ( ; ‘23 )

v3

.

o SINO= —
comf) %‘

tanfl= =+ 3
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.‘ Properties of Mare
’ Trigonometric Functions 2 ———

N, . — " Dato ."' f
W /100%)] -90% | -80% [ 70 [ 69s-| =

P — e 'MW s

1. For each given angle 4, find the value of sin (ﬁ' 4 ; )

IJ. -
| 12 .'-m( 1':.’_-
Sol] Since =2 +2==
| [Sol] Since 19 6 i

‘ :-iin(U ¢ ."') e (‘;

L T

[Sol] Since 7+

*«-'m(”* ; ) 1

L=k
[ 45]

3) 0 .f
- - 7
Sol] Since = + = —%
[Sol] Since ot T ™
, .T ‘i;
in(04+ %)=
Hm( f .

(4) =g

Sol] Since x+2 =4
[Sol] Since o

. L B —
“"'(“ E) 2
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Properties of

Trigonometric Functions 2 — | | —
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/100%] 90+ | -80% [ -70% | 69 i
e e et s e s e st e LS

1. For each given angle 8, find the value of cos (ﬂ =2 )

(1) §=-=%
l 12 )
Sol] Since -+ ==
[50l) Since 75 +7==
{'nx(” f '; ) ;
(2) 0 .
) e P 5
[Sol] Since ot = !
- " :‘_-j. =y
l'U‘w{I”‘ ' 1 ] — 2
‘o 11
(3) 0 19 -
. 3 11 x 7
Sol] Since "o s
[Sol] Since [ =T,
cos 0+ ) =3
; |7
\1) U= %
[Sol] Since I', et =2y
12 g 3
. s |
\'FII'.( ”' 1 l ) :! d
9) O0=2=n
[Sol] Since 27+ ° : .

rr.,(u- :} “,2
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Properties of Narre
Trigonometric Functions 2
Onte / /
£100% -90% | ~80% [ ~70% | 69%~|
— i = X= i -
Let the point of intersection of the terminal side of vy =)

angle & and the unit circle be Pz, y). Also, let the piz y)
point of intersection of line OP and line r=1 be
T(1. m). Then, tanfl= f - T = m IS true.

B, -
] 5
: X g ¥
[Sol] Smccﬁ 2 g
mn(f! ;) v3
T
(1) 6
l J 1

|

[Sol] Since fi.-.— ad

1:111(0 ; )

[
=z}

L
§ o

=
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For cach viven angle 0, find the value of tan [ {4 1 )

Sol] Since —+--==-p l

<
V2

| fs ) e
1501] Since rm . 11’ =
| ] 12 i 6
| : g 3
tan| @+ J T |
1 3

i

v |
S0l} Since rx+ %=z,

tan |6+ I J 0

o |
[Sol] Since ,1:" . Tl

tan .r 0+

' 17

i) 0 1
12~
[Sol] Since i; o ; : s

T;m(”‘ ;) —9v3
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éwo% ~90% | ~80% | ~70% | 69%-| =
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1. Given that 0 is an angle in the 1* Quadrant and sin= > , evaluate the
following expressions using the diagram below.

(1) ('r}ﬁﬁ-—%

(2) tanf= 3

1
(3) sin(z—0)- -g-
(4) cos(z—0) “%
(5) tan(z—0) _%

2. Given that 0 1s an angle in the 1* Quadrant and sinf= %. evaluate the
following expressions using the diagram below.

(1) rosf) "]"'"

o
L ] el A
(2) tan@ 12

(3) .-;i11("T ﬂ) =12

TN s
(4) :Uh(z U) 13

(5) l;m(

[ a SR |

Using curcular measure, the formulas in M98 can be expressed as follows:
sin{z=0)=anl, cosliz—0) conl, taniz~0)= - and

ulﬂ{; fﬂ) condl, cm(; ﬂ) sanfl, l.llll(; -g)u.ﬁlﬁﬁ_




M |

CJ_

¢ 4" Ouadrant and

o+ evaluate the

\

\

\
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£ e

90% | ~80% | ~70% | 69%
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I

Prove the following identities.

1

(Sol] LHS

B ————————————— e ——

H-m(n b )

siné)

1

COs

, I +sin(f+x)

cosl i

cosfl 1 sinf

s cosf

0+ (1—sinh)*

(1~ sinfllcos@

cos' -+ 1

.

(1

-

(1 sinfl)cosB

(1=s1n@)
sinfl ) cosl

RHS

cosf

1) cosi —4f) coslf@+) 2
1 = sin@ 1+ sin@ cosf
cosfl cosf)

[Sol] LHS

1~ sinf@ "14 sinf

cosfi( ]+ sinf) +cosdl]
(1-sin@)(1+snh)
Jecosl
1 = sin‘0
2cosf)
cos'f
= RHS

I'H.H”

.

-

1174

2sinfl+ sin‘f

&

sinfl)

]

(55 )-cnt

sn(f+z)=—unh

'cos(—8)=cosf
cos(0+x)=—cosh
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Properties of taarre

Trigonometric Functions 2 = / /
V- . : Dz

/100%)| -90% | -80% | ~70% | 69%-|

L F ] 4~ ]

i —%

£y o

1. Place point P on the circumference of a circle with radius 1 such that genm

-

angle ¢ E: 7. Find the values of sinf, cos® and tan@. -» M

R .
[Sol] The coordinates of point P are ( ; ; ) (- ] j J
25

- sinf= é . g-r
i N N
: A 1 8]
cosl 9
v3
¢ f S S
tant) 3 -1,

2. Place point P on the circumference of a circle with radius 1 such that gene

-

angle 0 ‘1 7. Find the values of sinf, cosf and tan8, -» M|
[Sol] The coordinates of point P are ( ":f -
: sinfl= — 3—;—
cost) ‘22
» tanf= —1

3. Place pont P on the circumference of a circle with radius 1 such that gene

angle 0 'j 7. Find the values of sinfl, cos® and tan@. =» M
[Sol] The coordinates of point P are ( - :! - -‘;!3 )
o sinf ---3'“2-3—
coamsk

o A
tanfl =+ 3 [( 2’




M 120D

o Nind he value ol .|::|".* 1 =» M5
."i d I‘
. l
9

“is an angle in the 1" Quadrant and cosf = %, evaluate the
' 3

ns using the diagram below ‘ MII&
L3

|:
1.!
1.3
| ¥
i
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/100%)] -90% [ -80% | -70% | 69%-] — ' =
L_reese) [ [l T b | '

1 ma e

Given 0 < 6 < 2z, solve the following equations.

F 2:-‘.1an- 1=0 _
[Sol] Rearranging, .
| 1

sinf

7
. Therefore,
RS
f 6° 67
(1) 2sin60—-v2=0
[Sol] Rearranging,
. "’
Sind=—-
Therefore,
= o o
ﬂ—‘.4u
(2) 2sin6-V3=0 -
[Sol] Rearranging,
sinf) = ‘;
Therefore,
D -
0=73.3n
(3) sin@—1-0 "
[Sol] Rearranging, :
sinfl=1
-1 0l

Theretore,




MI2I1Db

“4) 2sinfl+1=0
[Sol] Rearranging,
sinf)
Therefore,
11

g RN
UE ﬁ:r. 61:

(5) 2s5inf+v2=0
[Sol] Rearranging,
V2
sinf) 9
Therefore,
ot o8 B
H—-in:.in
(6) 2v3sinf+3=0
[Sol] Rearranging,
sinfl= — {3
b1 | 2
Therefore,

N
0_3’:- 3

(7) 3sinf=0
[Sol] Rearranging,
sinf=10
Therefore,
0=0. n
(8) minO+1=0
[Sol] Rearmanging,

sinfl = — |

T e e L S —
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/100%] 90+ [ 80~ | 70+ | 69
5 =

AT -— ==, ! i

Given ) < 0 -
2cos0— 1 =10

[Sol] Rearranging,
‘ cosf

e 'j:-

2z, solve the following equations

2
Theretore,
S b _
0 g+ a7
(1) 2co58—v31=0 “T
[Sol] Rearranging,
e |
cosf) ;
Iherefore,
el -1
f) = 6 67

(2) 2cos0—v2=0
[Sol] Rearranging,

V9

cosf 9

Therefore,

(3) cosO0—1=0

(Sol] Rearranging,
cosl) =]

Therclore,

00

i
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i 2C080+ V2= o
1
[Sol] Rearranging,
2
sy v £
" .j _‘
¥ i l r
I nerelore,
3 D '
” Tt 1 1 l
I l s i
[
2 e i =)
[Sol] P:-;,nr:.m;:m'::,
v 3
. if -
r;.,-f ,‘)
[herefore,
d5 7
=g p
H (5
} eievs 4 ] {)
[Sol] Rearranging.
]
f F.r'»“ ..)
I'herefore.
2 ]
O=%x g
3 )
’: A .'rlf fl 7
|
[Sol] R;:.:rr.murrm.
I".r.” ”
. [ R
Iherefore T
x 3
] 9 2J'.'
]
fi ‘ i)

[S0l] Hc.nr.:rr;rn;.

iy )
Iherefore.

0=
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Trigonometric Equations

e ——— D , Dt / /
B /100%] 90~ [ -80% [ -70% | 69| =
. =] = 1 T ¥ — 1 3 ] et = = -

Given 0 < 0 < 2z, solve the following equations.
- : . -
tanf=v 3

(Sol] 6 ;.':

| —

(1) tanf=1

[Sol] 0= Z 2n
4° 4
v

(2) tanf)

3
[Sol] 0="7 T




inG@++v3=pn

.'-*f,_','.rr.ulrr:l-.',
ijll
I'lL"'..';'HTL
3 11
O0=<g L
f [}
lant, 1 ]
4 CATANging.
anft) Y
:I =i M
s 5
0 a2 % R
] w |
Mearran i

i

W

'I,I
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Trigonometric Equations

/10Wﬁ 9'0‘- '30‘-: ?0’1i 69‘ JI —
A ——="T W - i = 'me

Solve the following equations

Ly
%

(1) cosf 2 (-z<fh<g)

[Sol) 0=-7.

2 .. Y3 fi X
(3) anod 3 ( ) £ « 2)

(Sol] g:_l';. €~ Since ~ 5 <0< 7.

0= -g—x is not inciuded,

L)

(4) cos0=- "23 (0<0<z)

n €~ Sincel<0<r

hiwn

[Sol] 6=
e ;x is not included.
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2_4_ 8 10 _
I=73% & % 3
' -
e ) I" I'f
l'l" 4 o
Y iy 1
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Trigonometric Equations

‘e

—
~
- /ﬁ% 90% | ~80% | -70% | 69%-|
'\\_
-

P} = = 1 =

Given 0 = @ < 2=, solve the following equations.

—
..\i‘"

v 3
9

e

sin2

[Sol] Since 0 < 6 < 2=,
0<20<4r

Therefore,
) 7 4
9 o 7 T
<o 3% 3% 3
X X 7 |
f R, o
4 f 3" B 3

2
(1) cos20=-"=

]
[Sol] Since 0 < 6 < 2z,
0520 <irn

Theretore,

‘ g 7 9 15
f} - - -
ﬁ. -1l 1 Ll ] 'I ¥
=T ol B I
) 8 B T, H” 8 m
¥ ¥ ':{
{2) wmn2b 2

[Sol] Since 0 < 0 < 27
< 20 < 4
I herelore,

k. s QRSO
-‘ffj ﬁ-- ﬁ LT ﬁ ba g G ]

o =S 13_ 19
B TR TR T T




[l
ance O s -

i

l' * v ot included

&



"M 26a KUMON: |

\ Trigonometric Equations R
— . — = Latm / f
[-907. [ -80% [ 700 [ 69%- | = ;
ST =+ F—1 -

b < Zz, solve the following equations

[Sol] Since 0 < @ < 2=, 0

T i X T,-' { P

RS e —— e

Therefore, \—/
0+Z=27 M7 o crm———

(1) t‘.{)h(”‘ I)

[Sol] Since 0 < 0 < 2z,

11 e I
Rl 7
Therefore,
. Sy H Wt b {F
11 .!'-J. ey 'i Rl

12™ 127

(2) r:m(ﬂ*;) |

[Sol] Since 0 < 0 < 2z,

K op: B 280
(etias S

Therelore,

X E 9
)+ : I
6~ A° A"
e el b




v 2

; .
1 r
: )
since U S 0 < 2%
f_] Ve i —
L) 1 i
) i 1
: .L.‘E":HIFL',
f s wd -

- 2
(-5 )=
- -
ar 4
aince () fJ o s
r - o .Fj
I =3
g g R
¥ ] W
I'herefore,
8— = p: :
] b b
/ i 4 T
/) e
6’ 2
2sin | 20 = =1=
Hearranging.
r =3 2
ni2 - | =
} 2
yince ) < 0 X
- - ]I ¥
2l o
4 4 /
Iherefore
- 4 L
IJI’ . ’ - f -
[ " 1 ” 1.
F M
i - Ly, =Y
12 12 12
9=—2x f'i 4
24 24
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Trigonometric Equations

Marre

minte |'r

/100%] -90% [ 80 | -70% [ 69%-] - :

£ = | T a—— - s
Given 0 < @ < 2z, solve the following equations.

® 2510’0+ 3sinf—2=10 % 2r'e3r-2

[Sol) (2sinf—1)(sinB+2)=0 € =(2z=1x+2)

sinfl 1, 2

{l_l-_l-illl /"

Since —1 < sinff <1, &= llﬁﬂ'-:hi

sint/

(1) 2cos’0—5cosf+2=0
[Sol] (2cos0—1)(cosf—2)=0
cosfl L 2

iy » e

Since -1 € cosf < 1.

cosl) zlf
T 5
e @= T

(2) V3sinO—2sin’0=0

[Sol] sin0(V3-25in0)=0 FEEWRREIT) (When sing=0)
3 nl::hhl
: v 0 the range
sinfl =1, ) ‘.ﬂ ‘IS wn0< ).}
. a2
o 0=0, 7 Jrr T f‘-

[thn sinfi-

When unﬂ=0 =0,z

"
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(3) 2sin0+ cosO—1=0 ¢
[Sol] 201~ cos’@) +cosO—1=0 ()
2cos’0—cosO—1=10

(Z2eost+1)(cosf—1)=0

cosf .f? 1

sin'6=1-cos’0 |

[thn cosfl- ;] (When cosfi—1)

- p=n 2. 4
.0—0.31:.3:1'

(4) 2cos’0+5sin0+1=0

[Sol] 201~ sin®@) +5sinf+1=0
2sin’0—5sinf—3=0
(2sinf+1)(sinf~3)=0

sinf= — é 3

Since <1 < sinff < 1,

T ) |

sinf = 2

R e

.a—sm 6"
(5) Ztan’0-2/3tan0-3=0

_—

[Sol] (| tan0+ 43 ﬂ(‘l tanf—+3 J ) =0 Efr’imnﬂ-!-l}(&tanﬂ—EFl}]

- Cy ol
o e | “"‘
tanf - 3 J,“J_:}-J
=] [s5 ] [4]

= 3I. = 3l:.
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Trigonometric Equations

Mo _Leea
— = Datn f - ‘,I’
/100% 90+ | ~80% ~70% | 69% : e
£ ey e — | T o

Given 0 < 6 < 2z, solve the following equations.

(1) 2cos0—+v21an0=0

— ===

: s

B —~ s1nf ; tand= cosfl

[Sol] Since 2cosfi—v2- 0, € il

cosd
2¢08°0— v 2sin0=0
2(1~sin’0) ~v2sin6=0 (} cos’9 =1~ s’
2sin'@+v2sin0-2=0

(sin@+v2)(2sin0—+v2)=0

sinf=-—v2,

Since —1 < sinfl < 1,

v9
sinfl = .;
.. 0 - II i .l n

(2) 2v3cosO+ tanf=10

sinf)
cosfi =0,

2v3cos’0+ sinf=0

2¥3(1~ sin’0) + sinf=0

2Y3sin’0— sinf—2v3=0

(2sinf+V3)(V3sinf—2)=0 ua

[Sol] Since 2 3cosf+

. S \-'.3 2\-"13
sinf) = 2+ 3
Since ~1 < sinfl < 1,

sinfl- ‘23
7 =L il
.0~3n.3n
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(3) Z2sinfitanf= -3

sinf _
cosfl

251’0+ 3cos0=10

[Sol] Since 2sinf- =3,

2(1 - cos’0) +3cos0=10

2c08'0—3cosf—2=0

(2cos0+1)(cosf—2)=0

1

2.2

cosfl=

Since =1 < cosf < 1,

cosfl= — 9

(4) 2sin0=tand

= [(When sinf=0)
: . o SING
[Sol] Since 2sing=—""2, “"
2sinOcosl— sinfi=0
sinf(2cos0-1)=0 -y
sind=0, cos=
] |

. B=0, -g- n, -g-x
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Trigonometric Equations

‘LH—'T -
= = — Datn ,.I' .-’
£100%] o0 -8on [-70n [gn |
— — - | .

L. Given 0 < 0 < 2z, solve the equation cos @+ v 3sinficosf =1

[Sol] Since (1 sin’#) + v 3sinfcos b - 1, € cowt= I.—I'b'ﬂ}

sin‘0— v 3sinfcos =10

sin@( sinff— v 3cosf) =0

- sinf=0, sinfl— v 3cosH=0

(1) When sinfi =0,

0=0, = €=

(1) When sinfl— v 3cosfi= 0,
Sin0=v3cos0 D [Since unloFcont]
S (V3cos0)? + cos’0=1 &

t'i}h;ﬂ — 1‘
+ CosO= # é _
a1 R [
When cos0- o « from M, sinf= )
o 0= 4

When cosfl = ,E . from @, sinf= — '.

s O

r'. 0 .

U I XN

1
-
¥ u-i 13
.

From (i)and (1), =0, *g— X, ‘::“:"l’f
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2. Given two points P(sin0+ 2, tanf—2) and
Ql4sin’ 0+ 4sinfcos 0+ 2acosh, 3sin@—2cosO+a), find constant @ and the

corresponding value of 6 when these two points coincide. (0 < 6 < 2x)
[Sol] When points P and Q coincide,
sinfl+ 2= 4sin’ 0+ 4sinfcosf+ 2acos -0
tanf—2=3sinf~2cos0+a @
From @, a= tanf— 3sin0+ 2cos0-2 @

From @ and @, E
sinf+2=4sin’0+ 4sinfcosH+2( tanf—3sinf+2cos0—2) cosd
sinfl + 2=4sin’f+ 4sinOcos O+ 25inf— 6sinflcos 0+ 4cos’0— dcos O J

2sinfcos0—4(sin’0+ cos’d) — sinf+ dcosf+2=0 ~
2sinficosO— sinf+ Acosf—2=10 (j
2cos0(sinf+2)~(sinf+2)=0

(sinf+2)(2c080—1)=0

“. sing=—2, cosf=1

Since — | ﬂﬁnﬂﬁlm-—lﬁmocl.ﬂ

-]
i
wWin

=
g
>
i
I

=
I
Llin W

when a=-23—1, =2

2
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Trigonometric Equations ,

00%] 90+ | -80% | -70% | 69%-|
a7 e =

-

== —

Given 0 < 6 < 2z, solve the following equations

—
—

LT

sin 26 E .
[Sol] Since 0 < 6 < 2z,
0< 20 < 4=

Theretore,

\.-
==
=
o |
i
-
-
—
¥ |

6
BRI,
=17 13 ™ 12 12%
v 2
(2) m'.:f £

[Sol] Since 0 < 0 < 21,

f)
i) - e

e

Therefore,

fi X
2 |
: — . K
.0 o

(3) --un(“ ;) ‘lf -» !

[Sol] Since 0 < 6 < 2z, T
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@ cos(20+%

[Sol] Since 0 < 8 < 2z, |
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Graphs of Trigonometric Functions Niavid

e e —————— Date / /
/100%| -90% | -80% | -70% | 69%-|
i 2 — — =1 T . __'n_
' Let the point of intersection of the terminal side va

of & and the unit circle be P.
The y-coordinate of P i1s sinf.

Using this, it is possible to draw the graph
of = sinf,

- uanfl

-
e
o

B3 i

1. Draw the graph of = sinf for 0 < @ < 2z,

[Sol] : E E
f 0 ‘ { ;

=
-
"
i




| D

M |

[} |
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Graphs of Trigonometric Functions

100% 90~ | 80~ | ~70% | 69~

r

(Cimpen§ ] — 1T —— 1 — 7=
(_Graphof y cos0 )
Let the point of intersection of the terminal side 4

of @ and the unit circle be P
I'he r-coordinate of P 1s cos@
Using this, it is possible to draw the graph

Ql ¥=cosfl)

- -
-

&

2yl

0!

phof vy~ cosf for0 = 6 < 2=

h = : . o - I I- :-!— "- : =
& 6 it ] 2| (B | s
I' I ‘a’ o
:: 0 |3 [ e
[
II".'
X __:t . 2 17

-
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anuj 1

> 0802 [ 5900 101 0 8501 U 99000 pousd sy o s o vy ‘o

[ o o s,

B e —

: | 2 t |z i |t £
o N B M v e B B 5 M O S [ i
_.IIII..|1.L._I|||...I.|1|.I.|.II||II....|J.
- | 7 ! - f I 4 . " [
ol O O o e R R I 5 .m s (o5 1o} 5|} s |0
| V.

MOIQ SYUEIQ ) ]3] ‘ONY Y % aéena!:' /



M| 33a KUMON® ™ 133

Graphs of Trigonometric Functions

/100%)| -90% | ~80% | ~70% | 69%
Llmweng I — | — ¥ 13—

. Draw the graph of y= sinfl for — 3 <@

e

o

[Sol]

H
o - 3 : . 2 3
2. Draw the graph of y=sinf+1for -5 <0 < =
IRU!I }r - = 2 T — = | = 1
0 | = s ] : f -y : -
. : b { \ 2 ) 2

: ! ! e




[

|

Ly

s

el
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Graphs of Trigonometric Functions

Cater / /
/100%| -90% | -80% | ~70% | 69%-| .
P T — = | :

1. Draw the graph of y = sm(ﬂ ; )
Then, state its positional relationship with y= sinf.

S‘.}l - 3 - r i
[ I fi '; ] 0 . : -3 fa th r e '-r ;I i'l' '!"l‘l' = %’f

) 1s a translation of the graph of y = siné,

The graph ol = sin (H

=3 |

% unit(s) along the 0-axis.

2. Draw the graph of y -cm(ﬁi t ; )

Then, state its positional relationship with y = cosé.

—.-1,.—
] L L] ] | 4 5 7

f.'! i f 0 i y ] ."!' ‘E E ‘f ;' %! }'

H‘ [

' [Sol]

=
| BT
. -
—
&
“\d
B —
-
o
-
Mg
—
g | oF
[

The graph of y= cos (0 + ; ) 15 a translation of the graph of y= cosé,

il

_.’;_ unit(s) along the O-axis. - Alternative _5_‘]

| Solution 3



wJ

[ ]|

VI 134D

Draw the graph of y »4;1[ 0+ )
]
[hen, state its positional relationship with = sinf.
C i
¥ [ B /
b win 0+ : ] 3 = unl

I'he graph of y ~;m{” =

\ 1,

} 1s a translation of the graph of y = sin®,

-

1 unit(s) along the f-axis.

Alternative i
4
Solution )

Draw the graph of y= cos (ﬂ ; ) b

Then, state its positional relationship with y = cos0.

\u]: V4

ciom )

I'he graph of y= cos (I)‘ 1 ) * 118 a translation of the graph of = cosf,

-

‘ unit(s) along the G-axis and 1 | unit(s) along the y-axis.
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Graphs of Trigonometric Functions

Dat / /

— T T T Diatey -
/100%1' 90% | -80% [~70% [ o%-| | y
= —— = e ' v
1. Draw the graph of y = cos 26, Then, state its period.

Sol] [ [ .1 T ] = 5 ] 7| 9 5
4 . (0 . ! 5 i z SRS | = S EL
vl O 1 1 0 [ 1 0 1 9 Ji=1ine 1 8 | =i

Thepenod of y=cos201s « .

iz
vy

2. Draw the graph of 4 = cos {:: Then, state its period.

nrT il
IS‘}] (1 - = 1 - i__ ", 7' T g
gl i i (221 1% 2% | & | 2% | 5= | =Rt
2 2 {2 ‘ ‘2 2
e -

The penod of y= cos g is| 4r |.




|

o

(n
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. Graphs of Trigonometric Functions .,
; - - " L HI
W /100%] 90 | -80% [-70% [ 69%-|
\/_m g —=== == o T O
\ 1. Draw the graph of y = cos [ 20 .1 | and state its period.

\ Then, state its positional relationship with = cos 20
\[Sn]] It o oty

\ The peniod of y= cos [ 20 I ) S| %
: The graph of = cos ( 20 1 ] 1s a translation of the graph of y=cos 28,
:q unit(s) along the 8-axis. €= -cm(?ﬁ- ril F )
} 5 . o L I f" ": : T .y d
2. Draw the graph of = 2sin| - + 5 | and state its period.
. il
hen, state its positional relatnonship with y=2sin .

[Sol] va

=

i
e
|
"
—
Y
i
o

'
|
54
|

: - £ T Y.
The peniod of .!Hm( S ) is Am

e ' . ’ft T
he graph of y J-xm( o T o

. 4 : )
] 18 a translation of the graph of y=2sin 5
= umi(s) along the 8-axis.

Alternative
Solution

I



[ ] ]

The

Draw the graph of y=23cos | 30

M | 36D

] and state 1ts penod

=
T
-

Z

n. state 1ts positional relationship with y= 3cos 30.

i v deos| 30 .|

3]

g |

[he penod of = 3cos ( /) 2 )t.-'. 2 7 . The graph of v = 3cos (3"}

4

-

15 a translation of the graph of y=3cos 38, HE— unit(s) along the G-axas.

I. Draw the graph of y=2sin (Eﬁ .i ) 1 and state 1ts period.

Ihen, state its positional relationship with y=2sin20.

{Sol]

/4 U 2un | 20 2R

he peniod of i 2~.rr|(2»"! i ) +1lis] x|

Ihe graph of = 2Zmn ,(?}J ; ) + 1 15 a translation of the graph of

y=2sin24, H unitls) along the G-axis and 1 unit(s) along the y-axis
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Graphs of Trigonometric Functions .
/100%)| -90% | -80% [ ~70% [ 69%-|
£ _imimen; O = = P '

CGCraphol y_tand )

Let the point of intersection of the terminal side

[HTTT]]

intersection of lineOPand line r=1be T( 1. m ).
Then, tant/
Using this, it is possible to draw the graph

Ltanfs,

m s true.

of y

1. Draw the graph of = tan# for 0 »

of # and the unit circle be P, and let the point of

M 137

[Sol] | | '

7.

= tand

\.
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Graphs of Trigonometric Functions

\ ’ " - Date ! !
100% 90 | -80% | -70% | 69%- |
\ /{'ﬂﬂn = = T == Ime : o
‘ 1. Draw the graph of = tan# for - ; <O< g:
i [Sol] | z z =
‘ g 20 || i s 2 i . 3
b =3 0 1 =: 0

2. Draw the graph of 1;.;1(9— '-' )

i
Then, state its positional relationship with y = tané.
Sol] a £ 0 x x 3 3
2 | r 2 ‘e . g

/

[ull | 0 ! -1 1
i

The graph of y I;m(ﬂ* J::) 1s a translation of the graph of y= tand.,

% unit(s) along the O-axis.
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raphs of Trigonometric Functions

- - - —

o
T

Cate

4100% 90% | -80% | ~70% | 69%| | F
A T = e - o

-t : ' 5
The penod of y= lcos@l 18| = |

i anf <0, y=0

3. Draw the graph of y = sinf0+ | sinfl|. Then, state its penod. (—"
[Sol] A

U an0+ lund|

-

The period of 4= sing+ | sind| is| 2n |



L |
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Graphs of Trigonometric Functions e

/100%] -90~ [ -80% | -70% [ 69%- |
T S e i s e b

1. Draw the graph of y .m(u § r J
. =

11117711

Then, state its positional relattonship with y = sinf W MI34
[Sol} “t -
14 - 7 - l;.Ii . % |
< - S
- -
| v. 5= e ';,1
|+ a N—

The graph of y= sin| 0+ ; ] 1S a translation of the graph of y= sin#,

Altermative 11

2| inii(s) along the @
6 HILS ) Along e U-axis, Solution 6

i -
2. Draw the gruph of r( 5 4 J and state its penod.

hen, state its posinonal relationship with ¥ = cos fi =» M| 36
[So! i
i il = |
14 — - ] |, ‘,'
21 ~ :
> — u% ¥ 4 S e

Ihe penod of g rr.[ -

0 rx' "
Ihe graph of -« h-'-{ T ) 1s o translation of the graph of ¥ = cos 3

"
2 umit(s) along the f-axis




) .;F and state 1its period

Late 1ts positional relationship with = 2sin 20 =» MI36

Il
Draw the graph of y=2sinl 20

Ihe period of = 2sin ( 20

- Jl‘i m . The graph of y 291:1(2-") : Jm

il

a translation of the graph of y=2sin 20, g unit(s) along the f-axis.

|. Draw the graph of y -'-'Hi(” J h )

'hen, state its positional relationship with = tan®. =» M35
Sol} 4

The graph of y= tan| 6 h ) 15 a translation of the graph of y= 1anf.

Alternatsv 5
umit(s) along the #-axis ¢ 2y

Solution 6
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- - — e /

/100%) -90% | -80% [ -70% | 69%-| 2
\g‘”ﬂﬂ, == I = . m—
\ iven 0 < 0 < 2z, solve the following inequalities.

I
sind > é ' ]t =
LV
[Sol] When sinf? ,1}, “;.":

T D
JEE— =g "
¢ b" b :

Therefore,

g<-—==x

b

e

1) sind>

. . ) i a
s{'}]] When sinf? > | ¥ =und
& | /_.{
=% . 3 - /5 :l = aa
1 1 g e ‘\‘ e
I'heretore, 0 ) e N < 0
i "" "
JT 3 “' p'F
< 0 { T 1 T TS
1 7 T
) cosl n
y s
; |] When cosf o | *A ¥ cond
c “ﬁ l""

=58 TN 7

Therelore,




[ ] B
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K Trigonometric Inequalities

100% 90% | 80~ | -70% [ 69

EESST S PR T =

Given 0 < 0 < 2=, solve the following inequalities

b (1) sin0 -
i_ Ya
[Sol] When sinf) i 14 = e i
E | e . L . :
o-| 2| [ £ e —

I'herefore,

0caic | =S Al Since 0 < 6 < 2=, =0 is included, |
b 6 as e bl.tlﬂ ‘bunumchdud.
9
[2:' cosl 2'-
ps [
[Sol] When cost T " i =cond
ey “_,.F-.'
- - -
o== L. ] Y 22 o
i ~i4 o = 5, e
| ‘ “\‘ 'J’ I-
Fherefore t Teman®
)+ r.r«.""i ;z-ﬂu-;zn
V.3
43) sin0O - >
f | !‘ W
S0l] When sints -~ .
y 14

[herefore, . =

-

it ¥

> | : e
060 < :irr :irr'uﬂ"\:!rr

L1144 4477




=1

il

f)
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Trigonometric Inequalities

I daree

ar==="7, 1 —— = iine -

/100%! -90-. | 80| -70% | 695
= - i =

Given 0 < @ < 2z, solve the following inequalities.

ar
-
-

|

i

) |"ﬂf‘hh‘ 9
‘ : v
(Sol] When cos0 ]} |
E P 1L, v~ cond
2 1 20 v 2 . .
0=3% 3= T NE
0 r ‘\x /(" 5 E 2= -ﬂ-
| ] 3 - pr i 1
\,l.,' hl:" l'!)j-.” E’ s _'I - : i!._ N

"

s

|_: )
(1) —-5* < cosf< 2
[Sol] When cos @ ‘.,J . i |
- < l&..
i i =
b O
0
'“-Iil'l.'ﬂ cos 'J“ /1 "_1L
\ x 7. g
\ AR N
\ I'herelore,
\ 5 7 7
CO<An Ln<O< g
§ 67 6 |
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Trigonometric Inequalities Narre

/100%] 90+ | -80% [ ~70% [ 69%- =

Va0 I — = 1= i : i
Given 0 < 0 < 2z, solve the following inequalities.

-" tanfl = 1

[Sol] When tanfi=1,

]ilf /

o

t

7l
3

1" 4°

4

Therefore.

.ﬂ

b |3
2

1

i

' 4

-
N
-
-~
-
-
.
N

N



'..Ii

f)

)

— [ | i) e & = e )
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gonometric Inequalities

T — - - Late / /
100%) ~90% | -80% | ~70% | 69%~| )
. I — e — Y= ] s

Jiven 0 < 0 < 2= solve the following inequalities.

\!:\, : ~ | —
N mn(f,‘ 3) "5
\* [Sol] Since 0 < 0 < 2z, ua
\ T 5 u un[&ﬂt)
LI n - J - I- 3
| Py T v ,_7} /_\< 2
\ - 1 ‘ h ’,"' = '.." . _E'
\ When a'm(ﬂ ) 3 - 2 - o
» 3 2 ¥ 000 A iSened
| i E_& 2D
{ B
\‘ I=3=6" 6"
. o R T
' 2/ B

§‘ I'heretore,

N i

» sin(0-%) > —1

\ Sol] Since 0 = 0 < 2=,

-

\ ; 0 ; ;- :u u “n(ﬂh |)
A I . A 17

: When wm(ﬂ . ) 5 ‘I:'P 'j/. \i’ % :

\ o I 6 é 4 I e

Q 0=-15 17.,

E Theretore,

~

>~

N
Y




H_§B

{)

)

f
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| 463 KUMON® M 146

gonometric Inequalities

ey

- Date /

/.

—

- —

/1

. — . -

il

L{h

£ 4557000707

Y. — =117
given 0 < 0 < 2z, solve the following inequalities

. x

o & "

¥ 2c08°0+55mn0—4 >0 '
_ i cos’®= 1 - un'd
[Sol] 2(1—sin’@)+5sinf—4>0 &

2sin'@—5sinf+2 < 0

Since ) <8 < 2=,
(2sint— 1)l sqin@@—2) <0 =3 ﬁn’_qﬂf 1.-I|
Since —~1 < sinf < |, always sinf—2 < 0, (—"
L 25mO-1>0 &= “hn;\ﬂﬂtl_:ndﬂﬁﬂ.ﬁbﬂﬁ
| Va :
. Sinf > 5 1 14 y=unf
= lr—‘:_‘-;._ﬂ
When sind 0 z 5 Le’ “L i
en sin 2 6'6~ O ; 5 _ T ".—5
" [+ "“ "f
Therefore, ‘-T =St
2 <0 5."
6 6"
) 2sin'0 < 3cosf
ol] 2(1—cos’0) < 3cosf
20080+ 3cos0—-2 > ()
(2cos0~ 1) cos@+2) >0
Since —1 < cosf < 1, always cos0+2 >0,
e 200801 >0 v
| i a
. cosf > .1, 2 ll\ ,.“/E
When cosl _!,,H 5 24 ¥ 5N =~ i’ ot
i i lq iy o
Iherelore,
0<0<E, 2n<0<2n

Jd° 3




MI46b

(2) 2cos’0+ sinf—1 >0
[Sol] 2(1- sin®6) + sinf—1 > 0

25’0 sinf—1 < 0
(2sinf+1)(sinf—1) <

:1, < smnf < ]

When sinf= —-1 NE 7 - 11 -

When sing=1,0=5 =]

Therefore,

ﬂ-:ec%, %{3{%—#. -Izn.l—n:{a-:: 2r

(3) V3tan'0+31an0 >0
[Sol] tan6(V31an6+3) >0

S tanf0< —vV3, 0< 1ano €~ lian
When tanf= - /3, ﬂ=*§-:r. "31'

When tanf=0,6=0, =
Therefore, -3

LA 4 2 g 3 3
0<8<2. 2 -::6<3m1r~:0¢:3m 2.::{04:3
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rigonometric Inequalities

LT

/100%) -90% | -80% | -70% [ 60|
G ———1———f———py] T

Find the maximum and mimimum values of each given function and state the

corresponding values of @

(

L S o a a # / -—-I‘
v=2cos—3 3 f 6 .,)

I"H'I” Let cosé

y=2—3

Iheretore,

the maximum value is 2.at l=cosf 1 . LEe. 8

geie =3

the mmimum value 1s — 5. at £ = cos# l. Le. O=x.

_flﬁ! y=—2sin0+3 (n <0
\ [s“” Let sinfl=t.

1 = unfl

g St s] < o

J‘ ..

y=—2(+3 ST

Therefore,
the maximum value s 1, at { - sint

the minimum value is 1, at f - sinfl - 1. 1e =




M 147D

((2) o Eum(ﬁ ") 1 (0€£0<x)

' [Sol] Let sin (ﬂ ;) L.

2
-~ Qi €~

]

Therefore, E

=2t

the maximum value is 1, at ¢ = sin (-9* ; )= | R H=-?l*rr and

the minimum value is —v2—1, at /= sin (B“—:- ) = - -'-}. e 0=0.

13) y= tan(m'- ;) +1 (

Sol] Let tan(ﬁﬂ— %-)—‘:I.
.. — i;:)i <ls \"5
] y=t+1

Therefore,

the maximum valueis V34 1, a1t tan (ﬂi— "‘3{)= ’@s i-hﬂ=% and

the minimum valueis ~ 341, atf  tan (39- -';-) =—v3, i 0=0.
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Trigonometric Inequalities
/100%| -90% | -80% | -70% | 69

By — T——1—— 1

Civen (0 = 0 < 27, find the maximum and mmimum

and state the corresponding values of @

m I/ sin N+ 5

I'heretore,

the maximum value is 5.

MmML=sgmbl=1.1e.0 . and
thL' minmimum "n..ll'lll.' 15 1
| 7
at | sinf s e O =1, 1.1 x

1) y

,'1;5.” i |_-'.|'i 1

[S“lj ] ¢l cosfi={

Therelore,

the maximum value is 1.

at [ —cosU0=1, 1e. =0 and

the minimum value s

Rt 2 1
e IO 5 q T g

-

;lll’ ciomf)

A
A
N
\ |
N
N
N

[Sol] Let sinf=¢
Fitng ) € Since 0 <0 < 2=,
T [ 1 <unf<1
! I *
[¢+5 )
AR 1
Cal L]

M L2

values of each given function




M 148D

I anf -+ cos’0

[Sol] u=sinf+(1-sin’0) €
un 0+ sinfl+ 1

Let sinfl=t

f |
' { {+1]
Ilr ] ! :‘J
| I 9 JI I
I herefore,
the maximum value is ; -

7 | - i -
at | = sinf 9 1.e. 0 I -ﬁ-mmd ‘
the minimum value is — 1,
at ! = sinfl 1,1.¢. 0= ;n'

2
v=3cosl— sin’H
Sol] y=23cosf—(1] cos'0)
cos 0+ 3cosh—1

Let cosfl =

1< <]

y=1"+3t—1
f 3\ 13
Viary) S

I'berefore.,

the maximum value is - b
atl=cosl=]1,1e. 0=0and
the minimum value is -

at ! = cosfl 1, Le. 8=

e
daw
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“Trigonometric Inequalities

bjp_(]%l 90| -80: 70% | 69

&

1. Let o be the minimum value of 0 satisfying 5S5cos’@

{ f) J Find the values of sina and tanea

[Sol] Since 5(1 — sin@) + 13sinf—11 = 0.
osin'f— 13sin0+6 ]
[herefore,
25l —3)( sinf—2 0

since () sin 1, always sinfl—2 < () (‘*

13<inAf

COS (7 \ ] | : I|

|
wl
3 i
tanda - :
) ]
e
1

77777777

i1

) 0< minf < ]
Js8infd—3 ()
3 W
sinf) - |
v li yU=wunf
| - -
. K] 3 — =
sina == €& i
D ' . ~5
0] o s I
- » LY
dSnee ) < a¢ < >, cosa = 0 | € S

M 149

* ) for



W Given 0 < @ < 2=, find the range of values of @ for which two parabolas
W=2v34] sl sinf) and y 2¥v3lxr+cosh sinf! intersect at two
| ditierent points
] wit] f 1 (¥ i) sint
i : I ] .” "l”l“ ]
ﬁ From and
2 r—cosf inf 2v3(x+cosl)”— sin0d
' f X , TR _'IlIJ -1:11fri' “
1) — _
‘ = V" —2Zv3ldy dcos' i+ sainlf ) ) ("“.ﬁ
2v 3cos’0+ sinfl < 0 = ; .
) When £ > 0, 2/327 +2/3cos’0 + sin0=0
W3l1l=sin'A)+snbh <0 has two difTerent real solutions. (K 76)
Ay 4 .;[J_‘(.l' '1”]”' 21 3 > ()
l.r 2smn+<3 )M v3sinf—2) > )
: ; Since 0 < 0 < 2=
Since anl alwi Jsinf—2 <0 e i
mce —1 < sinf < 1, always v3sinf—2<0, € ~1<sin0<] |
l W 2minfl+¥3 <D
Yy 3
. anft/ P
: E
b When sinfl r' . 1; - ',: -
herefore.
ya
.I m< < :3 n ! I e
] i ‘i ‘,-“' “\ i
l" “‘ Tl . 'E
2 i) ‘\‘ T Il|r" :.;
:"t_ —— l...-:.,,f; —
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gonometric Inequalities

S T

- *N

10 ﬂ'iT s' ,.. "-
Bt 00% -90% | -80% | 70 | 69|

) T {

& Given 0 < 0 < 2z, solve the following inequalities.

(1) sin6 > ‘:,_;‘ -» ML

va
f . -, 1 f‘
Sol] When sint 5 ] il
- g
el -r) r ~ -
FJ ‘: = :} ::' J 1 /| "l" i.‘
o 3 2 i s %
Iherefore, n| - , P L
3 3 = . 7
- 9 =t P
O el ' ~—-
3 g%

‘ l
cost > » M4

e

; V&
[ 0l] When cosf |
e 1 " | cos i
= r 5T - =
r." I_. wd - - :h -\"\_ ‘_-ﬂ"f
| Wl s ‘:"
Iherefore. ulr : ‘-‘ _.-" 5 2 ;
: -
- ~ - K |
£ T 3] - ¥ : T o Lo
050 < 3 .i".frkﬂ{,?,,-: |
w 4

—~
S

3 < tanf) 1 ‘MI-&&

| .: . . W i
1S0l] When tan® L 2 gk = o8 y=tand 4
: | ;
5 &t I '
0="2z, ALy o I8 - T
b b .y f # ‘(ﬁ
7 kA
“-’huj‘l t:i”l‘j 1‘ __{___L_ ‘:_' !.: ":/' 2 d | :'-' y
7 4 5 - Ji = 1_":- | '_} ; T o X [/
1" 47 i ; :a
. ) M §
Therefore. i ; ;
{] o fj < ‘ o | < u <
1" 6 4% g R<0<2n




[ ] | ']

v bsinf! — 2c08°0 > 0 = M 46
[Sol] né/—2(1-sin’6 U
) I ;'l.’ ': ‘-]”” o | Il
mfs ng+2) >0
Since unfl < 1, always sinf+2 > 0,
1nf) )
inf— ] va
nf | ' - W=Eunl
Ll "J -Ir H +
N B Q.__
E 7o wl :’ "\ D=
When sinfl= - 0=, ox —ptt g — -
_._I h h {]i - g 5 "' 1]
. b b ‘\" Pt
| herefore, 1 t e

1

-

m» M|4LE
U=t =49
L]
[
w
o
I
r
&
L
']
"
#
'
I
#
#

~ <0< —=x
6 b
¢. nven 0 <0< 2z, find the maximum and minimum values of function
7 05 0~ sinf+ 3 and state the corresponding values of 0,
Sol] u (1= sin@)— sinf+3
an’ 00— sinfi+ 2
Wi
Let sinf=¢
<1< -==4
ty={ {+2
| 4 J J [
- 2] " 4 e
AT
I'herefore. :
the maximum value is 1, il
at | in b 1,1e O 3 m and i 11
2 2
the minimum value is ; -
] X 5
ati=sinl=-_ 1e. 0== .
2 b’ 6
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ddition Formulas 1

MIS)

100% 0+ | B0 ' ?&_ 6| e
et 11 -

frove the identity cos (a+ 3) COSacos S~ sinasin 8

Sol] Given that point B is the point of ’ o syt
intersection of the unit circle and the
terminal side forming the angle o+ 3,
place point A(1,0) and point
Bl cos(a+3), sin(a+8))
as shown in the diagram on the nght

AB =|cos(a- B)=11"+sin*(a +5)

o

e—2 cosla+pB) € ﬁn'l'a*ﬁ?*cu’{n*-ﬂl-:;
Next, let points C and D be the points

| Dlcond sind)
obtained by rotating two pomnts A and B LS4 sind

U

by —a about the origin.

Clcosa, ~ sina) €= cos( —0) = cosl

[) Cos3, sinfs) sin (@)= ‘ﬁn.ﬂ'_
CD*=(cosB~cosa)®+| sinS+ sina )’
unar )
¢ 2\ cosacosf—sinasinf )

Since AB*=CD?,

€~ Since Cand Dare
~ the points obtained
2—2| cosla+B) |=2-2 cosacosS—sinasing ) by rotating two
= : ~ points A and B,
Ierefore, AB=CD

cos (a+8)=cosacos 8- sina singd 1S true

TUNDUN _ o SO0D S0

(F 40 %00 TUsoun _ deoapeoo 1F +0) w00 KRy

m the above, the following wentity is true for any a and 5.

o8 (a+5) COSacos 8 sinasin 8

7111111/



IMI51D

Using the identity cos (a+8) cosacos - sinasin8 - (

W, solve the following
|

duestions

0 ‘1) Express cos(a—28) in terms of cosa, cosf, sina and sinfd by substituting
) for 5 on both sides of identity @.
I "‘-'Hi;' COS | or ,3 J _1 cosacos ( ,'51 sinasin ( 3]

p _ % cos(=0)=cos0 ]
cos (ar—3) cosacosf+sinasinf () Im{-'ﬂl"'"imﬂ

H_§e

2

</ Express sin(a—8) in terms of sina, sinf3, cosa and cos S by substituting

1 ( ; I,.,) for e on both sides of identity .

[Sol] ”hi |r :; -nr) f ,‘EJ = o8 ( ; {r)cmﬁ— sin( ; -—a)sinﬁ

il

s e
LHS q‘.rr.-;[ 3 od (- ﬁJJ:-‘ sinla—A8) J( g)l'i!'p*
1 RHS = sinacosf— cosasinf I [ﬁiﬁ@ﬂ’)-{mﬂ

- sinla—B)= sinacosf— cunmamﬂl

1) Express sin(a+8) in terms of sina. sinf, cosa and cos B by substituting

( ; rr) for o and ( — 8) for £ on both sides of identity (D,

LF

vol) trtrﬁ[(; ﬁ)'*’ ﬁl] Cnﬁ(;‘—ﬂ)cﬂﬂf—ﬁl -ﬁin(;-—a)sin{ B8)
LHS (m{; ‘-’rr*ﬁJ] sinla+8)
RHS = sinacos 8+ cosasin 8

| nin{a+m=uinacmﬁ+cmminﬁ

- = —

he identity cos(a+5) comacos S snasnS and the identities obtained

m (1)~13) are
lled the Addition Formulas
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Addition Formulas 1

5 0% 90% | 35-.{ 70% 59
= I —— = P

—— il
1

( Addition Formulas | )

SN

T 90 AINACOs 2T COSasing

fe il SINCCoOs .3 OS50S
aTp COSacos o siNasing
ar— ;) COSOCOS8 2™ SINasiny

valuate the following expressions using the formulas above

SN/ o sin (457 + 30 5

- _ § " ; unla+3)=gnacons * comasins
sSiNA4d cos 30 + cos 45 sin 2l "‘r

du

¥ _J % : » 2 t.
¥ 0 ) 9
W li v 7
'
i
] os (45 i)

s cos (a+5)= cosacos 5~ sinasn 5
cos 4D cos 3 simdo sin
vZ2 V3 vZ2 1|

) 2 ) 9
=2

b . : At .
-‘-‘ sin 105 sin L bl o) \ltemative Soluton

sinbl”cos 45" + cos60” sin 45 an 105 un{ 135" -30%)
V3 V2 .1 2 50 15 cos 30~ cos LI5" sin 20
) 2 2 2 4 i { v 3 ) 1
. 2 r'd
v B : v 2 [543
B cos 105" = cos (60" +457)

: _ 3 ; Alternative Solution
s i) |.|=.1,- <111 bl) s Ao

"'il”..i LIS ] ;_I| ::" !
| v 2 vJ v 2 oo |35 con 30" @ 15 wn
) 2 )
: - . v g N | v J |
] ] ]
2—v6 2 2 22
| sh—=+2
|

11111111777
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M1 52D




" 4

A

144444000000

11

b

.._
-~

and sin S

.

153a

and cos 8

[Sol] Since j

DS O

00%] 90~ |

“T T -

ddition Formulas 1

—

[

\

Also, since 0

NG

Fherefore,

il Let 0 < o

13
o

COsor

Also, since

COS 2

1 IIL‘H,'IHH.',

o and

"F-f'w Since 0 < o

|

rl,_.

W 3

“J

KUM(N®
69,
—= =

Find the value of

()
%
- €
sing > 0
2
3 \ 2

T

Sln& snS5>0,

a=5) when sine

Smcma‘_ﬂ._
cosa= —i41- un'y

— e ———

sinS=vl—econ'3

s (e 5)
- mmﬂ+ma:_ims

Find the value of cos (a+ 5) when sina
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Addition Formulas 1
100%| 90+ | ~80% | ~70% | 69+
T = —— 17—y
T T ; - 2
et o “a<xand % < 8 < z. Find the value of sun(ar+ 5 ) when tana= F
: 2v5
and cos S J
! K ) AT y 16 1 E
ol = Y. = —=—=]+ 'y
r COS r ! | i _} 16 2 o0 (-— s O -
ey - — i
";P”'ll.'t: ; r ey LS OY [
COS =, sina = == - € sina™ tanacosa
4 ] ¥ e S

Also, since = 3<x sin8>0

sin 3 \ St 5 5
Theretore,

vt I8 2v5 §i)iuh sin(a+5) J

SRS S ( 5 ) ( 5 ) 5 - '::;‘:;acguﬁ*tn-ﬂif_{!

g Let 0 <a <5 and 7 < 8 < 7. Find the value of cos (@—5) when tana=1

\_ and tanp .
- ! - .
| s {lll : 1 ' 1 3 s COSr 0
. - COS r &
' Simce ) < o o COsa > ()
r v 2 v _ ¥2
\ cosa=—5=, sina=1: 9 B
- 1 012 & T |
Also, 1a=1+(—2)*=5 COS 3= 2
. COs o J
\ Since 5 <f<nm, cosB <
\ - v 5 2 vH 2v5
Cos 3 =+ Sinf 2" e L
\ D 2 2
Therefore,
* r ] [ \
ey ve v vZ  2vH cos (a—§)
COs \ or » = | 9 - & - »
- ’ ) Z 9 “cosacos S+ sinasin§
10



MI54b

- Find the value of sin (a+ 5) when sina cos 3

5
L | OSa -+ sing 1 .
%5
F i - 1 o : |
I- 150l] From @, sin‘ar+ Z2sinacos S+ cos’f= <2
' 25
From &), COS .f:‘nhﬂ'ﬂm;g T ﬁtn'ﬁ lﬁ

From @+ @), 2+2(

n_§E

- 9
sinacos 8+ cosasin 8= 16 =
; f
. 0 :
sinla+8)= (."
N 16

’ 3. Find the value of cos (a+ B) when sina— sinf= ;_,

] .
COSO*CosY '/A;:j.

2
A[S0l} From @, sinfa Zsinasin B+ sin"f= ‘:

- » ]
From @, cos’a+ 2cosacos 8+ cos =

4 (D

sinacos 8+ cosasin8)

oy

Sy .;" b
4 V

FEDy
Y
Ny

J

29

3

- i -

and

sin'@+ cos'0= ]

&

sinac_'qsﬁ* tmus_inﬁﬁ sunla -F.&I_

(D and

From Q+@) 2 *2(cosacos B~ sinasin8) = %
ve COSacos B sinasin = — : : —— e IS
i 3 (} cosacos - sinasinf=cos (a+5)
. coslatB)= T e o

Find the value of sin (a4 £) when sina+ cosf= siny

-

cosa+snf=cosy @,
vol] From ), sin’ar +2sinacos B+ cos’8= sin'y @
From @, cos’a + Zeosasin B+ sin’f= cos’y @)
| From @+ @, 2+2( sinacos B+ cosasinf) = |

siInacos 3+ cosasin 8= é

sin{a+3) L

2

<+ and
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ddition Formulas 1

M I55

.'l I

100%1 90% | -80s ?C-u 69%-| 2

Y —— =11 '
\Il \ -
- -~ tana-—- tang
Prove the identity tan (o + 5 : =
’ |~ tanatansB

-, [ r+ Q% ;

[Sol] tan(a+3) 1:::1 e r% € ,“g,,_mg

&
-
-
-

- = |
ANOCOS 5+ cCoOsSasins (" uiﬂﬂ]—mp“m
cosacos 8- sinasinS con (@ 31 = conacond ~ nnwnd

4444000

sina . sin 3 Drﬂdh;tbtmnt!
co8a | cosh & the denomimator by cosacons
| - SIn@  singS : e
COSar cosp g _gﬂz ]
tana+ tans (‘ s =3
l - tanatans

- tana - tan s
b Prove the identity tan | a—4) i 1"'« .
. 1+ tanatans

S0l] tan(a—pg)= SN\ L
cos (a—8)

sin(a—8) = ﬁmﬂ—m'
€ cos (@=5) = cosacos 5+

SINacos 8— cosasin 8
cosacos 5+ sinasinf

sind  sinf

COSda cos 3
|+ Sina  sing
cosa cosf

tana — tanf
I+ tanatans

:i//lllllﬂ/
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‘Addition Formulas 1

KUMON-

MIES

-

/100%] -90% | -80% | -70% | 69~
= = |
x < X | ;
LetO<a< -and() < 8 - 5 - Find the value of &+ 5 when tana =2 and
1N 3
[Sol]l tan Z tan(g+ )= ANa*tang
[Sol] tan(a -+ = il | =~ tanatan3
Since ) < o e 1L -

D<ay+8 < =

‘ ' atB t- €

 LetO0<a< 2 and 0 < 3 5 - Find the value of @+ 5 when tana £ and
tans
k.1
: . a YA
iSol] tanla+5)
j oy
&3
1
Since 0 < o J <5 ,J
pP<r
a+tfB

SIS/



M| 56b

r
D .
b ]
! ¥ '!'I.Jr
'
!
r
(s
o ]
¥

e

Y,
} W IIL'.‘I Lain ey 11

U. Find the value of o 5 when tana— 2 and

€ anla—g)=Jana= 1apg
1+ lanatans
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ddition Formulas 1

A :"':,'!

: 100%) -0~ | 70% | 69%

..lu I- — I :- __.:_ _..-
- . e .
Let S <a<zand 0 <g o - Find the value of tan (a+ 5 ) when SINo = =
& & o9
12
and cos B =
tana = ;:;
[“H;I” Smnee .T W | me COSa < () —
2 W
{ 3 i J
- tanda = I|I =
L) ' § .x | J 3 s \ ) J :
Also, since 0 = sins8>0
f 19 =t - ) 1’ 9
= X tans - -
15 1 | 1 1 k) [:.: If 1.,- I.f
3 )
BEY: 16 tan(a+3)
S b, 3\ = 53 € o tanatang
3 1 g | 23 o ==
=) )35 1- tanatand
Let0<a < and 5 <8<z Find the value of tan (e~ 58) when sina= ,: and
cos 3 .
C0S —
¢ 1'

1 ” since () < ¢ - } cosa >0

o (I) A § - $uing
COSO cl'.u 5 } 1:-] =% dna 5

Also, since
sin 8 ,"_Il [ lHT ) }: . tanS 1? ( 5) 15

| -.I ( 15 J 84

“ tanla+8)
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Addition Formulas 1

1 '™

Find the angle 0 formed by two lines y=3r -6

| ' s
r ] =T}
and s x+2 l0<p 5

[Sol] Let o and 5 be the angles formed by the V4 »=ir p=2r—6

positive r-axis and two corresponding

parallel lines = 3r and y ek

which pass through the origin

tana=3, tans

Z —
Since O=a— 5.
tant=tan(la—5)
y_}
™ "
= |
al
l*.i-g
Since 0 <<= p 'l

 Find the angle @ formed by two lines = — 21 dand y=3r-3. (I'J <@<

[ SR ]
S —

I50l] Let o and 5 be the angles formed by the
positive r-axis and two corresponding
parallel lines zrand y=3r
which pass through the ongin.

lanc & tanfg=3
Since =a—A.

tant/= tanla—#4)
2—3
1 4+(=2):3

T -
{ 2.0 1

Y

1

Since 0
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Find the angle 6 formed by two lines v 3r

2ut4=0
L \
and 3v3x 4 y+5=0, (0<p- 5 )
[501] Let @ and 3 be the angles formed
| by the positive r-axis and two

corresponding parallel lines
o

w=-o xand y 3v'3x which

e

H_nu

pass through the onigin.
v3 A -
tana 9 + lang -3v 3

N Since 0=8~a, 4= |[From l:llc_dimm‘
tant/= tan(8—a)
' 3V3—= g
cus 2 — ‘-'.-3
v3
+(—2J2).
14+(—3v3) 2
£ . . B T
Since ) < 9 < =
Since ) < 6 2 ) 7
3. Find

the value of m when the angle formed by line u=mzxim-0) and the

L-axis 15 equal to the angle @ formed by two lines i =2z and U=3r. (ﬂ <0< ; )
3(Sol] Let & and & be the angles formed bythe ws - P

positive z-axis and two lines y =2y
| and y=3r respectively.

tana=2, tanf=3

Since 0=5~gq,

- tanf=1an(f—a)
=2 ] — " mx
i {[ *3:2 77 —
3




From (U and 0.

. 9
at+i+ty: _l

'"Frrrrrr 7.

| 5@a KUMON® M 159
ddition Formulas 1
) 100%) 90~ | -80% | ~70% | 69~
X 12  P——— s =
s Given tana 2. tang=0, tany=8 and 0 < & . 0<8 '3 sy é
find the values of tan (a - B+rianda+8+7
- w245 7 tana+ tang |
" s { -y f o e
” lan\ao+ 45 =V 9 ‘--— tan(a+3) I—“"ﬂ__ﬂ#_,-'
7 48 an(a+5+7)= anlla5+7]
tan{a+A+y) =] 3 Pﬂ"ﬂ%’.}gl
I=li=51"8 ~ 1-tan(a+San;y
Also, tana— 2 > v 3 tan -,
Since 0 < a :_, .
:-I {r Tl ("‘
Similarly,
tanf=5 > v3=tan -
Since 0 < 5 ',
; o ; &)
tany=8 > v3=tan ';
Since ) < ¢ : -
3 ST Sl
From @Q~@),
- 3 = . K. Eam b
T pry < —mx @ . Rl 5
i 9 € Since 343 3 {¢+ﬂ+r¢i—i—:—h§

m




| ]
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ddition Formulas 1

[
s |

0% ~90% | ~80% | -70% | 69%
Y I —— | == e o

- 10

% e : - i
Let0<a o and 5 <5 <= Find the value of sin(a+ 58) when sina= 2 and

)

7
|
k

: =053

sin g
‘ l] Since 0 <a < . cosa > 0

COS0r

Also, since ,

3 COs ,'3 L
COs S 1 e ] 2
” \ \ 13 / 13
[heretore,
sinla+ 5 5 'Il 1,‘?,} o1
16
65

e J .. v & - - a) : - I ! i ~ L]
e |L‘-l 7 or ik J[ll[ . '} " w [':nli Iht '\ldluc ‘.jj cos Lar a) “-hcn SN = -]_ -
5 J
-_II‘II.I COS 9 =

J .‘M153

S0l] Since o <a<g, cosa<(

COS \ 1 ( 1;.53 ) ‘12

. 3 -
Also, since 7 - [+ ] n T SIng <0

3

. - iy
sin8 | ( . J 'I
\ D | b
Therctore,

COs L fr

o=-4 (-1 5(-$)

T rrr s,
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i ETIT | e i |
; ind the valy | (e vhen
When sino
» N
. |
i |
f il
] I |
| : n | )
: j | ‘
W ..I‘ l'f“
. ) 119
i1 / rmed by Iwo y :
Y Iw nes y=2r-+4 y=- 3. [ :
i and y L0 |0<h< =
1 J

" L p— I r.
- e P e angles formed by the positive s
_ FRTEE Emaxis and two corresponding

1 1 I ] I
NG r'wl
f L W 11
) '”l.rl["-l\h A
I Ll [ [ |
»
i
f
ey
]
-
; '
w i ¥ ' f




l6]a KUMON® ATy

LT

— - ~ 2 E — . LAt .'II .’r
B100%| 90~ | -80% | -70% | 69%-| " T
praa ‘E_TJ'ZLL_L_L 1 = s =

Express sin 2 in terms of sine and cos a by substituting & for 2 on both sides
of identity sin (e + 5)

SINACOs 5+ cosasin S

BISOl] sin(o+a)= sinacos o+ COS T SIn g

sin 2o 251N cosa

*ﬂ Express cos2a in terms of sina and cosar by mbslltuting @ for 5 on both

sides of wdentity cos (a+ 3) cosacos S — sinasin 5.
Ol] cos(a+a)=cosacosa— sinasina
cos2a= cosa—sin‘a | @
Also, since sin‘a+ cos’a=1,
substituting cos’a= 1 - sin’a into (@,
cosZa = 1-2sin'a
Substituting sin'e =1 - cos’a into @,

COs Jar 2co8’a—1

Express tan2e in terms of tana by substituting a for 8 on both sides of

- lana -+ tan
identity tan(a+ 8) = - L .

’ tanatan S
Langa + tana

R s (b
Pl tan(ata) 1 - tanatana

. 2tana
tanZa=| —2tana_
= lan‘a




MI6Ib

(_Double-Anglc Formulas )

N2 = 2851nacosa

B ¥ :IJ'.F [ I'I"\.f'vl' ﬁ”l'”

| = Zsin‘a=2co8’a—

2tana

l—tan’a

] 2. Solve the following questions using the formulas above.

p 3 3
Find the value of sin2a when sinar= ¢ and cosa-

-
B

l]
/ ;
Ii"mi_’ sinZa=2-= -i %:-:
l
/e , .y o o= i , ) Lo
2)  Find the value ol cos 2a when sina= - 13 and cosa 17 -
. ; 12 \* ( 5 )‘. 119
Sol] cosZa (.1:1) 13/ 169
Alternative Solution | | | Alternative Solution 2
cmlag~=]~2 { ::': J :;‘g ! oom 2oy 2( II:: ) 1 ':_;g' |
4)  Find the value of cos 2a when sina= ‘.;.
:.. 5 \? l
'ﬂl” l'fl‘szf.r ] 2( 3 J - "'HT
I
Find the value of tanZa when taneo: IS
. R
2:( 3) 3
o] tanZa : —




M | 622 KUMON'

Addition Formulas 2

B 100%| 90~ | ~80% | ~70% | 689%
Tttt

-

Let = a < = Find the values of cos 2a and sin 2o when sina = =
s -4
130N i 2
[Sol) cos2a=1—-2| %) ==z € cosZ2a=1-2sin'a
R | by | )
Also, since - < a < x, cosa < 0

J =]
COS O | ===t | =

TP FFFE

€ sunZa=2sinacosa

e

[ ) a < 7. Find the values of cos 2a and sin 2a when cosa lj
Fa ad
: L | ‘ il
[Sol] cos2a 1."[ 5 ] 1= —412 € [cosla=2cos’a—1
1.'- lﬁg
Also, since , a<gx, sina >0
5\ 12
SN | ( . =
\. 13 r 13
- 12 ( 4 120
. SInN2a=2+ = - ) ——
13 [ 13 169
3 - : oy .
< a < ,x Find the values of cos 2a and sin2a when sina=

, . v 5 = |
SOl cos 2o | .f'( : ) —_—
: . 3 9
3
Also, since s < a < o=, cosa < 0

COS (F \ ] ' ‘.,I'-i ] '{

o

]
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3. Let ,33 7 < a < 2x. Find the values of cos 2a and sin 2a when cosa = '!3-3 ;

[Sol] cosi!a—-z-( 2)1=-1

3
Also, since g7 “a < 2rx, sina <0

sina= — /1 (‘“3 )' 6

J 1|,-r"" ‘,f"'
e sin2a=2- ( 6 ) 'S 2

1. Let 5 < a < 7. Find the values of cos 2 and sin 2o when sina=—§-.

[Sol) cosZa=1- 2(5) 17

25
Also, since = 9 <a<rm cosa<l
== 12 -2

2 :in2a=2-~§--(-£§‘-l—)=-i§'f§:l—_

5 Letx<a< -‘f-x Find the value of tan2x when sina= --g-

[Sol] Sincex<a< ~§-x_ cosa < () [ Amernative Sotetion ]
2 : m;.-|-g.( ;)'_;
cosa= = l_(-'él-) :_...2_.‘3_{-—2_ Alsos, e r < g < %[.mqa:ﬂ
IS (o R 7 |
e Lo( 2023 -4
g 3*’( 3 )" Rl ez (-1)(-342)
‘2
Therefore, 5 ..mn-ii i_%,l
2 .
S )
tan2a 1-(_'@)’ 7
4
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ddition Formulas 2

il

100%| 90~ [ -80% [-70% [ 69%-]
S t— 17— ™

2 Prove the following identities
sinda=3sina—A4sin'ar
[Sol] sin3a= sin(2a+a

. snla+g)
(.-' = m_mﬁ*cuaﬂ'n_ﬂ_

SIN ZOCOSa *+ Cos 2asina : ——
: sinZa= 2snacosd
ssmnacosa+(]1—2sin'a) sina € com 2= ] —2un’s

P : ’ ; R e
Zsinall —sin‘a) + sina— 2sin‘a €’ cos’a=1- sin'a

'1| \ -
K
r
e
“
o

isina—4sin’ar

b

| cos Ja = dcos a—3cosa

BISOl] cos3a=cos (2a+a) \ R
; Cos\aT

COs 2acosa— sin 2asina E T‘“ﬂ_t_‘-_'ﬂ_ m?“ﬁd
S

' F ¥ 3 F COSs = DN Oo—

(2cos’a—1)cosa—2sin‘acosa ¢ < 2“2__1

sin'a=1 - cos'a

H
# | i 3
2cosa—cosa—2(1—cos’a)cosa ““

¥ a
N s (r .'L_' 050

'Y rrrrr s,
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cm—

sinda=3sina— 4sin’a

cos da=4dcos’a—3cosa

2. Solve the following questions using the formulas above,

L

(1) Find the value of sin3a when sina= 2— ;

(Sol) sinda=3-3—4-(2) €~ (sinda=uina—Anina
117
125

r.n]a

(2)  Find the value of cos 3a when cosa =

[Sol] cosla= -‘l'( g )‘— 3 g‘ € [“3’-4‘“,&_%“'“,!

44
125

(3) Let ; < a < x. Find the value of sin3a when cosa= —

[Sol] Since 5 < a < 7, sina > 0

sinaTﬁ—(—=%g-) “—‘%—
: |

. sinda=3- ---*4 (%)

_22
27

(4) Lat g:: < a < 2. Find the value of cos 3a when sina =

[Sol] Since -g: <a <2z, cosa>0

= \2
cmaf—dl—(' %ﬁ-) =

.

/6

— —

7
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ilon Formulasg 2

- . -

10004}’ :.'i':l }_.' .”:I r '.,.

- - - L9

Fill in the tollowing blanks

¥

I".|H|; v COS In ierms ol cos

wdentity cos2a = 2cos’a— |

i

Express tan

810
wenuty tano :

Lix
(¥
(FY] i}
. or 2 r
] Since tan -, tan’ 5,
i Ly e
i 0
From (1) and (2
| — coser
)
e
r
tin ;
1 + comer
'’

S0 OV subDsituting

b

r by substituting

y 7
TH! -
o
|'| ]
| = cosa
) + cosa

A 1 AL

i
for o on both sides al

for & on both sides of

. + A
in terms ol cosa by substituting - for o on both sides ol

and using the solutions of (1) und (2) above.
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_F_i__._:{-_!'— \ngle 'f"uTrmul;u_J

r I I ] o (X
. &an 5 '
l COS
- e —

S
1 !
(" o 1+ coser
: et 2
\ ) il
Vo o
)
: ir Cis
1= } e J D («. tan’ S | =cosa
2 ltcosa

v2)!

.

Bl
-

[

o

J “» - -
2=1 & | f3-202=/(lZ=1P



‘j X. X
™
‘ [Sol] Since : aA<x,
" COSEar l
- )
1

~ sin’
‘ 2
‘ Since ; a<n,
‘ I 2+

=1

etz <a

| e

t

3 ' 4
i I] Since 7 < a o ®

- COSr

|¢(
r \

e s COB 7

s 2

SINce x <a<g. =

[y
e

- co o - ‘l.ll
T 10

et 0 < g

iy
3
) ) 4] |
M| sin ) 9 .
" K ‘r
sincel<a<s 0
s |
a4 (¥
¢ V5
¢ BN ——

2 ‘

- or
Let ,, <a <= Find the value of sin

o - Find the value of sin

| 65a KUMON
Addition Formulas 2
- - . = : Cate f J
100@]‘9- Q[:]' 50\1 | _ﬂ}'l 69“:
A R T — 1=

4
when sinag = 5 -

cosa < 1)
4\’ 3
(_:-] ) 5
( 3) ____ = D
5 { . g @ [-m:
2 5 & s T
-i ' g : ;.lhcrﬂ'ﬂm. !‘iln; >0
5

7. Find the value of cos r: when sina= — 3

2 5

R.cosa<|()

-—
Kl
s,
&N
e —

™
#
T Y —

1 g
.r:) S l_ < %i"'—%ﬂ.}

PR a
I L therefore, cos 5 <0

L

u,
-

a -

i,

T . i
i therefore, sin 5, >0

2

M 145




¥ o |
= cr i ¥
Find the value of N5 when sina 2
T YIC i _II T i ’r {)
r -(—<¥2) ]
11 | { i Ir
| i
¥ i 2
n" ~ -
) 3 _ X r 3 = tha 5 o - 0
SNCe T 9 7 9 9 I vy Lere Ore, sin 9
r W ﬁ
Sin 2 3
F ] ¥ a + cr FP
- SR <a<2r. Find the value of coe 2 When cosa 17
| -9
r r 13 4
IS0l j 9 9 13
] . 3 ir : ¥
INCce Tsa<lz i " n < th'r::hm:. Cos5 <
) 3v13
COS - -
2 13
r - e 4 v 3
Let 2-<a Find the value of tan-; when Sina ,J*
[H-..J '\_'r‘,,,u_‘ r_. ¥ % L% ¥ fj
- | v 2 x ]
FFs Fr 'L 4 | :} ) :-,
v [ 1
| - )|'
: a < , 1@ 1-cong
' b€ a2 1 =co
2z [ | 1 +conn
: 2)
Since * ~ca > therefor tan .5
Ce 7 4 4 - 3 & crcio C, lan ’
{ ~2 %5 "3
r .
Lin 7 v 3




Ml 66a KUMON®
ddition Formulas 2

(100% 90% | -80% [-70% | 69+
100%) g

== = e e

]

gen U = 0 = 2z, solve the following equations
£ cos2+3cosl—1=0

IH“I] {2cos'D 1)+ 3cosh 1=0 "‘;

2ros'f+ Scosfi 2=10

; AT+ 3-2=0
(2co80—1)(cosh+2)=0 € SS-1EF2=0

]
cosfl) A 2

Sinee | cosf< 1.

cosfl

o | - T
J.'{'Zi' &

|I!" 53”]” ' |'H‘1'|:L1” ! i

8Ot Ssinf+ (1 ~2sin°0) - 3=0 €
2sin’'f—5 sinfl+ 2=
(2510~ 1)( sind 2)=10

|
. ')
sing N &

-

Since ] sinf < 1.
l

2
0=6 &7

sinfl

BOS 20— cosfl =)

ML 2co0s’0 1)~ cosf =)
2c08’0 — costi—1=0
{zi‘tmf} “l1Mecosf=1)=n

cos(l .I el

S
—_—

0
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(3) sin20=cosh
‘_} ﬁnzanzﬁnmj
ISUI] H.Illlrjl‘. (}Hn Lmﬂ D =l teevon

cos@(2sinf—1)=0

cosf=10, sinfl= ;

=2 % 5_ 3 y
'0_5' 2- 6#- 2“‘ (‘"

Also, since ) < 6 < 2x 0"-'-—2-«'::-

L]

(5) cos3+cos=0

(Sol] (4cox'0~3cos6) +con=0 .)_

4cos’0~2cos0 =0
2mar/§co.a+m-’§ma-l)=o

=0 -2 42
Coe T

- - ; 7 -
B s L5 ST PN
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gelition Formulas 2

BOs /)

3v Icosfi+ 1 >0

\ 2(_4;*.:” 1 L L 3 O )+ | ]

Cl.l‘"t-.” 3 .I{|'4|~,” i i)

2{'_'(!1“ '-.IEI'HI-‘” Vi ()

BCce — 1 < cosf? L, always cos @

be 2Cos0—-vV3 <

- ] !
|Fp'|f,l -
2
whcn cosf) _," =2 3 -
e i) h
iherclore,
n
— FJ ‘e ll -

6

KUM(OON®

vJ

/s ; 7 E
00%| -90% | 80~ | -70% [ 6o~
~ 1. I T I
i <0< 2% solve the followme mequalities
Cos 20— Hsind f
iS"IJ | asinf rsan iy } < ()
Zain’f 1510 ’ (i
LZ2sinf + ] i+ 9 il
Since :
Since unt! < 1, always sin@
mé+1>0
une [
When sin@ _] N s B
2 6™ B
Merefore,
/ |
=10 — I il } -
i | i

¥ & -"- -*

{
Ud
1

-“‘-.-!
r .
F i
ol —
' ' ..r"'{ ]
J LY,

A | &7




MI167b
(2) cos20-3sin6-2>0
[Sol] (1-2sin’0)~3sin0—-2>0
25in’6+ 3sin0+1 <0
(sinf0+1)(2sinf+1) <0
" —1<sinf< --%-

When sing= —l.ﬂl-gr:




| 68a KUMON®

ddition Formulas 2

B/100% 50+ [ 80~ [ 70+ | 6
| i

Civen (0« 0 27, find the maximum and mimmimurn

#hd state the corresponding values of @
ﬂ.. L I1— Cos 200 — 2coxll
IH”” I/ 2co8°6— ] ccosb
2005°0—=2cosf ]
Let cosfi=} ] [ l

n=2t° 2t |

lherefore.

the maximum value is

al [ =cosh lLie f=x and

the minimum value is — 3 |

! =cosd lj e i — " =

" o )

V=2sin0~ cos 20

""3_+ V=281n0-(1-2sin’0)
P 2510°042sin0 l
Let sinf— ¢ 1€t <1

V=2t"+2¢ -1

Therefore.
the maximum value is 1,

i
atl=sinfl=1.1¢ 0 5 and

the minimum vitlue is — :!

b

|
at ! sinl D + 1., 0=

11
m

b

7
G

M|

1 values of cach given funcn

==




i [} 4 ]
i | iy
| ( i 1
[ i [ |
l i
§ |
" !
|::.'-":"If;'
: .. B
the maximum value iy [
at | 80=—_1c¢. 0 i

the minimum value is 1,

at | =cosf I, 1.e. 0=,
: 4
J ys (! ZSIn "
. (o 0 SNe
_["‘nl|f L 0% | 72 J.I L 31N 9
f) fl
A .‘f sl ) li L'f'\”i- 9
- I‘; J'.‘
2 aar ) @i
: inte=—1
1 -l 3 Jlr ']
L | 11 y i
f)
= () iy A=} g
SN 9
i r |
7 Ay 2 1
!
2( ¢ i ¥
i .J )

Fherefore

the maximum value is 3,

iy
at { N, =1, Le. =g and

the minimum value is — |,

"

at L= sin =0, ic. =0,

B3 iy

0

-
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~ f
r I i T — ‘
1 90"1 | BO"-. ?D.'i i 59“! | T i
——l——l=a—juy] Tme -

9 - " o . ]
Find the value of cos'f sin @ when cos 20 -
| Since
8 1 a1+ cos 20 13 v3 3+v3 L cos 2a=2co’a— 1.
Rl cos0 2 2 N S m.'pj'i%'!k
- = .
. 9 08 26 Y 3 f—v 3 ce I
Bin'g=——<08 : = D €  cosZa=1-Zsics,
e ' P T
From (1), s S
= (:;w:i“ 1246v3  2+3
Cos O ﬁ J :‘{ﬁ n
b From @).
3—=V3 ) 12—-6v3 _ 2—J3
. i o
sin'¢ ( 6 96 6
Theretore, —_—

) prm—
sinfl) &= = (x+plz—y)
(2443 2-13 )(2+Y3 _2-43

B 6 [\ 6 6

!

cos'0— qin*f =1 cos'O+ sin'f) cos'f

2V
343
2v3




M1 69D

mum and minmmum s

||.'||‘_'\. |I1

the maximum value is 1,

at O=0and & 29-¢
. . 7
the minimum value is g
T 2 2 |
at ; o= a . € 2 R R
¥ o » [
the mavimym value s 1, a1 0= 0 and
d - v J
the mintmuym value v ye Bl | i : =
_ i 3 !
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A | T
Iition Formulas 2
|90 | ~80% | ~70% | 69%- |
T | [ = | = ]
; s . 2
. Lot 9 ~a <. Find the values of Os Za and sin 2o when Sina = =
: » A
et} | .f :
0l cos 2 ]| —2-( =]
J | 9
"\.f\il, SInce ir " . COYS 07 L)
J 'J =
) 1—{ = e
SR |3) ;
: i SR 2 A V5
- SIn2a=2--| = |=— A
b A ]
= 3 o : . r :
L% <a <57 Find the value of cos o When sina h.; m» M6

0l] Since = < o

P g

al
=

) ‘ug

.

- -2 ]: <
COs ==
IS CF x { :{

f.‘ ¥r - ”'

COs™ -

bR
b

I = B ey -
Since = < a 9% g Sy g 7+ therefore, fmg <0

-

gven 0 < 6 < 2z, solve the Cquation cos 26+ sinfl— | =0,

» MI6s

-'[] 2sin‘f) + sinf 1=(

2810°0 — sinfl =0

(Z28sinf—1)=0




M170b
b Given 0 < 6 < 2, solve the inequality cos20- Jeosf—1 >,

» MI67
[Sol] (2cos9—1)

deosfl—1 >
2c0s'0—3cos0—-2>()
\2cos0+1)(cosf—2) > 0
Since —1 < cosf < 1, always cosf)—9 < 0.

“ 2e080+1 <0

cosfl < %
When cos= - _,f, = gzr g-xr
Therefore,
-%rr <O<—n

= = 2sin’0+2sin0+2

Let sinf=¢. —1 <i<]

U==204+2t+2 .
ST A |
- 2(’ 2) *2
Therefore,
the maximum valye js -g-. U'+2+2
MI=sinf=-" e 8='g-. -:'#and

the minimym value is —2,

at ! = sinf - ~1 e 0-‘-%!.



BDg the Addition | ormulas, convert gsinf -
"IN the h1||n“lll}{ blanks

Placing point P(a, b) on a coordinate plane. let /a

@ be the angle formed by line segment OP and
the positive r-axis Also, let OP = »
v (74
SN o =, COS(r
’ r

_a
S0, 2= | rcosa € cosa- -

ocos@ into the form rsin b6+-a

h

rsinoa € sina = f
Therefore.

asmt!'+ bheosfi reosa sint/+  rsina cos#

L TE L

Also, r val+b?

dsint' =~ Heosh va'+ht snif@+og

rsin(6+q € =sinl6+a)

f + DA _4|J. s DU Fil en i DU
der cony erting sinf +

cos® into the form rsinlf+a)
fDg point P(1. 1) onac

oordinate plane, Op

B v2
3 a COsl)

0
I * -
*cosfl=« J( n sinf+

N Jf( sinflcos I *cosflsin d )

" 'Jhm{” .

DEOO 4 SRMIUY

-— ]

sint+ cosll =, 2 s1in (U ' ) 15 a8 follow 5

-]

Vo snd+ eoaf)

\ 1. . E—
s N* 3./ ws ¢
i 9 l' 7 |-

28 J
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{(_Conversion of asing+bcosd )

asinfl+beosfi=J g+ bsin(0+a)
a b

where cosa . T Sina —
va®+h? va'+ ph?

Convert the following expressions into the form »sin (0 + ). (-z<a<p)

n
Ex.

SINU+ v 3cosfl

(Sol] Since V174 (V/3)7i=2. € r=/I(V3)r

sinfl+ Hrmﬁ—?( é sinfl+ -‘Ea'cosﬂ)

&

= 2( sinflcos -; +coslOsin 3’?—)

:25in(0+—§) ¢ C=

(1) V3sing+ cosf
[S0l] Since V(/3)? 5175
Y 3sing + cosf)= 2("?*3in0+ *%-cosﬂ)
=2'( sinf?ma-%' +cosfsin g)

=D B
—2:m(9+ G)
2) sinl -~ cosl

Sol] Since VI* £ (—1)i= /5.
sinf— con )= @( *ggainﬂ- -g'z—cmﬂ)

- nxruumﬂnbcmiﬁnduhmcﬁdﬁﬁmwrmu.

In tbccn:uf'. Qliu(ﬂ + ;) :2(lln9cn-!-+mﬂiﬂ‘;-)

e —

“mnd+ fjmﬂ'



£100% g0
eN 0 <0< 2z 4

5N - v Jeos

r"';ur? dnier

S0, sin 'I.
Since ()

!

Yasind+ cosl

Z28In [U '

S0, sin (ﬁ‘ ’ '

h

ddition Formulas 3

t

N /3
¥ asinf cos() .:l( 9 sind -+

Bince 09«25 X cpu & 13

80% | ~70% | 69%

3 4
i )

olve the following cquations

|

(9 V3 e
WCosl=2| o SInf P trhf_f|' (_‘ -l-f_:v’.‘ll'-z

2| -.m-‘ﬁ'.'.nll -' j o rmfr-4|n( : ’ l
2sin(0- =)
'..r'-lrl'lf“' -,} 1
0~5)-}
0<2%, -2 <0 3 :_;:

|
3 I'HNH)

o ] .
ur_ sinf/cos 6 *costsin
:'.'I"ﬂ“ (” ' 1 )
ty
g )=0

| <0

)

-
r d |

=1

i 6 b




M172b .

2) sinf) cosfl= — "2_

[Sol]
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ddition Formulas 3 B

100:&]' S0 | 80 70 .59

— . i . : J‘

T n 0 £’ ey the tollow n

. Solve K In .
B ncquahities

" sinf Y 3050 <

[SH“ 1N Y (" Fi |

Hlurt:lnn:. 2sin[ o+ =& ' - l
¢ | i = Ir l 1.C <10 'y = - | -
] B
. = ' .
since ) < f 27, = i : e
‘\Uh‘rl sin | (- . I ]
7 | S
f , ¥ - 13 = vl W
) ] b 2 -[HL..;.--..:""Q !m‘ﬁ* =-}
; = 11 b j -
f) . il 2 e S
XFT 0 =\ %

4?5

—

=0
IF llf’
a -

BSInG - cosh - |
. 2 .
BING — cosfi= /2| X< v 2 !
_.! 'f -\H'IH A L'l}‘\-’!}

.:-J.| :11:1I‘J.'n_».|: I J] ' I'n_ﬂhlli( ; ]

[ |
veasin|o | ]

pihicrefore, v 2gin (g T | L, i.c. sin (u x } L
o - I I L ’ 2
Bcc 0<0<2¢ —F cp_ & _ 7 J
| | S 4~
5\ " n vy 2
¥hen s (H | <
/ .
v g s \
2\ 1 — W 'Hﬂ(ﬂ )
Lﬁ__l' ’_("""—-:—
v "_*-—-4-' . A -h




|
pod va3sinf—cosh = v2

- Al 43 l
“‘x-_r|| y 351l —cosl) J( ‘,) sinfl— 2I‘E}Hﬂ

Ll

2] HIHH(‘OH( ﬁ } t t‘ﬂﬁnﬂill( 1.1 )I
'_f-a:n(H E )

35 U - : X 2
I'herefore, :;H:n{ﬁ ; ) < v2,1.¢ sin (H ~ 6 ) ‘,},

mmn

b
Since 0 <0 < 2z, :; <0 E Iﬁl x
B . = v ——
. =il n v 2 _ff.
sin | = 1 o
When m[ ] F;J 2 2N, = ‘/" \ -

o-E=% 3, -%:T R

- 3
. O=5 7, :i." 1 """“(ﬂ"%]
ncoc-ﬁn :inﬁ:{?{k ¢

A3) v3sin20+cosi> —1

|Sol] '-3*'~1n23*m:a%—‘£( 2 sin 20+ zcmzfj)

H el MWrrm b b o . K
2(nnnzﬂcmﬁ rn.nﬁzﬂsmﬁ)

)

Therefore, 2sin (:fﬁ - X ) > 1, e, 5in(20+ ; ) .}_ ;
z‘r

= 28In (dﬁ ¥

=i |

6

Since () «

b
When H!ﬂ ﬁJ
11
6 °




V| 7437

idition Formulas 3

R100% | 90~ [ “80~ [ 70~ | 5-

= = _T. I - I. -

M the maximum an

gesponding values of #

Bl = sin0—cosfl (0 <2

fore, the maximum valye

the minimum value is ~2, gt 9=

d mimmum values of each

P

given function and state the

is 2, at = g— and

=
=

I.' v 7 ¥ :;
{Sol] -2 | 5 sinf— == cosé |
% j_’l sinflcos : ,l sfqin |I . | '
| \ i L 4
Y2sin (0 =)
Since 0 <6 < 21 : 7] 1 I <. therefore, ~ | --mfﬁ*
VeSS USv?
Also, when wrn[“ 1 I=1,6 : 5. e 8 x
f = A - -
when sin | @ I r| 1. = % ie B l -
| . AT,
Iherefore, the maximum value is v2_ 1 6 y = and
the minimum value is — 2, b ks
W= sinl+v3cosh (0€0<2=)
] v3
=2 o Sinf+ n cosl
=2(.‘-'-”'I”I'HH { *cosfsin i )
251n (a"! ' ; J
Since ()« o 2% { < 0+ i : ; 7, therefore, —1 - sin (U' i ) l
-'l 2 I .
-_.L.-t when sin (i’! ' { ) 1, 04 ". ,3 e 0 r"
; x R 7
when s r”'-) 0+= ze ="
¢ in { 3 1. 7 -9 e 8 6"
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2 U=2v3smbeosO+cos20 (0<@- T v Since sin2a=2sinacosa. |
Y s A

(-*': ninacmwm%-sinza !

""uli:i 1 Yy I3sin20+ cos 20

.~ \
z\ ‘._,d sin 20+ {, ru:-;l;’f})

2| sin20cos h

tcos20s8in = )
b

..J. 2 + :
: .1r|i:.,” G )

Since 0 <0<z, & <20+E <13 2. therefore, —1 < Hiﬂ(EfH -) !
6 F 6 6

£ )
ZSyYSs2
Also, when ilrl(:fﬂ? ;) 1, 20+ g— ;u. 7k g
T L ir.: ¥ ...=—..;;..-' ;2#
“th ‘ﬁl”(d‘.’” ﬁ )— 11. Jﬂ 5 2 K, LC. 8 3 brd
Iheretore, the maximum value is 2, at 0= -E- and
the minimum value is —2, at 9= -%rr.
13) y=+v3sinbcosO+ cos’d ([] < ; ) Since uin 20 = 2mnacosa,
p ﬁuma!%ﬂnh
: 73 Py 1+ cos 20 ¢ Since cosZa=2con’a~1,
[Sol] ¥ 2 sin 21 ) ".: H,.Jl?&
‘1’ 2‘0.1.\-'251.1
S 2 2 When 20+ % 5., the mavimum value fs 1.
y 1 » r . 1
sin 2fcos st cos 20sin 6 'y 2 T:*-j'%z.h-:ﬁmﬁhh —i—.

sk el
«.m(ﬂ} f}) 2 ‘L
. i g7 1 : X
'-1r g F"' s - L - e o " . o
Since 0 <0< 2, 6 20 3 ﬁ...lhcrr:fnrc, 9 hm(gﬂ.i 5) <4
2
BT :
Also, when sin ( 26+ s )=1.20+% 7 sie.0="5

b
- Wi 5 | Y, | B ? - = L4
when am{.dﬂ' 6 ) 9 20 6 6% e = 9

the minimum value is 0, at %
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on Formulas 3

- Ciatn 'rl
00% 90% | Ei}*, 70% | 69%~-| .
Y — S e = e =~ ¢

Prove the rdurmhcx \1)~(3) using the Addition Formulas ~@).

sin (a+5)= sinacos 8+ osasinS )

sin (a— 8) = sinacos 8 cosasin <
e

T ,'?' t'ljl‘:l’h'”\,; -.:nfhmj &)

B)= cosacos S+ sinasin 8 -®

- . == .1} - -
2 Sinacos 5 .J.l*-umlﬂf‘,.)" sinfla—25) ]
\ (USol] From @

¥ sin{a+5)+ sinla—5) 2sinacos 8

. Sinacos S l} [sin(a+3)+ sin(a -8)1]
\L

ﬁ i T . =
SEREOs asins =, [ sin(a+8)— sin(a—8) ]
oy, ~
\"3:},!____.# rom (U~ (@,

\ sin(a+8) - sin(a—35) ‘2cosasin S
N <+ cosasinf- E, [sin(a+8)~ sin(a—8)]

\' 2R COS (oS 5 i, [cos (a+8)+ cos (a—p5)]

’\":’ l 3] @. L’_:D‘

.cm[a+3l*cc:s{a~5}—-2m:~:acmﬁ
'l‘%

~

. cosacosS= i [cos(a+8)+ cos (=48]

(3) Binﬁ; - j [cos(a+8) - cos(a—58)]

(S0 ‘ @ _(LI).
008 (a+8) — cos (a—8) = ~2sinasinf

¥, sinasinf= - %[cml’.a #8)—cos(a—5)]
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(_Product-to-Sum Formulas )

l ")
INACOS 3 o lSIN@TP) T sInla—5)
e . a1
asmpg —yismla+L)—simla—4g) |
| . P—
Bacosg=plcosla+f)+cos(a—28)
I -

COS\rt ,;}- COS\a—p |

ndcos 20 Lsin(40+20)+ sin(40—-20) |

s 64 -+ ,E sn 2zl

o

unb6fcos i [sin(6040)+ sin (60 7))
'.I'Hin7ﬂ+ ]'ﬁin:'il'?
2 2
il 53 =
2) cos70sinf 5 L8In(7040)~ sin(70-0) ]

-:lz'uin Bl — ; sinbd

Weos 50 II) | cos (504 )+ cos (50 3 ) I

i cos B+ :Z cos 20
: i Bl sin 20 Jf cos LB+ 20 cos (60—20) |
| |
2 cis B + 9 cosAf
N eos ]} sin () + A )+ sin | rfﬂ -#rj.l ]
) S1r1 B+ !, sinl —~20) :
F ” : sinl —0) sunfl
I, sin 80— é—mnzn (j )




VI /6a KUMON
Addition Formulas 3

B 2e100% 50 | 60+ [ 707 69
T I ——— — I

FProduct-to-Sum Formulas

SINacos

5 I\ b N\ r 3
=i -
Cosasing =, lsinla+s sinla— 5
-‘ COSaCOs o n LCOS LOr ,- AN v
- = .I
SINGa sin o s lCOsSlat+p cosla—45

BRin75"cos 15 - lsin (75" +15%) < SN

I’lll{?

11111/

8In4o cos 15 -

_ | siIn(45" +15% )+ anlds
T |
9 sin o’ + sin 30

.l? ‘. ,}.‘i : -51 Lﬂ_ﬁl

2 OO

- e —~ =
(2 sin 1o » L8in(75 157 )= sin(75

| -
o L sin9) sin bl

N
o5
N

‘2,
Ny
n

15*)]

15%) )

'A
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(3) cos45°cos15° = ; [cos (45° +15%) + cos (45° —15%) ]
= 3? (cosB0” + cos30°)

3 )1

(4) sin45’sin75" = — é'[ct)ﬁ{45'+75')‘—c03(45'—75':|]
=*-élc05129‘—cuﬁ(—3{l'“

{48

(5) cos20°cos40° — sin80° sin 100°
- % [cos (20" +40%) + cos (20°—40") ] +Il,"{ms{30'+100')"cm(30'—100']]

3 [c0860° + cos (~20)]+-L (c0s 180"~ cos (~207)]
=Ll o 7 e
22 T (Cl==4
(6)  sin20"sin40° sin80°
= — 3 [cos (20° +40°)— cos (20°~40°) Jsin80°
= 5 [cos60° ~cos(—20°) Jsin80° -, _

= - é (é —cosZi}')sinﬂﬂ' ("'- |

= - % sin 80" + -%-cmm' sin 80"

L e — —



M| 77a KUHG

Addition Formulas 3

rarre -
o e e ; —— - Cate / /
“1C | ~80% | ~70% | 69%-| , T
Wy * ‘—i—w‘tt—-r—r—:—-rr—ﬂ °

Given o+ 5= A and a 8= B. prove the identities (1)~(2) using the ide
i)}

3

8in (a+53) + sin(a 5)=2sinacos 8 )
sin (o 5 sin{la—28) =2cosasins 2
§€os (a+53) + cos (a 5) 2eosacos 5 T
£os (a+5) —cos (a—B8)= —2sinasin g @

-

\

'L ‘:iiﬂ-‘l rsnfd 2%in "l: B A ‘h’

[Sol] Since a+5= Aanda—5 Ba=AtB ,_ A-B

Substituting them into @,

' Fryy

sinA + sin B=2sin A } B ‘08 A-B

r
[ g1

‘-F

£/

‘ -'n/l sinB=2cos A J B 5 A=B

pSince o+ 8- Aand a8 B, a A q B ., B= 1;_£f
\ o ubstituting them into @,

sinA- sinB 2cos A ,; B sin A > H

-

I
B3

4

COs 9
L

A+ cos B=2¢cos 4 : B A-B

\; ca f; .'l ilnd r= 5 = fj" a= 'J‘ :; B s 5 -’l_ B

[ 4
o

Substituting them into (D,

€05 A + cos B=2cos d 4, 2 A-B

A' l,'dh.” HNHI 1

0| 4
(X

ihce o+ 5~ A and a =B, a 12 2 :

dDstituting them into (), v
: 1+B . A-B

CC ‘,-"1 COs !f E'\]ll . " =1n o
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sin A + sin B =2sin A ;-H cos A gﬁ
sinA — sin B =2cos A ;E_ sin A ;Ii
cos A+ cos B=2cos A 2F B COoS A EB
cos A cos B= —2sin A ‘_;' B sin -{1;5

2. Convert the following expressions into a product using the formulas above,

= X. £h. - e
siNn59+ sin 30 = 2sin 'ﬂg’wcm 5023—6-

=2sin40cosb

1) sin70+ sinf=2sin IQ—;—gcm .?.@.%ﬁ
= 2sin40cos 30
“2c08508in 20
(3) cosif—cos70= —2sin 5@‘2“?0_ e ,50;7@_

o0
= 25in60sin0 (}
(4)  cosO+ cos I+ cos 50+ cos 70
=2¢c0s g ;,y} cos 0:239 +Z2cos pﬂ_zf_?ﬂ,cm “&9‘—; 70
=2cos Wcos ( ~0)+ 2cos 60cos ( —0)

2cosl(cos 20+ cos60) () -

=2¢080-2cos Méw cos =60

“AcosOcos4bcos (~20) -,



VIl 78a

Addition Formulas 3
| -80% [ ~70% | 69

- BT

4- 1-to-Product Formulas

sinA + sinB =2«n A+B A-B

= vl LR ) cors Ly |

KUMOON®

SINA — sinB =2¢cos : ) B SIn '1,‘1 B
cos A+ cos 1{)' 2co08 - I,J B cOs A 3 !)
cos A —cos B 2s5in } 8 sin - A B

3 - . ’ i ]
BIN75 + sinl5" =2sin-

%
l"--I-
Q
o -

251n45°cos 30

)1\2.‘3 s B

2

g

- - - l”:‘ *1:1 re_ yme
ﬂl”ll “”ll.'-l _‘ft_‘ip-‘ . SN ]{J"J l':'

2cos60"sin 45

1 2

D,
e

V2
2

9ein 105" +15 105" —15°

i€0s 105" — cos 15 251n 5 sin 5

2sin60° sin45

0. Y3 V2 V6

- h

cos 90" + cos 230°

. Evaluate the following cxpressions using the formulas above.

208 10° + cos 110" + cos 230 2cos I[l';lll}' COS 10°- 110°

2co560%cos( —50") + cos 230"

2c08 20" :}.M{} s 50" ;"30
2cos 140% cos ( —90%)
]

M 78

+ cos 230°

A=)
-m

R e




T
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iven ) <@

20

7, solve the following equations.
SINS0+ sindf = ()

. : 20+ 40 20— 40
Sol| 2sin . COS ,): Fsindd=()

e

Sincos (—@0) + sin30= )
csmdcosl+ sin30=()
nJ 2cos)+ ] 0
=10, cosh I
) 2

s

When sin 9= 0.

Snce <0<z, 0= 30 <3

. . R l)
=0, 728 .. 0=0, % £ T
=), 3+ 9
Also, when cosf é L
ince )< f 7 2
since X, v |
3 When - g.':

3
0=0. 5. 7% € |sin30=0andalso cos0= —-1

080+ cos 20+ cos ) )]

_ : )+ 3y 0—30
f'\n” 2C08 o coOs 5 v cos 20 0

;f.- s :{f,i'rr,- i { f}. T o0Ds 2” ﬂ
2008 20co80+ cos 20=()
cos 201 2Zeosli+1)=(

LS :f{,‘ Il i f}"\f; l

o
i

When cos 779 i,

since 0 =0 <x. 0 <209 ox

f - 7 - o |
“ 5 g F “ .
20 2' pA s {* 4"
Also, when cosfi j, )

since 0 <<z, () 'f-
F

x 2 3
'1" -
£ :.3:7. _’H
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N VINEE KUMON’

ddition Formulas 3

& 2H00% -90- [ -80% | 70 69

. Given 0 < ¢

hind the maximum and minimum values of the following
unctions,

V=v2Z2ismf+cosl sinffcosfl— 1

[Sol] Let sinfl+ cosf=¢

sin‘t+2sinflcos O+ cos’O=1*? f"
1 +251infcosfh=1¢*

(7] Squanieg both udesof |
sinflcosf 2 saff+ comf et
=2t ',}1 l} "+ V2t

|
2
9 42
Also, L = sinf+ cos =« ( sinf)+ ,;* ruﬁ&)

- - [ -
v 2( sinflcos A *cosfsin ) alntﬂ = )

vISLIS V2

1177444440

1
Iherefore, the maximum value is p-Al=v2Zand"

g

the mimimum value is - _J att=—9

.1;; V=25in0c0s0— ( sinf+ cosh) + 2
I Let sinfl+ cosfh=¢.
sin‘ 0+ 2sinfcos 0+ cos’h= =
1 +2s5infcosO=t?

¥,

2
sintlcost ¢ > l
P
Tt (+2=t"—¢t+]

: [2 2 :
Also, I = sinfl + cosf= « 2( ‘2" siné-+ ‘-.," cosf

/7 lll!__l

¥ 2( sinflcos ; *coslsin ; )—'- s'2sm (B-'r EI)
Y251« \.H
Therefore, the maximum value is 3+ V2,at =~V and

the minimum value is "‘-:- al {= :, 2

/
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| ct y i MNT o 2 T 'NHI.:LjI'.

(@15 a positive constamt.,)
Let ¢

S.X, and express 1 in lerms of ¢

(50 | .' MINITCOS Y H.H-.'- r
i ‘/’ ZRINTCO% T sin2r
in e |
V=1{"%al -]
Find the range of values that ¢ SINT+ cos r can take
[ V2 v 2 '
{1 _J 1N (s I Y / '_}- ‘1]’[ I 1 ,; CoOs :}
& I NICOs - 4 Cos E'*,ir: r: ) W 2“~IH ( T+ )
Y ] : !
V2152
) Using a, express the maximum value M and the minimum valye
respective l:,.
[Sol] y=¢+ 44 | .T'hcuisis!"--a ;
[Sol] y=pr4 g4 2" (When 0 < g < 2/9)
I.' 1 . ff: ! Slllﬂf ﬂ3'ﬂ.
| ¢ 2 J 1 € (the axis< o
(1) When Y2= :J 0, (‘
':J -
1. 0<a<2/2 Y2 Sthe axis <
the maximum valye is M=, 2a+1,
M L=v2 and
a’
the minimuym value is ;= — | ot i
&
at [ "

7 -
(1) When 9 Y 2, ('
Le. 2v2 < g. Idlfu"""“ré
the maximuym value js Vs -

v2a+ ],
af =2 and

the minimuym value is

—vy2a+],
al |

y 2

mof y
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' 803 KUMON
atiition Formulas 3
v, ;
S e II: 00!""' gU :l; I"]. H':.' E i:‘-
.--"I- I .r : . T 2
§ ,chll fi 2= solve the equation sinf /2 7
Si“”. vacost =2 -.I_ \neg I. v I |
) 10008 =+ cosfsin =
L5 [0 _
So, sin | 0 = |
Since 0<6<2x. T cgse T o7 _
19 I
-+ = .
11 17
f 19 " 12 "

ind the maximum and minimum values of function y = 3 sin#

Q050 < 27), and state the corresponding values of #

M 120

=» T2

cost

» MIT74

“" ] I I)[ ‘.;’ wni ".l'~HJ
:f 3 teos . = L i .n II =
‘ INntco ( 6 | cosll ”‘ll._ - J
A o\
z2sin |0
\ in | =)
o T T 11 - T
e ) < O s Hhmen e =i 1,
\1. Since () < 0 < 27, g ~V" g < g =i therefore, —1 -anﬁ ﬁ) 1
\ S pUS2
\ : [ & T = 2
Also, when sinl 0 ) . 0—= o 16 0==¢g
\‘ \ ) D & J
' [ 9 1 ': 5
\ * =1y .l‘ - Ll -
\ .. vhen sin(6- 2 J 1,0-% y % le 0="rz
2
\ Therelore, the maximum value is 2, at 8 3 = and
.::: the minimum value is — 2, at 9 - j—rr
~
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B of Sines and Cosines

100% -90-. | -80~ | -70

N | I

on
(O

sin A
and BC

il
2= 2r

BAS shown in the diagram below

2K, where I is the radius of

BThen. A~ D €~
BCD=90 €

KUM(ON

—_— e

\BC with an acute angle A. prove

B Draw the diameter BD from pomt B

Inscribed Angle
Theorem (#1)

Diameter and
Inscnbed Angle
(%2)

the circumscribed

circle of \B(C

Me

0 a

SIaMsUy

mgh- 0 fl ]
obtuse anyle

A) Inscribed Angle Theorem

Ren that points 1. P P
Eemmlerence of a ¢

angles <~ AP B ~APB. - APB.
i.. ~
e R2) Diameter and In seribed Angle

AB B8 a diamcter, then A\PB 90
~

k"

s called an acute angle, and an angle 90°

lie on the same part of the
rele with respect to line segment AB,

are all equal

RIIER point [” on the circumference of a circle where line segment
=

H 130" 15 called an

P
El

EI




B _§E

MI8Ib

P — —— — — — — —
10Wn i the diagram below, given ABC with a right angle 1, prove
1! ~——=2R where Ris the radius of the circumscribed circle of A ARC
d B
SN i I, BC 1s the diameter ol the cirele
4 . l
£ )W=2R sin A
Il rr
e '
— — ——— S— — - — — —
[Fums g Slamsiny

.

vn in the diagram below, given ABC with an obluse angle A,

&

prove that - | 27 d circle of
WL and B( ¢l

1
YOI Draw the diameter BD from point B, Diameter and B / \ (
lhen, ZDCB=| 90 € Inscribed Angle |
ince quadnlateral ABDC is Circumscribed k)

|+ D= 180 €

¢, where R is the radius of the circumscribe

Quadrilateral Inscribed in the Circle ( #3)
I=BDsin D 2isin(] 180°— 4

(J: sin (180" ~8) = ginH
2K sinA
: 2K
1
o _l_“'- L__u, ﬁf =1 -E_w,w.-.m:
From Il “ 2 “2Ris true for any triangle
" H!f:‘: '.|r:'. -'rllf; .'ff ”“! :;.lr. :’:!{ are -l!'\-‘] l‘ru‘:
[l -.'_'r I > i L I '/_ J: - " . " §
: i inC 2K This is called the Law of Sines.

Quadrilateral fns. ribed in the Cire fe

ifilater ibed m a circle. the sum of the
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LBWs of Sines and Cosines

90% | ~80% | ~70% | 69%
ST e S e~ o
Law of Sines
' . q fr P
sind  snB  sinC
(/¢ 1s the radius of the circumseribed
circle of ABC)

0
4
"
!

2R

_dl- Gi‘,cn \.F-HL “h.‘_‘[;: {1 1”. f‘.ll ﬂ'} -lnd ':.

Sol] A=180"—(75"+60")=45
10 C

—
s 45 sin 60 < snd  m E
10s1in 60
sind5
S f
RIGiven /. ABC where 5=6, A=105" and C 30", find c.
RIMEB - 150° - (105° +30°) = 45
1 H (s
sin45 sin 30
bsin30°
hill ﬁ
3v2

_ AABC where ¢=8, A=120" and B=15", find a.
C=180" (120" +15%) = 45"
[ )

-

sin 120" sin45°

. b
Hsin 120
sin45° B 2

16
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3 Given /ARBC Where h =8, j 30" and C=45 Mind ¢
. . i
r\”” 5in 30 sin45
: A
4s81n45
smn3n
8v2

4. Caven ABC where b=

10and 3= 45 ' find the radius R of the circumscribed
circle,
10 e A
. ( - ]
sol ite~on o [N
D10
= 251n 45" y
— B C
=5v2 |
2. Given AARC where b=3/5, A=70" and C=50", find the radius R of the
circumscribed circle,
[Sol] B 180"~ (70" +50*)=gp° A
_3‘;6 . 7
sinbg® 2l
7 R=s048

2sin60"
=3/2




.
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bof Sines and Cosines

{ 0% | 90 80r 70% | 69

5 0 i—1

Biven AR where o ' and A =6l find B

sirt 61) inf3

Since A=60", 0 3 < 120°; therefore € A+B+C-130

B=45 € B=135" cannot be true

en JABC where a=2v2, h=9 and A=135". find B

2y 2 2

Bsin 135 an 4

251n 135
249

sin 4

1=135". 0 B < 45" therefore.
=30

OHABC where b= 0. C=3and =45 ind C

s1n(

: =10 1..1

S1n L

v I

jce 3= 45", 0" < ( 1357, therefore,

C=60", 120° €~ Botharc true




B8

M1 83b

\ [2
#10)
11
1
30
|
I3

150)

€.
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M |2
LAWS of Sines and Cosines e

71007

' .I n

fmj ABC, drop ; 4 perpendicular CH from
: wertex Cto AB. In A AC H,

CH= bsing AH=| beos A4
Also, Bl - AR AH c—bcos A
In ABCH.
a’=CH?+BH*
(IbsinAg )* 4 c—bcos 4 \ N1y
[ dhccos A d ﬂ'ﬂlﬂﬁ'm_'il’_'_;_-"

'_ heretfore, b+ ¢? 2bccos A is truc.
- ==

Ew;ﬂr,: o [.'utw,

'I"”-"r’ | |-"u1§q ;.‘uh!; mnﬁ
When A s an Obtuse angle,

When B is an obtuse angle,
(o " = lsin (180 A)

: bsin A CH bsin A
R = A5 . -
RE=AB + AH BH=AH-AB
"=(‘ # f“'”:-.| l.HfJ .‘I )

b C—beos A

E=CH’ + B}
& (bsinA)* 4 (-
'1.+ !

=bcos A—¢
a*=CH+ BH?
beosA)?

(bsinA) ¥+ ( beos A—¢)2
2becos A

_hJ t—{"‘z

~2bccos A

Li

8, When cither A or 3 s n obtuse angle, o* =b'+ o=
), lm!: when cither A or /s a m.h: angle.
AR LD Y o8 Band ¢?= g% 4 pt

Balled the Lay of €

2bccos A

2abcosC are true,
OSines
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{ Law of Cosines )

Criven A\RC,

) i .H"Ih LS 1

cC°+a —2cacos B

f1° :_'.-'.'-':?.'\w*x[-

Uiven ZABC where =2, e=3and A 60°, find a.

W
-
L
-~
b

2°3c0s60° €~ la®=p"+ e’ 2bccos A

I ._.I

el Ti:_

Smce a >0, a

. Given LABC where b=2V2, ¢=3and A=45", find a.

[Sol) a”=(2v2)*+3%—2:2/2-3c0s 45

-

7 - v

Sincea >0, a=45

2. Given LABC where a=1, b=473 and C=150°, find c.

[\:lli =124 | Ly

-

2:1:¥3c08150° €~ (CP=aP % bi=Zabesac

Since c>0,e=+7
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LaWS of Sines and Cosines

PM00% | 50-. | 80~ 70+ | 69

|
T e g — ——

Gi"ﬂ:n ABC where h=v5 . v 2 and B

stnce a > 0. a=3

CNABC where 5=V7, ¢ land B=120". find o

B ) =1+4? 2]

T
*acos 120

Ince a 0D a=2

.'Irl. I- i

AABC where a=7. b 8and A=60", find c.

=g -2 2:8:ccosb0” - a'==b'+c':2bcmzl_ C
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The size of the angle can be found from the three sides by rearranging the Law of
Cosines as follows;

b.‘ *_r_.‘__ a': C:_;'_al__ﬁ:r ﬂ:'i"bl"‘ﬂ’
cos A cos B= —

Efjf' = L ! 2(,"{] L} CDHC_'_ ——

3. Given L ABC where a=7, b=3 and ¢=5, find A.

. 3?4573 e
[Sol] cosA 2_;:_5 & ;mﬁu-b'—-z%c—q’-—}
| c
2 7
.. A=120"
A 5 B
4. Given LABC where a=7, b=15and c= 13, find C.
_7’+15—13?
e B
2
C=60"

c 15 A

5. Given L ABC where a=3, b=+17 and ¢= V2. find B.
==t | T_ 1
[Sol] cm3=g2) +37 (/17

2423
/17
. B=135" /2
B 3 C
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of Sines and Cosines

M I3

“w
-
Cx
3
h
o

JIven ll.;"r' W nere .I."ll ,flrl 15 ||."|._! f i I.Ifq.' (

| 1 &0 () 5
115
[ ABC where a=2, ¢= /3 l and B=60", find b. A and (

» 20 Bl

cos A 0 Y3+l :
2'vh(v3+1

b, A=145

B C= 180 15° + 60
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)

2. Given 2L ABC where =6, b=v3—1 and C=45",find c. A and B.

[Sol) e*=(V6)*+(V3-1)"=2: V6 -(V3~1)cos 45* € [c'=a'+b'~2abeonC
4

Since ¢ =), =2
s 4= (F-1) 42— (J5)?
i 2:(v3-1)-2
1
2
e A=120°
o B=180"—(120° +45°)

=15°

3. Given LLABC where b=v2, =31 and A=135", find @, Band C.
1S0l) 0°=(/2)"+ (V3 =1)"=2:VZ (V=1 )con 195" € ERRERRERRREIRS
=4

Since a >0, a=2

g (3-1)42'- (/)

08 2:(J3-1)-2
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LAWS of Sines and Cosines

400%| - 90-. | 80~ [ 70~ [ 69~
L= ' =T =" =1
1
1

—

._I,]; l'\-,.‘ild'vl'l

2°¥v3:ccos 30

T

: M Given ABCwherea=1, b=v3 and A

SO . find . Band C

M 187

€ =D+ 2bccon A

¢ e+ 2=0
| . [ 1 )M { 2)=0 i I 2
{ (1) Whence=1.
17412 v3)° 1 - .
3 u'rjh!} 2]! 2 - B 1._)”
+ C=180"—-(30"+120") =30
(1) When ¢=2,
L i B L
cos B== :]-.’*2-'1‘ J i, <. B=§0"

From(1)and (1),

Given OABC where b=3V3, c=3and C
="+ (3/3)*
- @'=9a+18=0

(@a=3)a—6)=0 o =3, 6
(i) When « 3.

(3V3)*4+37-32 V3
cos A -

o B=180" (90" 4 30°) =60"
(1 )and (i),

« C=180"—(30" +60") 90"

c=1, B=120", C=30"or c=2. B=60", C=90"

J0°, find a. Aand B.

2-3V3:3 2 A=
- B=180" (30" +30°) = 120°
i) When g - 6,
(3v3)?+3%-¢g? )
cos A 2:373.3 =) A=90

a=3. A=30", B=120" or a=6. A=90", B=60"

2:a:3V3c0s30" €~ (at¥bi=aatee




| |

MI8T7D

s

i

105

(

S0

Z2and B=45". find c. A and ¢

Quadratic Formula lI(J | 02)

v(—. |

or ¢ 3=1, A=120°, C=15

Jand B=45", find . A and (

To find A first,

v 2 v i

/8 cos A i :
sinee it s diflicult to

find A, lind C first

C=30" &

orec=v06, A=75°, C=60
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Laws of Sines and Cosines

M00%! 90~ | 80~ | 70~ | 6o
T —— =]
: b .- i i
bhe Law of Sines . 2R can be rearranged as follows
sin /1 an i3 an -

@RsinA, b=2RsinB. ¢ ZRsin(

RO c=2RsinA: 2Rsin B 2R sin(
sins - sin B sind

8ing the dentities abon ¢, solve the tollowing questions

Biven A ABC such that sinA - sin B sinC=5

su” b o T L

8. find B

Pheretore, let & be a positive constant

I-iI . I-']\-'. J-I '._ill. | ‘:J\I

'] "-;'\ '.Z‘j{ | ji. !.
Cos 3 -8k -5k >
B 60
1';"' .
gaven S ABC such that sinA : sinB: sinC=+3 2:(¥2+1), find A

|
:P.‘J.:" Y 3 . [vd+]

herciore, let & be a positive constant
=3k, b=2k, c=(vV2+1 ke

2k) (V2410 )= (V3k)?

I;:":L'jl.": '*:..'.* v 1":{
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[he tollowing statement is true for all triangles.

(_Relationships between Angles and Sides of 2 Triangie )

Fhe relationship between the lengths of two sides corresponds to

the relatonship between the sizes of the opposite angles,

I'ne angle facing the longest side is the largest angle.)

2l Given ZABC such that sinA : sinB; sinC=13: 8 : 7. find the size of the
largest angle.
[Sol) @a:b:c=13:8:7 (
Iherefore, let & be a positive constant,
a=13k, b=8k, c=Tk 13k
Since @ is the longest, the largest angle is A, 8k

(8k)7+(7k)*=(13k)* _ |
2-8k-Thk 2

Ceys _."l

A 7k B
A=120°

3) Given LLABC such that (b+¢):(cta):(a+bh)=q4:5: 6, find the size
of the largest angle.
[Sol] Let k be a positive constant.
|' Otc=4k @
cra=5r @

| atb=6k Q@

From U~@, a=Lk, b=2k ¢ 3&

2 R 2
Since a is the longest, the largest angle is A,
3P P (P S
(5%) (5%) (2”) | AT, B
cos A 1.3 2
2- 7 k- 7 ke

. A=120*
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‘Sines and Cosines T
- —  Dam / /
[~00% [ 80 [ -70% | 69%-| 5
EE=e————t] [ 0
looking at the top and the bottom of a tower, A and B, from two points (
LZACD=60", ZADC=75" and £ ADB=230". Given that the distanc=

en points C and D 1s 100, find the height AB of the tower.
FAACD,

LCAD=180 60

3 AD 100
sin 60 sind5
. (M =imnb
L AD 1K) m_hll
sindH
50+ 6

e LABD s a nght-angled tnangle where ZABD=90".
AB=ADsin30

256

Alternative Solution
in A ACD,
LCAD= 180" (60" + 75" ) = 45"
L Drop a perpendicular from point D to side AC
1o place point E
In LCDE,
100:DE=2:V3 4=~ [Since CD:DE=2: 3
S DE=50V3 '
HADE,
AD:50V3 =421 €~ [Since ADIDE= 21
s AD> 506
Iso. in L ABD,
AB:5046 -1 2 €~ Sie AB AD=1:2
< AB»25v6
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Let the length of each side of A ABC with area 1 be AB=2, BC=a and
CA=b. Given that CD is a perpendicular dropped from point C to side AB.

solve the following questions.

Civen AD=x, express a® +(2v3—1)b? in terms of z.

[Sol] In ABC.
T Since the area of AARBC
gl R | ;l;'-*"tii-(_‘[}-l
CD

In 2 ACD, from (D,
b'=x"+1 @ <& |[AC'=AD'+CD’
Also. beos A=x ()
In ZABC,
a'=b"+2°=2:-b-2cos A
b*~4bcos A+4 @
From O~@),
a*+(293-1)b"=(b"=4bcos A+4)+(2vV3~-1)b* &~ 'From @ |
2v3b*—4bcos A+ 4 . :
=2V3(x?+1)—4r+4 (} il

2V3x"—4x+2V3+4

2) Find the value of x which minimizes a” +(2v3—1)b% Also, find the size
of ZBAC.

[Sol] From (1), a®+(2v3~1)b*=2V3x*—4x+2/3 + 4

- Y3\ . 4V3
—Jt,f(l' 3 ) 3 '1

Y3

I'hercfore, the value of  which minimizes a’ +(2v3 1)biis x= 3

Then, tan A= j_ =v3 = From Imﬂ=%'?*mdﬂ):

ZBAC=60" €~ From ZBAC~A
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Sines and Cosines

BRI | 90~ | 80% | -70% | 6%
mm— | ] ===

¥en /. ABC where ¢ =4, A=120" and B=15". find @ m» MIE7

DOI"C= 180" (120" + 15 1

B g |
sin 120 Sin 45
2 1s1n 120
s [
sin .
2v b

F o
P

pyen A ABC where =6, A=60" and B=75". find the radius K of the
sumscribed circle = MI32
= 130" — (60° +75") =45

F s

- sindo
i~ '3.-1“!: 15

Ve

2K
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- Liven SABC where a=v7, b=v3and A
[Sol vJ3 )" 4+¢ 2'v3-ccos 150
f 1=0
i)l{c—=1)=(
. i 1
SNCE ¢ 0, c=1]

. Uiven ZABC where b=2 ¢

l'\ll” '/ . :f | 1h ¢ 52-:
Sincea >0, a=2v?2
cos B=Y6+Y2)"+(2/2)°
2'(¥6+v2)-2/2
v3
YA
~ B=30"

- C=180" - (45" +30°)=105

Alternative Solution

YO+ v2)" ~2:2-f

a =7
A
Since 3 -0, a=2+2
vz 2
un4s sun f8

unf- % ':m A5

Zv2
]
2
Since A=45" . 0°< B
C = 18 45" +30%) = 105"

v+

2:2:-(V6+v2)cos45

21

v2and A

150°, find c.

m» MBS

457, find a,

Band C.
=» M| 86

v G+ v 2 NS I:J

1357, therefore, 13= 30"
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Area of Triangles

I00%| -90-. | 80~ [ 70~ | 69

— '—T— -

|

¥
L

P ——

mithat the arca of “ ABC is S prove that S=  bcsin A

th be the height from side AB of ~ ABC to vertex C

h= bsin A
Therefore,
e ]
6 9 ;'.J:
l

5 C bsin A

-_—
VUG Swes o) are ssomsue o) IV SDwsuy

[

] 156
Batly, S = - casin B= - absinC is true.

Qarea of a Triangle )

s CasinB o @bsin(

|
p=-, hesin A

b

NABC where b=5, c=6 and A=60", find its area S

.l} 565160 € S- ;l,'ﬁcsm-*l

= 15v3

2

(6] '__.f'_-“-lH{.‘ where b=3, c=4and A

1 - "é 3 4510120 C

120", find its area S.

= 31'.3
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Oiven JABC where a =5, e=4 and B

Soll 5 o “4°051n 30 ("' S ém::«mﬂ

30°, find 1ts area S.

i Given ZABC where a=7, b=6 and C=135", find its area S,

[Sol) 5=, +7-6sin135 € 5= é-abﬂnﬁ

21v2
2

5. Given LABC where a=v3+1. b=, 2. A

area L.

[Sol] C=180"—(105"+30")=45

& o {¥3+1) v2sin45

B

105" and BB

307, find s

[ S —
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Triangles
% | ~80% | ~70% | 69%
=11 1 —1 3
LDABC where c=8, A=120" and area 14+ 3. find the value of b

1'4‘!‘“3 P h-8sin 120

F o

s 14v3=2v3b

s b=17

D AABC where ¢ =22, B=150" and area + 3. find the value of ¢

= 'C*2v2s5n150

en L ABC where b=8, ¢=5 and area 10+ 3, find the value of A.
0v3 1, ‘8-0sm A

& 10¥3=20sin A

B .

e A=60", 120°
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Given 2 ABC where AB=6, AC=4, A=60" and pomt D is the point of
intersection of the hisector of angle A and side BC. find the length x of

AD
[Sol] AABC=-5-6-4sin60°=6v3
. 3
ABD o "B xsin30 &
ACD i “Axsin30°=r

63 f r+r 4 [AABC= AABD+ AACD |

i. Given ZABC where AB=4, AC=3, A=60" and point D is the point of
intersection of the bisector of angle A and side BC, find the length x of AD.

[Sol] AABC=-1-4-3sin60*=3/3

P
“ABD i, ‘4-x8in30° =1
"ACD=-1 3. r5in30* =31
g 3 3xsin30" =3
3V3=r+3s
_12/3
7

5. Given ZABC where AB=5, AC=3, A=120" and pont D is the point of
intersection of the bisector of angle A and side BC, find the length r of AD,

[Sol) £ABC=5-3sin120°=15¢3
1

SJABD 9 '5-rsinb0” =2
HACD: i, ‘3 xrsinbl* = 3-*3:

15¢3 _5V3 . 3/3
Y i

5

% ::TB"
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eaof Triangles

B0%| -0~ | 80~ | 70 | 69
— ' &
18 1 ) I e

‘\"Cﬂ A\BC where a i ) and i find 1ts area S
54 4 . l T e
Sol] cos A S = €& comA e
3 } | | AL
sinA > 0, €& 0 A < 180"

Simnee

en AABC where =5, b=6 and c=7. find its area S

ince sinA > 0,

by B

en AABC where a8, =7 and ¢ =5, find its area S

[ ' =8¢ ]
sins >0
\ | ( } ) iv3
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3. Given L ABC where a=4, b=3 and ¢=2, find its arca S,

b T 21__ 41‘

[Sol] cos A=" 9.3.9

Since sinA >0,

1
in=f1-(-1
_Laaedis
S=7-8:2—2
3v15
g

C

A

Alternative Solution

~atbtec
LﬂS— 2 .

.

4. Given /. ABC where =7, b=6 and ¢=v13, find its arca S,

[5‘0'] cos A 2‘6'1’(’1"5

Since sinA > 0,

sinA=y1-0"=1]

BT

gdt3+2_9
2 2
-/3(3-)(3-3)(3-2)
305

The area S of ~ABC can also be found by the following formula,
S=¥3(s=a)(s~)(s=c), where s = A2 b *C

Using this formula, find the area S of LABC where a=7, b=5and c=4,

Since s = 7234 2y e JB-7)B=5)(B=4) =475

This formula is called Heron's Formula




90 80 70% | 69
~dot B 3
ven quadrilateral ABCD where AR BL=8. CD=3, DA=5 and

T4

0, AC=7
AC* =DA*+CD*-2-DA-CDcos ZADC
Find .~ A
Ml From (1),
cos S ABC ’tH - |].. (-w- cos ZABC -",‘!.3. :.E_n;l_‘ AC

2'AB'BC
ZABC =60

Bind the area S of quadnilateral ABCD

Lie . :
g 0 38I60° =10v3 & | AABC l, *AB-BCusin £ABC
ACD LJ, 2 3sun 120 I‘II; J €.

¢ ]“:

U ACD=1.DA-CDsin 2ADC

Quadrilateral ABCD ABC+ AACD
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7

2. Gnven quadrilateral ABCD where AB=2, BC=v3 + ki A
CD=v2, ZABC=60° and ZBCD=75", solve the

tollowing questions.

1) Find AC

[Sol] AC*=2%+(V341)*~2-2-(3+1)cos60* €+, B 3+ C

f

e,

AC’=:\B' +BC'-2- ﬂﬂ BCI.'I:!.! ZABC
Since AC> 0, AC=+6

(2) Find . ~ACBE.
[Sol] From (1),

4L 2_n2 f
cos LACB=ATOL L 1)1=2! /B o

2:-V6-(vV3+1) 2

- LACB=45"

(3)  Find the area S of quadrilateral ABCD.

[Sol] A ABC é '2:(/3+1)sin60* =2 ?E €
Also, in /LLACD,

{ AABC= ) -AB-BCsin ZABC

from (2),

CACD=T75"-45'=30" ¢~ (ZACDSZECD=ZACH)
= NACD= ;-a'ﬁ-ﬁ"?hin%'

. T |3 V3 — - - _ ;
(ST € (Qudnineni ABGD= AABCVAACD
3+2+3
2

v (= TET O UL e
2 €| AACD=}-AC-CDsin 2ACD
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— . alo I /

il "9{}'1] Brﬂ"-| ?{}-:E‘g‘k:

1 —— 1 1]

frf.'. BC=3, CD=+v2and ZABC=45",

(2v2)'+3°—2:2V2:3c0845" &

180° |—45°=| 135" | &= i the Circle (M 181)

?-Lz-:sﬁin-:swé—n2-1-.-ain135' €,

S=AABC+AACD)

.
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where AB=5, BC=4, CD=4an
ﬁnddnmSofquadﬁlﬂml / "
[Sol] In AABC,

P4z -5=

_.l'r- LY

r.:L ,. 'Pff"d-.."_- J"'-_I
ui

I." -rr_(—,_.r .1'
:_x, a

RC AR Sy
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@ of Triangles

A | 94

| - | [ . -
1UU% % | ~B0% | ~70% | 69%
U . i— T ——¥F

@rea of a Triangle with an Inscribed Circle )

SO De the arca of

ABC, I be the center of the inscribed
d » be the radius

B AIBC+ A ICA+ AIAR

iven .~ AIC where a=7. b
mscribed circle of \BC

2 and ¢=6, find the radius r of the

TR P |
" | Ly ] i 1 I:'J'."h"l b _...:_‘._ i
9.8 : € 2be

. . [ b 2v b
Since sinA > 0, sin A ad | =23

V' \5) =75

Therefore. the area s of ABC s

: 1 . . 2/8
.S '.i'l‘-'...

o J

ol] co- 1

by 6
J

- : L
AIH], Dy b "} ryj- JTD (-‘_

2y b

4 S=yriatbic)

BBABC where a =3, b
AADC.

¢ and ¢ =8, find the radius » of the inscribed

0,sind= /1 (13) 343

#RI0re, the area S of “ABC s




e ——
MI96b

2. Given “ARBC where g=

7. b=3 and ¢=5, find the radius » of the inscribed
circle of ZABC.

27 L =3
[ﬁﬂ” 1'-’,!\.‘] - - .} i l

r — =

f ] 2 *';
Since sinA > 0, sinA v'l ( 2) - 2 A

Therefore, the area S of NABC s

s=1.3.5.43 _15/3

2 s = 1
Also, i”; J ; r{7+3+5)
=13
2

3. Given /. ABC where b= 8. c=5and A=60", find the radius » of the inscribed

circle of 2 ARC.

[Sol] The area S of 2, ABC is
S= j 8-55in60° = 10v3

Also, a*=8%+5"~2-8-5c0560° =49 €.
Sincea » 0, a=7

(@'=b"+c*~2bceon A

. 10v3 ;-é-r{'?-+8+5}

c.or=43

4. Given A ABC where =7. b=dand c=5, find the radius R of the
circumscribed circle of A ABC,

e
5

= R:M
= 24




.':\
||_I'|

DWN 1n the diagram below. given cuboid ABCDEFGH where
B3, AD=2and AE=1.

ﬂ'l{: area S of AAF(

' 'L'_ PAF = y37+ ]; y ]{j(-- AF'= AR’ +BF? .
ICF=y2"+1" =5 €~ [CF*=BC*+BF" | |
' —— - F
- NC=y3%+27 -I_'{fu- AC':AB’*'BCJ

' - (Y10)'+(v5)*=(V13)* /3 cos ZAFC
L cos < AF( : : - = :(—- .tF'-{:F'—M:'

72

.' w

pSince sin ZAFC > 0, sin ZAFC \ 1-(3 10 2) - 10

e ] Pl e ;
-,"\ 2'11”'\.! 1” 9

Y Vi in the diagram tnlm.t.. given cubord ABCDEFGH where
0. AD=1 and AE=2, find the area S of AAFC,

-'f(»ﬁ}’-? J10
W1 +2° = /5

BV(V6) +17 =7

PAFC- (V10)+(/5)"—(V7)* av3
LAF :
" 2:-V10-V5 5

: : S 2/9 \* 17
88in ZAFC > 0, sin ZAFC = ‘,r | ( ":i'*-) = 5.‘

. i - ..l"f '\-‘ir
:2"]{]1‘:]. rji - E'I_

£
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2. As shown in the diagram below, given cuboid ABCDEFGH where
AB=3v3. AD=4and AE=3, find the arca S of ABDE,

[Sol] BD=V(3/3)*+4*=/43

DE=y4?4+3%=5

BE=V(3/3)7+37=¢

cos ZBED==-" 2_:—_—'I =

f—=r 7 /
Since sin ZBED > 0, sin ,ilj]}j[j:‘/l_ ( 1':}) =

— ———

. g=1 .. ¥91 _3/o1
. §= 556 10 2
3. As shown in the diagram, given cube
ABCDEFGH where the length of cach side is 1
and M is the midpoint of side EF, find the arca
Sof LAMC.

[Sol] AM-JE+ (_é_):

AC=/1"+1"=/2
MC=‘/1’+1’+(21_, i
(4

cos ZAMC=—

b

I

“ 8= 1-- V5 ..3._235_5.--3.
2 2 2 5 4

A cuboid with six equal square faces 15 called a cube.

__'h
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215 0 regular tetrahedron ABCD where each
AC=AD-BC=RBD CD=6). Given that M is the midpoint of side
BAMD =0 and AH is the perpendicular dropped from vertex A to MD.

fethe following questions

side has length 6

K the value of cosf

AABM and A BDM are nght-angled triangles,

M=, 6"-3" - 3.3
k E I 6_,
3’| =|3V3

A D
6 5
nerefore, in -~ AMD. B3IM3ICB3INMSIC

| b
2:-3/3!-3/3 3 |

2/2 | —

3 2v6 €~ [A=AMsind)

. o

e volume V' of regular tetrahedron ABCD.
Sbe the area of /A BCD,

[‘;"6‘3'- 3 9+ 3 ("" S‘*;—BC-B:M

;.--%-9,3-:»:\!; I18v2 V-*}Sﬁi

_E_—h
triangle faces is called a regular tetrahedron
amid or a cone with base area S and height A, Then, V' ::.EHI.

amid with four equilateral

plume of a pyT
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2. There is a tetrahedron ABCD where AB=AC=AD=§ and

BC=CD=DB=4. Given that M is the midpoint of side BC, ZAMD=0 and
\H is the perpendicular dropped from vertex A to M D,

questions.

solve the following

‘1) Find the value of cosf. |
[Sol] Since ZAABM and 2 BDM are ;
right-angled triangles, !

AM:- v6*— 2: :‘I\"f,'é

€
DM=V4"-27=2/3 &~

Therefore, in 2 AMD,

(42)'+(2/3)'~6* _Jg
2-4v2-243 12

cosl=

(2)  Find the length h of AH.
[Sol] Since sin® > 0, from (1),

,i,,e:.‘ﬁ “(]75)“ _ /138

12
s Bt —T-‘Iv@'—-"*ﬁgé -‘=—'§—2'f—9
1 3

(3) Find the volume V of tetrahedron ABCD,
[Sol) Let S be the area of ABCD,
S= j 4-2/3=443

7 V:"l;'"”@‘g“?j= Qi;ﬁ
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ety

B B a regular tetrahedron () A B(

where cach side has length 1. place pont |
e BC and let the length of line segment BP be r

88 the area of triangle O AP in terms of 2

i)

BRAABP, since AB=1 and \BP

rcosbl” €~ | Cosine Rule
Lot (M 184)
WAOBP, since OB Land ZOBP

B0

21 ree % 6

om @ and @, AP-Op
fore, "OAP

AP=0p Dropping a perpendicular
m P to side OA.

IS an isosceles triangle

minimum value of the

arca of tnangle OAP for
&S along side BC

which poimt p

L s\
;f'-,(’ :e)';
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. . : : . . . @5 -
2. Quadrilateral ABCD is inscribed i a circle with radius g - Given that the
L

perimeter of quadrilateral ABCD is 44 and the lengths of sides BC and CD are
L3 cach, find the lengths of the remaining two sides AB and DA,
[Sol] Let AB=x and DA= i
rtu=44-13-2=18 ---@
In 2 BCD, since BC=CD.
let ZCBD= #CDB=0g,
13

3 _,.65 _

sin 2g ¢ [d =2RJ

. SINH= ,.i EaéCb_

¥ 204 ZBCD= 180"
Since 0° <0< 90°, o | _180° “ﬁEE{gu-
4\ 3
o= (:) 5
BD=2-13- 3 =7

ke )
Also, since /B(,D 180" —2p,

ZBAD=180"~(180"~29) =2p € derilnmllnmibed
n AABD hl& M'S )

BD* =24 4"~ 2rycos 2 e cmmxumoumﬂ
U =20y (1-24ing) ¢ NP1 25i)

2"+ y+ My ¢ mao-4]

=(xr+y)’- :L.'..Zu

i From (D, l
-fi?d—ggru @ ("‘f' Fty=18

From @ and @), ry = SRON = (? -m'—@

From @ and @), zandumtwumluuunsnf 1~ 18t +56=0, ¢
Therefore, since (¢ —4)(¢— “14)=0,t=4, 14

Thus, r=4, y= “Mdorr=14 V=4
CAB=4. DA=14 or AB=14, DA=4

e ——
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80% | ~70% | 69
=1
where AB=3. AC=4, A=120" and point D is the point o
gction of the bisector of angle A and side BC, find the length r of AD
=» M2
'3 4sin 120" =343
4 I¥ 3
p 3 'xsIn60* =" 1' I

* rsin b0 v3r

MAABC where a=6, b=4 and ¢ 8, find its area S. "M 193
. 47+8"—6"
I_A___ i 6 11

Dol :
2:4-8 16 -
sinA > 0, -
1 6
11 ) _ 315
16 16 A ) B
16 2
Alternative Solution
Let g= 9= gf‘"‘-_
s E+;: . =9

S=V9(9-6)(9-1)(9-8)
315 |
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3. Given 2 ABC where a=9, h=
circle of /A ARBC.

7and ¢ =8, find the radius » of the inscribed

=» M|96
. 7-+8'—9* 9
anI] cos A 2-7-8 ; 7

_ R
Smee sinAd > 0, sinA= v‘ll (

Therefore, the area S of AABC is

s=1 '7-8-3%9

2 =12v5

Also, 12v5 = ::rl’g +7+8) , Alternative Solution

- r=y5

S=V12(12-9)(12-7)(12 ~8)
=125
Also, 12V5 =~é~-rl’9+?+81

Yo r=J§

4. As shown in the diagram below, given cuboid ABCDEFGH where
AB=4, AD= l and AE= EFHdMamSGFﬁAFC. » MI97
[Sol] AF=/4? +27=2/5

CF=y1"+2°= /5
AC=Va'+ 1’ = /17

= (255)’“4'_}’—(-"*}’
cos ZAFC = 220575

S=72/5:-45- Y2 - /3;

alecaee woo



