Kla KUMON

Review of Linear Functions

1. Given the function y = i,1’+ 1, find the value of y for each value of x.

2
First, complete the table below, then plot the (x, ) coordinates to graph

the function y = %_ﬂr L

& y
o | —2
_ i
h )
0 1
5

1 9
9 4

2. Find the value of x at the point where y = 0 in the above exercise. Then,
plot and label the point as A, with its (x, y) coordinates, on the graph

above.
[Sol] Substituting y = 0 into y = %an 1,
)
0= 5 ¥ +1
r=| -2
3

Kl

y is called “a function of x” when the value of y is determined by the value of .
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3. Given the function y = — %r-ﬁ- 1, find the value of y for each value of x.
First, complete the table below, then plot the (x, y) coordinates to graph
the function y = — %):4" i

x Y
—% 4
¥
_ S
! 2
0 1
—L
! 2
i -2

4. Find the value of x at the point where y = 0 in the above exercise. Then,
plot and label the point as B, with its (x, y) coordinates, on the graph

above.,
[Sol] Substituting = 0 into y = — %ﬁ 1,
-3
0= 5 141

x=2
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Review of Linear Functions

1. Circle the letter(s) of the functions (A)~(F) that pass through the given
points.

(1) point(2,3) = (&) ® © o @® @

(2) point(~4,0) -~ (& ® () ® (&
(A) y=-1
(B) y=—42—2
(C) y=—%r—2

(D) y=—x+1

(E) y=‘—1+2

(F) y=—x+5
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2. Match each function with the corresponding line on the graph. Write the
letter (A)~(E) of the line in the blank box provided.

(1) y=3x - [(a)
(2) y=ga-2 = [(©
(3) y=-5z=2 - [(B)
(4) y=da+z - [(B)
(5) y=—x+5 == [(D)

(B

=

(D)

(E)
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Review of Linear Functions

L. Graph the following linear functions.

(1) y=2x+1 (3) y=—-2r—1

(2) y=20-1 (4) y=-r+l

Note: Be sure to label each line on the graph.

3) (1) (2)

K3

A function that can be written in the form y = mx+ & (where m #0) is called a linear function.

We can refer to “the line y = mx+ 67, and to y = mx+ b as “the equation of the line”.



K3b

2. Find the equations of the lines, and then graph the lines.

A line with gradient 2, and y-intercept 1.

[Sol] y=2x+1

(1) A line with gradient 2, and
y-intercept — 1.

[Sol] y=2x—1

(2) A line with gradient —2, and
y-intercept — 1.

[Sol] y=—2x—1

(3) A line with gradient % and

y-intercept 1.

[Sol] y= %x+1

Note: Since the lines in the example and question (1) have the same gradient, the lines must

be parallel. (They do not intersect.)

When two lines have equal gradients, the lines are parallel. When two lines are
parallel, their gradients are equal. Parallel lines never intersect each other.

Given a line of the form y = mx+ b, m is the gradient, and b is the y-intercept.

When >0,

y=mx+b
\

1
Um
I

When m <0,
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Review of Linear Functions

1. Graph the following lines.

3

A line passing through point (—2, —3) with gradient 2. J

(1) A line passing through point (—2, —5) with gradient 2.
(2) A line passing through point (—3, 5) with gradient — 2.

(3) A line passing through point (—4, —1) with gradient %

(2) _ - B

K4
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2. Find the equations of the lines described.

A line passing through point (—2, —3) with gradient 2.
[Sol] Let y = 2x+b. 5D Since the gradient is 2.

—_ _ _ Since the line passes
Substituting r = —2 and y = — 3, @D through (=B, — 7
—3=2X(—2)+b

b=1
Therefore, y = 2xr+1

(1) A line passing through point (—2, —5) with gradient 2.

[Sol] Let y = 2x+b. <&D Since the gradient is 2.

. = = Since the line passes
Substituting x 2 and y 5 =n through (—2, —5),
—5= 2K —2}+b

b=—1
Therefore, y =2x—1

(2) A line passing through point ( 2, —3) with gradient — 5
__ 1 : o L
[Sol] Let y = — 714“ h. B0 Since the gradient is 7
SR - A Since the line passes
Substituting 11 2 and y 3, -=&n through (2, —3).
.
3 2 2+b
b= —2
Therefore, y = — i.7L'—2

2
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Review of Linear Functions

1. Find the equation of the line passing through the two given points.

23

(=hx =#3)s (=ls 2)

[Sol] Calculating the gradient of the line,

2—=(=3) _ 5 The change in y
—1—(=5) 4 The change in x
Therefore, let y = %x-ﬁ- b.
Substituting r = — 1 and y = 2, tshi::l?gtll:? Er;e, p; ?_Ses
from2=-2-X(=1+b, b=12
Thus, y = %x+ 173

Note: Alternatively, since the line also passes through point (—5, —3), we can
substitute x = —5 and ¥ = — 3 into the equation.

(I3 —3, 1), (4, .3)

[Sol] Calculating the gradient of the line,
3—1 _ 1 The change in y

3—(=3) 3 D The change in x
Therefore, let y = %I‘f’ b.

Since the line passes

Substituting x = 3 and y = 3, through (3, 3).
from 3 = %X3+b, h=2

Thus, y = %x+2
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2. Find the equations of the lines passing through the two given points, and
then graph the lines.

(1) (6,0), (0, 3)

[Sol]
Calculating the gradient of the line,

§—0 . 1

0—6 2
Therefore, let y = — %x +b.

Since the line
Substituting x =0  <gp passes through
and y = 3, ©, 3).
from 3= — - X0+b, b=3
_ 1

Thus, y = —7x+3

(2) 12 —=1) (4y2)

[Sol]
Calculating the gradient of the line,
2—(—-1) _ 3
4—2 2

Therefore, let y = i.r +b.

2
o Since the line
Substituting xt =2 -sp passes through
By =il

and y = —1,
3

from —l:?><2+b, b=—4

Thus, y = %x—dl
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Review of Linear Functions

L. Match each line with the corresponding line on the graphs below. Write the
letter (A)~(H) of the line in the blank box provided.

(1) y=x+3 | (A) (6) y=2xr+2 - (G)
(2) y=—x+3 s | G (6) y=—2x+2 - |(E)
(3) y=x—3 =+ [ (B) (7) y=2 | (F)
(4) y=—x—3 s | (1)) (8) x=3 @ | (H)
(A) (B) iC) (D)
Y vy Y vz
% {
3 \5 N3
/-3 0 X 0 X 0 N Y r
4 N
(E) (F) (G) (H)

\ -,
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2. Find the equations of the graphed lines.

5__("

[Sol] y=x+2 [Sol] y=2x+2

(2) (6)

j[/ Z/‘T‘r

[Sol] y=x—2

(3) ﬁ\ (7) 7y

0 2\1 [8) x

[Soll y=—x+2 [Soll y=2

[Sol] y=—x—2 [Sol] x=2
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Review of Linear Functions

K7

For each question, find the coordinates of the point of intersection of the two

given lines by drawing their graphs.
2r—y=1 sox(T)
{x+2y -7 @

[Sol]
From @, y=2x—1

_ 1 7
From @), y= 21 2

Therefore, graphing (D) and (2),

LA

From the graph, the point of

intersection is(—1, —3).

(Check your answer.)
In@®, LHS=2X(—-1)—(—-3)=1

RHS =1
In@, LHS=—-14+2X%X(—-3)=—7
RHS =—7

{3r—2y—4 )
ol x+2y=4 @

[Sol]
From (D), U= %1—2
From 2), y= — %x+2

Therefore, graphing (1) and (2),

From the graph, the point of
intersection is (2, 1)

(Check your answer.)
In(®, LHS=3%x2-2%x1=4

RHS =4
In®@, LHS=2+2X1=4
RHS =4

Note: We first re-write each equation in the general form of a line, y = m.x -+ b, so that we can
easily graph it, using the gradient, 2, and the y-intercept, b.
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(2 2x+3y=-3 @

[Sol]

From O :,fzix—&-é
T 2 2

From @), y= —iI—l

3
Therefore, graphing (1) and (2),

A

215+ E3_:/E =- 3
From the graph, the point of

intersection is(—3, 1).

(Check your answer.)
In®, LHS=—3—-2X1= -5

RHS =—5
In®@, LHS=2X(—3)4+3x1=-3
RHS=-3

3x—2y=-—2 ---Q1

(3) y=4 «4{(2)

(Hint)
[Sol] -
From @, y= %I-H

and (2) remains as y = 4.

Therefore, graphing (1 and (2),

'f/"

2

3rogy="l2
From the graph, the point of

intersection is(2, 4).

(Check your answer.)
In(®, LHS =3X2—-2X4= —2

RHS =—2
In @), LHS =4
RHS =14

((Hint )

The line y = 0 is the r-axis.

The line y = 4 is parallel to the x-axis, and passes through point (0, 4).
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Review of Linear Functions
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For each question, calculate the point of intersection of the two given lines, and
check your answer by graphing.

23

r— y e 1 . .@
[Sol]
(Calculation)
From (1 —(2),
=2 @

{ZI!/:]_ @

Substituting (3 into (2),

2—y=—1
y=3

Therefore, the point of

intersectionis (2, 3).

(Graph)
From @, y=2x—1
From @, y=x+1

U SR

== -1

20—y=—2

(1) r+y=5

[Sol]
(Calculation)
From )+ (2),
3xr=3
r=1 @
Substituting (3) into (2),
1+y=5
y=4
Therefore, the point of
intersection is (1, 4).
(Graph)
From @, y=2x+2
From @, y= —x+5

@
e
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2x—3y=3 Q@
rty=4 (2

[Sol]
(Calculation)
From (1)+3 x(2),
Sx="15
T
Substituting (3 into (2),
3+y=4
=1
Therefore, the point of
intersection is (3, 1).

(Graph)

From @D, y= %x*l

From @), y= —x+4

UA

3x+y=3 w(D
(3) x+2y=—4 @
[Sol]
(Calculation)
From 2 X (1)—(2),
bxr=10
r=2 -3
Substituting (3) into (@),
6+y=3

J= ig
Therefore, the point of
intersection is (2, —3).

(Graph)
From @, y= —3x+3
From @), y= — ; r—2

3r+y=3\ "

Note: The solution of two simultaneous equations is a pair of (x, y) coordinates, which
corresponds to the point of intersection of the lines of the two equations.
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Review of Linear Functions

Kaq

For each question, calculate the point of intersection of the two given lines, and

check your answer by graphing.

23

2r—y=1 Q)
{y =) @
[Sol]
(Calculation)
Substituting (2) into (1,
2xr=1
1
2

Therefore, the point of

intersection is (% ) 0).
(Graph)

From @, y=2xr—1

L

[Sol]
(Calculation)
Substituting (2) into (1),
xr=-1
Therefore, the point of intersection
is(—=1, 0).

(Graph)
From @, y=x+1

A

E-pE sl




(2) {,_, D
[Sol]
(Calculation)
Substituting (2) into (D),
2x+2=-2
r=-2

Therefore, the point of intersection
is (=2, 2).

(Graph)
From D), y= —2x—2

L UA PO

(Hint )

x+2y=2 ---@
S I

[Sol]
(Calculation)
Substituting (2) into (1),
4+2y=2
y=-1

Therefore, the point of intersection
is (4, —1).

From D, y= — 1o+

'."l"“ S

¢ The line y = 0 is the x-axis.

The line y = 2 is parallel to the r-axis, and passes through point (0, 2).

¢ The line x = 0 is the y-axis.

The line x = 4 is parallel to the y-axis, and passes through point (4, 0).
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Review of Linear Functions

. Find the equations of the lines described.

(1) A line with gradient — 2, and y-intercept 3.

[Sol] y=—2x+3

(2) A line passing through point (2, —1) with gradient — 2.

[Sol] Let y= —2x+b. =D Since the gradient is — 2.

Since the line passes

Substituting x =2 and y = —1, “&D ook 201,

—1=—4+b
bh=3
Therefore, y = —2x+3

(3) A line passing through two points, (—1, 5) and (3, —3).

[Sol] Calculating the gradient of the line,
—g=ly @ — 9 The change in y

8—~{—1) 4 e The change in x
Therefore, let y = — 2x+ 5.

Since the line passes

Substituting x = — 1 and y =5, through (—1,5).

5=—2X(—=1)+b
b=3
Thus, y = —2x+3

Note: All three questions above give the same equation.
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2. Find the equations of lines () and (2) shown on the graph below.

(1) The gradient is 2,
the y-intercept is — 3.

Therefore, y = 2x—3

(2) The gradient is —%,

the y-intercept is 2.

Therefore, y = — i.1\: +2

3

@

LA ;

3. Calculate the point of intersection of the two given lines, and check your

answer by graphing.

2r—3y=—6 (D
x+2y=11 (2
[Sol]

(Calculation)
From (D—2 X (2),

—Ty=—28
y=4 (3
Substituting (3) into (2),
r+8=11
xr=3

Therefore, the point of
intersection is (3, 4).

(Graph)

From @), y= %erZ

1

From @), y= — 7x+ —

11
Z
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Review of Quadratic Functions

Graph each of the following quadratic functions.

(1) y=x* )
=i
x v
—3 9
—2 | 4 5
—1 1
0 0
" N >
2 4 P 0 2 r
3 9
(B) #=—%*
UA
x y
—3 | -9 5 @ ‘i %
—2 | —4
— T /1N
0 0 b s
2 —4 '
3 | —9 §

A function that can be written in the form y = ax? 4+ bx+c (where a#0 ) is called a
quadratic function.



A

1

e
wofo| 1o ]| o [nof=| bo |rofio| =

1 5 (6] 3 ":T
2
3
(1) y=2e y=2x°
CUA ;
X Y
v 8
=il 2
1 3 ;
2 2
0 0
1 1
2 2
1 2 =5 0 5 x
2 8
The graph of a quadratic function is called a parabola. Each parabola Axis of symmetry
1

has a symmetrical axis called the axis of the parabola, or the axis of
symmetry. The point of intersection of the axis of symmetry and the
parabola is called the verfex of the parabola.

For example, on the graph of y = x?, the axis of symmetry is the line
x =10, i.e. the y-axis, and the vertex is (0, 0).

"

Vertex

Note: An axis of symmetry divides a figure into two halves in such a way
that when the figure is folded along the axis of symmetry, the two
halves fit together perfectly.
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Review of Quadratic Functions

Graph each of the following quadratic functions.

(1) y=x*+1 —
x Y
—3 10
— 5
—{], 2
0 1
1 2
2 | 5 L,
3 10
The axis of symmetry is x = 0, and the vertex is (0, 1).
(2] =%"—% —
x i .
—3 7
—3 2
—] -1
0 —2
1 -1 50
2 2
3 7

The axis of symmetry is ¥ = \I[, and the vertex is ( E 3 I



x v
=3
=i
0o | —3
1| —4
2 | -3
3
4 5 a

r ¥
—{ —6

0 —

1 2 %

Z

3

4 -

5 —6 i

y=—(xr—2)2+3

The axis of symmetry is x = 2, and the vertex is (2, o
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Review of Quadratic Functions

Graph each of the following quadratic functions. For each graph, find the axis
of symmetry and the vertex.

3

y=(x—1)72—4

r=1 y=

(.I’f 1_)2 —4
A P

btled bt bl o
5 ] e

- The axis of symmetry is x = 1, and the vertex is (1, —4).

= (%) 0o i
<
|
e

=(x+1)%-4
(1) =t D=4 EETRRRC SN U AT

The axis of symmetry is x = , and the vertex is ( —1 , —4 ).



(2) p==G=1r=2
2 Y
= —11
= —6
0 -3
1 —2
2 -3
3 —6
4 —11

y=-(x-1)2=-2

The axis of symmetry is , and the vertexis( 1 , —2 ).

(3) y=—-G+1* -2 AERER IR RN
S
—4 | =il i
—
—2 | -3
=1 | -2
0 | -3
1| —6
2 | -1

y=—(x+1)?-2

The axis of symmetry is , and the vertex is ( —1 , —2 ).

Note: Given a quadratic function of the form y = a(x— p)*+ g, where a, p and ¢ are constants
(with @+ 0), the axis of symmetry is x = p and the vertex is (p, ¢).
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Review of Quadratic Functions

Change each of the following quadratic functions into the form

y=alx—p)*+g¢, and find the axis of symmetry and the vertex. Then draw the
graph of the quadratic function.

y=x"=2x+3 o \_u=xzf:Z{+3

[Sol] y=(x*—2x)+3
=(x2—2x+1)—1+3
=(x—1)°%+2

Axis of symmetry: x =1

Vertex: (1, 2)

(1) g=#*+2i—1
[Sol] y = (x?+2x)—1
=(xrt+2x+1)—1—1
=(x+1)2-2

Note:

To change the form of the quadratic
equation, we use the method of
“completing the square”.

Axis of symmetry: x = —1

Vertex: (—1, —2)
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(2) y=—-x*+2x+1

[Sol] y= —(x*—2x)+1
= —{F—20+ 1141
= —(r—1)2+2

Axis of symmetry: x =1

Vertex: (1, 2)

(3) y=—at—4x—5

[Sol] y= —(x*+4x)—5
= —(x*+4x+4)+4-5
=—(zx+2)2-1

Axis of symmetry: x = —2

Vertex: (—2, —1)

y=—-x*—4x-5
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Review of Quadratic Functions

KI5

Change each of the following quadratic functions into the form y = alx—p)*+gq,
and find the axis of symmetry and the vertex. Then draw the graph of the quadratic

function.

y="2rf—dy—]

[Sol] y=2(x*—2x)—1
=2[(x*—2%+1)—1]—1
=FE—1F—2—I
=2(x—1)2—3

Axis of symmetry: x =1

Vertex: (1, —3)

(1) y=2x*+4xr—1

[Sol] y=2(x*+2x)—1
=2[(x*+2x+1)—1]1—-1
= Ui+1)5—2—1
= 2(x+1)2—3

Axis of symmetry: x = —1

Vertex: (—1, —3)

:‘.y::2x2+4x*l

<Y
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(28) yp==ditkdrt]

[8ol] 5= —2(x*—2x)+1
= —3[(?— 204 1)—1141
= —Plr—1tt-041
= —2(x—1)?%+3

Axis of symmetry: x =1

Vertex: (1, 3)

(3) g=—0t—duwtl

[Sol] y= —2(x*+2x)+1
= —2(2+2x+1)—114+1
=—2(x+1)2+2+1
= —2(x+1)2+3

Axis of symmetry: x = —1

Vertex: (—1, 3)

{31
0

y=—2x+4xr+1

L :
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Review of Quadratic Functions

1. Change each of the following quadratic functions into the form

y=alx—p)*+q, and find the axis of symmetry and the vertex. Then choose
a graph for the quadratic function from (A)~(D) on the figure below.

(1) y=2x*
[Sol] y=(x—0)2+0

Axis of symmetry: x =10
Vertex: ( 0 , 0 )

Graph:
(2) y=x*-3
[Sol] y=(x—0)2—3

Axis of symmetry: x =10
Vertex: ( 0 , —3 )

Graph:

(3) y=x*—4x
[Sol] y=(r*—dx+4)—4
=(r—2)2—14
Axis of symmetry: x = 2
Vertex: ( 2 , —4 )

Graph:

(4) y=2—06x+12

[Sol] y=(x*—6x+9)—9+12
(x—3)%+3
Axis of symmetry: x =3
Vertex: ( 3 , 3 )

Graph:
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2. Change each of the following quadratic functions into the form

y=alx—p)*+g, and find the axis of symmetry and the vertex. Then choose

a graph for the quadratic function from (A)~(D) on the figure below.

(1) p=a—dz+5
[Sol] y=(x?—dx+4)—4+5
=(x—2)%+1

Axis of symmetry: x = 2
Vertex: ( 2 , 1)

Graph:
(2) y=2x%*+4x+5
[Sol] y=(x*+4x+4)—4+5
=(x+2)%+1

Axis of symmetry: x = —2
Vertex: (—2, 1 )

Graph:

(A)

(3) y=-—x—4x—5
[Sol] y = —(x2+4x)—5
= —(?+4x+4)+4-5
= —(xp+2)8—1
Axis of symmetry: x = —2
Vertex: (—2, —1)

Graph:

(4) y=—x*+4x—5

[Sol] y= —(x*—4x)—5
= —(z?—4x+4)+4-5
= —{FE—2—1
Axis of symmetry: x = 2
Vertex: ( 2 , —1)

Graph:

()

(B)

T

(D)
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For each quadratic function, calculate the coordinates of the points where the
parabola intersects the x-axis, and check your answer by drawing the graph.

y=x*—2x—3
[Sol]
(Calculation)

Substituting y = 0,

0=1x?—2x—3
(x—3)x+1)=0
x=3, —1

Therefore, the parabola intersects
the r-axis at (3, 0), (=1, 0).
(Graph)

gy =x>—2xr—3
=(x*—2x+1)—1-3
=(x—1)°—4

=2 =03

These two points are the x-intercepts, i.e.
the points where the graph intersects the
r-axis. These two points correspond to the
solutions of the equation x? —2xr—3 =10,

(1) y=x*+2x-3

[Sol]

(Calculation)

Substituting y = 0,
0=x2+2xr—3
(x+3)x—1=0
r=-—3,1

Therefore, the parabola intersects

the x-axis at (—3, 0), (1, 0).

(Graph)
y=x"+2x—3
= (%25 +1)=1—3
={pf-1)0—4

y=x2+2xr—3
AT g
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(2) y=x*—4x+3 (3) y=-—-x*—dx
[Sol] [Sol]
(Calculation) (Calculation)

Substituting y = 0, Substituting y =0,
0=x%2—4x+3 0= —x?—4x
(x—=3)x—1)=0 —x(x+4)=0
x=3,1 x=0, —4

Therefore, the parabola intersects Therefore, the parabola intersects

the x-axis at (3, 0), (1, 0). the x-axis at (0, 0), (—4, 0).

(Graph) (Graph)
y=x>—4x+3 y= —gt—ilx
=(x?—4x+4)—4+3 = —(xt+4x+4)+4
=(xr—2)t -1 =—(x+2)2+4

N

Note: Given a quadratic function of the form y = ax®+ bx+c, the points where the graph

intersects the x-axis correspond to the solutions of the quadratic equation
ax’*+br+c=0,
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Review of Quadratic Functions
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For each quadratic function, calculate the coordinates of the points where the
parabola intersects the x-axis, and check your answer by drawing the graph.

(1) y=2x*+4x—6

[Sol]
(Calculation)
Substituting y = 0,
0=2x%+4xr—6
2 +2x—3=10
(x+3)(x—1)=0
gp=—3, 1
Therefore, the parabola intersects
the x-axis at (—3, 0), (1, 0).

(Graph)
y=2x*+4x—6
=2(x?+2x)—6
=2(x*+2x+1)—2—6
=2(x+1)*—8

y=2x"+4r-6

\ : '_1/1\]

(2) y=2x2+8x+6

[Sol]
(Calculation)

Substituting y = 0,
0=2x>+8x+6
P+4x+3=0
(x+3)x+1)=0
o= — 3, —il

Therefore, the parabola intersects

the r-axis at (=3, 0), (=1, 0).

(Graph)
y=2x*+8x+6
=2(x*+4x)+6
=2(x2+4x+4)—8+6
=2x+2)2-2

y=2x*+8x+6
N Y
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(3) y=2xr—4x+2

[Sol]
(Calculation)

Substituting y =0,
0=2x*—4x+2
*—2x+1=0
(x—1*=0
r=1

Therefore, the parabola intersects

the x-axis at (1, 0).

(Graph)
y=2x*—4x+2
= —2x)+2
=2x?—2x+1)—2+2
=2(xr—1)?

y=2x*—4x+2

(4) y=—2x*+4x

[Sol]
(Calculation)

Substituting y =0,

0= —2¢2+4x
P=2r=0
xr=0, 2

Therefore, the parabola intersects
the r-axis at (0, 0), (2, 0).

(Graph)
y= —2x*Fix
= —2(x*—2x)
=—2x*—2x+1)+2
=—2(x—1)%42

YA
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Review of Quadratic Functions

K19

Calculate the points of intersection of the given functions, and check your

answer by drawing the graph.

23
y=x*—4x+1 @

{y =92r—4 (2

[Sol]

(Calculation)

Substituting 2) into (1),
2r—4=x?—4x+1
x2—6x+5=0
(x—5)x—1)=0

Therefore, r =5, 1

Substituting x = 5 into (2), y = 6.

Substituting x = 1 into (2), y = — 2.

Therefore, the points of
intersection are

(b, 6); (1, —2).
(Graph)

From @, y=(x—2)*-3
y=x*—dr+1

y=2x—4

y=z" =0
tL) y=xt+2 @
[Sol]
(Calculation)
Substituting 2 into (1),
r+2=x*
x2—x—2=0

(x—20x+1)=0
Therefore, xr=2, —1
Substituting x = 2 into 2), y = 4.
Substituting r = — 1 into (2), y = 1.

Therefore, the points of intersection

are (2, 4), (—1, 1).

(Graph)
From @, y=(x—0)2+0

y=x°

YA

£ I "
Lo P F R

oY N ; ]

o

H\F
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y=x24+2x—3 @ y=—x242x+5 @
(2) y=—xt1 (2 (3) y=2x+1 (2
[Sol] [Sol]
(Calculation) (Calculation)

Substituting (2) into (1), Substituting 2 into (1),
—x+1=x*4+22x—3 Yrt1=—x+250+5
2+3r—4=0 —4=0
(x+4)x—1)=0 (x+2)(x—2)=0

Therefore, r = —4, 1 Therefore, x = —2, 2

Substituting x = —4 into (@), 4r=5; Substituting x = — 2 into @), y= —3.

Substituting x = 1 into 2), y = 0. Substituting x = 2 into (2, y = 5.

Therefore, the points of intersection ~ Therefore, the points of intersection

are (—4, 5), (1, 0). are(—25 —3), (2, 5),

(Graph) (Graph)
From @), y=(?*+2x+1)—1-3 From ), y= —(x*—2x)+5
=(x+1)2—4 = —(*—2r+1)+1+5
= —(x—1)*+6
y=2x+1
T E

L L e ]

Note: The solution(s) of x and y obtained from solving simultaneous equations correspond to
the points of intersection of the graphs of the equations.
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Review of Quadratic Functions

Calculate the points of intersection of the given functions, and check your
answer by drawing the graph.

y=—222+8x—2 @ y=2224+4xr—1 Q@
(1) (2)

y=—2x+6 -=£(2) y=5 @
[Sol] [Sol]
(Calculation) (Calculation)

Substituting 2 into @), Substituting (2 into (1),
—2x+6=—2x2+8x—2 5=2x24+4x—1
2x2—=10xr+8=0 2x:4+4r—6=0
22=5x+4=0 P4+2x—3=0
(x—4Xx—1)=0 (r+3)(x—1)=0

Therefore, r =4, 1 Therefore, r= —3, 1

Substituting x = 4 into (), y = — 2. When x = — 3, from @), y =5.

Substituting x = 1 into (2), y = 4. When x = 1, from @), y =5.

Therefore, the points of intersection = Therefore, the points of intersection

are (4, —2), (1, 4). are (—3; §), (1, 5)

(Graph) (Graph)
From @, y= —2(x?—4x)—2 From @, y=2(x2+2x)—1
= =20 —4xr+4)+8-2 =20t 21— 2—1
=—2(xr—2)*+6 =213
_ L : oo

: H‘f
|
n




K20Db

y=x*—2x Q@ y=z*—dx+1 (D)
(3) y=2x—4 @ (4) y=—x+6x—7 @
[Sol] [Sol]
(Calculation) (Calculation)

Substituting (2) into (1), Substituting (2) into (1),
2r—4=x*—2x — e 4B —T =g —45+]
2—4x+4=0 2x2—10x+8=0
(x—2)=D x22—5x+4=0

Therefore, r =2 (r—4(x—1)=0

Substituting x = 2 into 2), y = 0. Therefore, x =4, 1

Therefore, the point of intersection Substituting x = 4 into D =1,

is(2, 0). Substituting x = 1 into (1, y = — 2.

Therefore, the points of intersection

areld,. 1), CT., —2).

(Graph) (Graph)
From @, y=(x?—2x+1)—1 From @, y=(2—4x+4)—4+1
=(x—1)2-1 =(x—2)*—3

From @, y= —(x2—6x)—7
= —(x?—6x+9)+9-7
= 3

r=nt=gx y=x>—4xr+1

H“

!/‘_
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Quadratic Functions and Graphs

1. For each parabola, find the axis of symmetry and the vertex.

€] w=v*5

7

Axis of symmetry: x = E

Vertex: ( 0 , 3 )

(2) y=x*—4
Axis of symmetry: =10

Vertex: ( 0 , —4 )

Looking at the graphs, we see that:
* The graph of y = x?+ 3 is a translation of ¥ = x?, 3 units along the y-axis.

* The graph of y = x* —4 is a translation of y = x?, —4 units along the y-axis.

The transformations shown on the graphs above are called franslations. Each point on the
parabola is moved a fixed distance in the same direction.
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2. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1) y=24°
Axis of symmetry: x =0

Vertex: ( 0 , 0 )

(2) =223
Axis of symmetry: x =0

Vertex: ( 0 , 3 )

R2

(3) y=2x*—4

Axis of symmetry: x =0

Vertex: ( 0 , —4 )

3. Complete the following, using the above graphs.
(1) The graph of y = 2x*+ 3 is a translation of y = 2x2,

unit(s) along the y-axis.

(2) The graph of y = 2x*—4 is a translation of y = 2x2,

unit(s) along the y-axis.
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Quadratic Functions and Graphs

1. For each parabola, find the axis of symmetry and the vertex.
(1) y=&—2)?

Axis of symmetry: ax = 2

Vertex: (2, 0)

(2) p=ld-3)F
Axis of symmetry: x = —3

Vertex: (—3, 0)

Looking at the graphs, we see that:

* The graph of y = (x—2)? is a translation of y = x?,
2 units along the x-axis.

» The graph of y = (x+3)? is a translation of y = x?,
— 3 units along the r-axis.
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2. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1) y=24°

®» 0 @

Axis of symmetry: x =0

Vertex: (0, 0)

(2) y=2(x—2)
Axis of symmetry: a = 2

Vertex: (2, 0)

(3) y=2(x+3)?

Axis of symmetry: x = —3

Vertex: (—3, 0)

3. Complete the following, using the above graphs.
(1) The graph of y = 2(x—2)? is a translation of y = 212,

unit(s) along the r-axis.

(2) The graph of y = 2(x+3)? is a translation of y = 212,

unit(s) along the r-axis.
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Quadratic Functions and Graphs

1. For each parabola, find the axis of symmetry and the vertex.

(1) y=x*+3
__f,f:(.r—2)2+3

Axis of symmetry: x =0

Vertex: (0, 3)

(2) y=@u—2)?
Axis of symmetry: x =2
Vertex: (2, 0)
(3] r=(—2)+3 _9 151 %

Axis of symmetry: a = 2

Vertex: (2, 3) i L5

2. Complete the following, using the above graphs.
(1) The graph of y = x?+ 3 is a translation of y = x?,

unit(s) along the y-axis.

(2) The graph of y = (x—2)? is a translation of y = 12,
@ unit(s) along the x-axis.

The graph of y = (r—2)?+3 is a translation of y = 12,

2 units along the x-axis and 3 units along the y-axis.
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3. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1] w=2¢—5

Axis of symmetry: x =0

Vertex: (0, —5)

(2) y=2(x+4)?
Axis of symmetry: x = —4

Vertex: (—4, 0)

w
HV

(3) y=2(x+4)?2-5

Axis of symmetry: x = —4

Vertex: (—4, —5)

4. Complete the following, using the above graphs.
(1) The graph of y = 2x*—5 is a translation of y = 2x2,

unit(s) along the y-axis.

(2) The graph of y = 2(x+4)? is a translation of y = 2x2,

unit(s) along the x-axis.

(3) The graph of y = 2(x+4)%—5 is a translation of y = 2x2,

unit(s) along the x-axis and unit(s) along the y-axis.
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Quadratic Functions and Graphs

1. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1) y=&—1*+2

Axis of symmetry: x =1

Vertex: (1, 2)

(2) w=lpt2)—3
Axis of symmetry: x = —2

Vertex: (—2, —3)

2. Complete the following, using the above graphs.
(1) The graph of y = (x—1)®+2 is a translation of y = x?,

E unit(s) along the x-axis and unit(s) along the y-axis.

(2) The graph of y = (x+2)*—3 is a translation of y = x?,

unit(s) along the r-axis and unit(s) along the y-axis.
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3. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1) y=2(x—1)2+2

Axis of symmetry: x =1

Vertex: (1, 2)

(2) y=2(x+2)*-3
Axis of symmetry: x = —2

Vertex: (—2, —3)

4. Complete the following, using the above graphs.
(1) The graph of y = 2(x—1)%+2 is a translation of y = 2x2,

unit(s) along the r-axis and unit(s) along the y-axis.

(2) The graph of y = 2(x+2)%—3 is a translation of y = 2x2,

unit(s) along the x-axis and unit(s) along the y-axis.
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Quadratic Functions and Graphs

1. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1) p=—le—1)"+2

Axis of symmetry: x =1

Vertex: (1, 2)

Y

(2) w=—pri)=3
Axis of symmetry: x = —2

Vertex: (—2, —3)

2. Complete the following, using the above graphs.

(1) The graph of y = —(x—1)2+2 is a translation of y = —x?

s

E unit(s) along the r-axis and unit(s) along the y-axis.

(2) The graph of y = —(x+2)*—3 is a translation of y = —x?,

unit(s) along the x-axis and unit(s) along the y-axis.
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3. For each parabola, find the axis of symmetry and the vertex. Then draw all
the graphs on the same coordinate plane below.

(1) y=—2x—1)2+2

Axis of symmetry: x =1

Vertex: (1, 2)

(2) y=-—-2(x+2)2-3
Axis of symmetry: x = —2

Vertex: (—2, —3)

4. Complete the following, using the above graphs.

(1) The graph of y = —2(x—1)?+2 is a translation of y = —2x?

H

unit(s) along the r-axis and IE unit(s) along the y-axis.

(2) The graph of y = —2(x+2)?—3 is a translation of y = —2x%,

unit(s) along the x-axis and unit(s) along the y-axis.
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Quadratic Functions and Graphs

In each question, state how the graph of each quadratic function has been
translated from y = 2x2.

(1) y=2x*—4x+5

[Sol] y=2(x*—2x)+5
=2(x*—2xr+1)—114+5
=2x—1)2—245

Therefore, the graph has been translated:

unit(s) along the x-axis and unit(s) along the y-axis.

(2) y=2xr*+4x+5

[Sol] y=2(x*+2x)+5
[(x*4+2x+1)—1]1+5
(x+1)*—2+5
(x+1)*+

2
2
2

Therefore, the graph has been translated:
— 1 unit along the x-axis and 3 units along the y-axis.
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(3) y=2x*—8x+9

[Sol] y=2(x*—4x)+9
= 2[{x2—4x+4)—4]1+9
= Hax—2)F—8+9
= Pa—2)%+]

Therefore, the graph has been translated:
2 units along the x-axis and 1 unit along the y-axis.

(4) y=21*—8x+7

[Sol] y=2(x*—4x)+7
= 2[{x®—4x+4)—4]+7
=2xr—2)*—8+7
=2(x—2)2—1

Therefore, the graph has been translated:
2 units along the x-axis and —1 unit along the y-axis.

(5) y=2x*4+8x+7

o <tdad) 7
[(x2+4x+4)—4]1+7
(

(

[Sol] ¥

)i =T

2
2
2
A2~

LI

Therefore, the graph has been translated:
—2 units along the x-axis and —1 unit along the y-axis.
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Quadratic Functions and Graphs

1. For each function, find the vertex. Then state how the graph of the given
quadratic function has been translated from y = 317,

(1)

(2)

y=3r*+2
The vertex: ( 0 , 2 )
The graph has been translated unit(s) along the y-axis.

y=3(x—1)?
The vertex: ( 1 , 0 )
The graph has been translated unit(s) along the x-axis.

g=38lr—1)"+2

The vertex: ( 1 , 2 )
The graph has been translated unit(s) along the x-axis and

unit(s) along the y-axis.

=30+ 1) —2

The vertex: ( —1 , —2 )
The graph has been translated unit(s) along the xr-axis and

unit(s) along the y-axis.

K27
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2. Find the equations of the functions whose graphs have been translated from
y = 3x% in the following ways.

(1) Translated 2 units along the y-axis.
[Sol] y=3x2+

(2) Translated — 2 units along the y-axis.

[Sol] y =3x*—2

(3) Translated 1 unit along the x-axis.
[Sol] y = 3(x— )2

(4) Translated — 1 unit along the x-axis.

[Sol] y = 3(x+1)?

(5) Translated 1 unit along the r-axis and 2 units along the y-axis.

[Sol] y =3(x—1)*+2

(6) Translated — 1 unit along the x-axis and — 2 units along the y-axis.

[Sol] y =3(x+1)>—2

Note: The graph of y = a(x— p)*+¢ is a translation of y = ex?, p units along the r-axis and
g units along the y-axis. The vertex is (p, ¢).
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Quadratic Functions and Graphs

1. Find the equations of the functions whose graphs have been translated

from y = L.rz in the following ways.

2

(1) Translated 6 units along the x-axis and 4 units along the y-axis.
— L 2
son =4[5 )+ 4]

(2) Translated 5 units along the x-axis.

[Sol] y = %(x—S)Q

(3) Translated 2 units along the y-axis.

Lyryo

[Soll ¥y =5

(4) Translated 2 units along the x-axis and 3 units along the y-axis.

[Sol] y = —(x 2)243

(5) Translated — 3 units along the x-axis and 3 units along the y-axis.

[Soll y = %(x+3)2+3

(6) Translated — 3 units along the x-axis and —5 units along the y-axis.

[Sol] y = - (x+3)—5

K28
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2. Find the equations of the functions whose graphs have been translated
from y = — 3x% in the following ways.

(1) Translated 6 units along the r-axis and 4 units along the y-axis.

[Sol] y = —3(x—6)*+4

(2) Translated 5 units along the x-axis.

[Sol] y = —3(x—5)?

(3) Translated 2 units along the y-axis.

[Sol] y = —3x?+2

(4) Translated 2 units along the x-axis and 3 units along the y-axis.

[Sol] y = —3(x—2)*+3

(5) Translated — 3 units along the x-axis and 3 units along the y-axis.

[Sol] y = —3(x+3)?+3

(6) Translated — 3 units along the x-axis and —5 units along the y-axis.

[Sol] y = —3(x+3)°—5

(7) Translated « units along the x-axis and b units along the y-axis.

[Soll y= —3(x—a)’+b
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Quadratic Functions and Graphs

-3

Find the equation of the resulting parabola when y = 2x?—12x+19 is
translated 2 units along the xr-axis and 1 unit along the y-axis. Then check
your answer by drawing the graph.

y=2(x-3)2+1 y=2(x—-5)%+2

[Sol] y=2(x*—6x)+19 A
=2[(x?—6x+9)—9]+19 -
=2x—3)%+1

Therefore,

the vertex is (3, 1).

Applying the translation,

the resulting parabola’s

vertex is (5, 2). =D (3+2, 1+1)
Therefore,

y=2(x—5)%+2

1. Find the equation of the resulting parabola when y = 2x? + 4x is translated
— 3 units along the x-axis and 4 units along the y-axis. Then check your
answer by drawing the graph.

[Sol] y=2(x*+2x) y=2(x+4)2+2
Vil YA
= (a*+2x+1)—1] ; ; /
Sk D 5 0 O L 8
Therefore,

the vertex is (—1, —2).

Applying the translation,

the resulting parabola’s

vertex is (—4, 2). &b (—1-3, —2+4)

'

Therefore,

y=2x*+4r
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Determine how the parabola y = 2x?+ 8x+ 7 has been translated from

y = 2x*—4x—1. Then check your answer by drawing the graphs.

[Sol] y = 2x*—4x—1 y=22 4847 y=222—4r~1
(2= 2+ 1) —1]—1 7 g’ \
=2(x—1)*>-3

The vertex before translation is (1, —3).

y=2x*+8x+7
=2(x?+4x+4)—4]1+7
=2x+2)2—1

The vertex after translation is (—2, —1). -~ V—l e e

Yy

Thus, the parabola has been
translated: o
— 3 units along the x-axis = 1o find the translation, subtract the

coordinates of the old vertex from the
coordinates of the new vertex.

and 2 units along the y-axis.

X

2. Determine how the parabola y = — 2x?+ 12x— 19 has been translated from
y = —2x*—4x+ 1. Then check your answer by drawing the graphs.

[Sol] y= —2x%—4r+1
= =22 +2r+1)—1]+1

A I
The vertex before translation is (—1, 3). i /\‘i: —2ri—dr+]
y=—212+12x—19 NEREEEN

=y

= —2[(x*—6x+9)—9]—19
=—2(x—3)2—1

The vertex after translation is (3, —1).
Thus, the parabola has been translated:

4 units along the x-axis
and —4 units along the y-axis.

y=—2x*+12x—19
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Quadratic Functions and Graphs

1. Find the equation of the resulting parabola when y = —2x*+4x+1is
translated — 3 units along the x-axis and 2 units along the y-axis.

[Sol] y= —2[(x*—2x+1)—11+1

= —2(x—1)%+3
Therefore,
the vertex is (1, 3).
Applying the translation, the resulting parabola’s vertex is ( —2, 5).
Therefore,

y=—2x+2)2+5
(y=—2x"—8x—3)

2. Determine how the parabola y = 2x? — 12x+ 20 has been translated from
y=2r+4x+3.

[Sol] y=2x®+4x+3
=2(x?+2x+1)—11+3
=2(r+1)24+1

The vertex before translationis ( —1, 1).
y=2x*—12x+20
=2[(x2—6x+9)—9]1+20
=20 —3)242

The vertex after the translation is (3, 2).

Thus, the parabola has been translated:
4 units along the x-axis and 1 unit along the y-axis.
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3. A parabola y = 2x?% is translated p units along the x-axis and ¢ units along
the y-axis. In each question, state the letter (A)~(G) of the sketch below

that satisfies the given conditions of p and ¢.

(1) p>0, ¢g>0 (A) (5) »>0, ¢g=0 (F)
(2) >0, <0 (E) (6) <, =0 (D)
(3) p<0, ¢>0 (G) (7) p=0, ¢<0 (B)
(4) p<0, g<0 (0
i/=212 ) . o
! YA .f/‘ Y y
0 I 0 T Y T \/O X
(D) (E) (F) (G)
!}’7 y‘ ) Yy
5] ;r ()\V ff 0| >r 0

=~y
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Determining Equations of Quadratic Functions

Draw the graph of each quadratic function by finding () the vertex, (2) the
y-intercept and (3) the x-intercept(s).

y=2r—T7x+3
. 2_7> (_,(_7>2_25
[Sol] v Z(I 5 +3=2x 1 3
. (7 25
(D) The vertex is <—4-, _—§_>

@ Ifx=0,then y =3.
Therefore, the y-intercept is (0, 3).
@Ify=0,ie 2x2—Tx+3=0,

1,
then xr = 2,3.

Therefore, the x-intercepts are

(%, O) and (3, 0).

(1) y=2x*+5x+2 y=2x"+5r+2
: Ll BT

Y i) - ( 1)2_3
[Sol] » 2(1 + o X +2=2lx+ 1 3
(D The vertex is (—%, —%)

@1 =0, then =2
Therefore, the y-intercept is (0, 2).
@Ify=0,ie 2r2+5c+2=0,

; LN I I
2 R REDmE

5"1" ;

then x = 5

Therefore, the x-intercepts are

(—%, 0) and (—2, 0).
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(2) p=—dg*—=3r

2
[Sol] y = —3(z?+1) = —3(;r+ %) 2

. g (sl 8
(D The vertex IS( 5 4).

A

A

=Y

@) If x =10, then y = 0. -5

Therefore, the y-intercept is (0, 0).
@Ify=0,ie. —3x*—3x=0,

thenx=0, —1.

Therefore, the x-intercepts are

(0, 0)and (—1, 0).

(3) y=2x*—6x+3
2
[Sol] ‘1/22(12—31)-&-3:2(1—%) —%

(3 _3
(1) The vertex is ( 9’ ) )
@1fx=0, then y=3.
Therefore, the y-intercept is (0, 3).

@Ify=0,ie 2x2—6x+3=0,
3+43

then x = 5 .

Therefore, the x-intercepts are

O =]

(3+2J§, 0) and(g_zﬁ, (}).

(Hint)

The r-coordinate of the x-intercept will be an irrational number.
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Determining Equations of Quadratic Functions

Find the parabolas that satisfy the given conditions, and draw the graphs.

The vertex is (2, 1), and the parabola passes through point (0, 5).

[Sol] Since the vertex is (2, 1), y={(x=-2)%+1
let y=alx—2)%+1. AR
Because the parabola passes through
(0, 5),

Substituting x =0
5=4a+]1 ==p and y=5 into the

. ) equation above.
Solving this,

a=1
Therefore, the parabola is 5 >
y=(—22+1 AR mEE TN

(1) The vertex is (2, 9), and the parabola passes through point (4, —3).

[Sol] Since the vertex is (2, 9), .
let y = alx—2)2+09.
Because the parabola passes through
(4 =3
Substituting x =4
—3=4a+9 =D and y= —3into
the equation above.

Solving this,
g= —i3

Therefore, the parabola is
y=—3(x—2)*+9

y= —§(142)2i4-9
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(2) The vertex is (1, —2), and the parabola passes through point (2, —3).

[Sol] Since the vertex is (1, —2),
let y =alx—1)2—2.
Because the parabola passes

through (2, —3),

Substituting x = 2
—3=g—2 %D and y= — 3 into
the equation above.
Solving this,
a=—1
Therefore, the parabola is
y=—(x—17-2

y=—(x—-1)*-2

(3) The vertex is (—1, —2), and the parabola intercepts the y-axis at point

(0, 1).

[Sol] Since the vertex is (—1, —2),
let y = alx+1)2—2.
Because the parabola passes
through (0, 1),
Substituting x =0
l=a—2 ==p and y=1 into the

equation above.

Solving this,

a=3

y=3(w+1)¢~2

L

y=3x+1)2-2

LY
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Determining Equations of Quadratic Functions

Find the parabolas that satisfy the given conditions, and draw the graphs.

The axis of symmetry is x = — 2, and the parabola passes through points
(0, 1)and (—3, 4).

[Sol] Since the axis of symmetry is x = —2,
let y =alx+2)%+56.
Since the parabola passes through
(0, 1)and (—3, 4),

1=da+b O up DN

4=a+b @ -en CEEEEEY

From W and @,a= —1,b=5
Therefore, y = —(x+2)2+5

(1) The axis of symmetry is x = — 1, and the parabola passes through

points (1, 3)and (—2, —3).
y=2(xr+1)2-5
L 7

[Sol] Since the axis of symmetry is x = —1,
let y = alx+1)*+5.
Since the parabola passes through
(1, 3)and (—2, —3),
3=da+b ---QD
—3=a+b @
From D and @),a=2,6=—5
Therefore, y = 2(x+1)?—5
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(2) The axis of symmetry is x = 4, and the parabola passes through points
(1, 5)and (5, 1).

L1 eyl
_1/—.2(_7( 4)+2

[Sol] Since the axis of symmetry is r =4, - A1
let y = alx—4)2+ 5. | \
Since the parabola passes through (1, 5)
and (5, 1), L
5=0a+5 --@
{1—a+b (@
From@and@,a=%,h=% _—_ i ? &
-
Therefore, y = %(x—tl)2 + % r=4
(3)* The axis of symmetry is x = — 1, the vertex is on the x-axis, and the

parabola passes through point (1, —4).

[Sol] Since the axis of symmetry is x = — 1,
let y=alxr+1)2+6.

Because the vertex is on the x-axis, b =0, .=

and the equation becomes y = a(x+1)%

Since the parabola passes through

{1z =4
=iy Su_bstltutgzg
r=1,y=—4.
a=—1

Therefore, y = —(ax+1)?
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Determining Equations of Quadratic Functions

Find the parabolas that satisfy the given conditions, and draw the graphs.

3 N

The parabola passes through three points (—1, 0), (2, 3)and (3, —4).

[Sol] Let y = ax®*+bx+c.
Since the parabola passes through
(=1, 0),(2, 3)and (3, —4),
a—b+e=0 @
da+2b+c=3 --@
9a+3b+c=—4--3)

From @ — 1), a+b=1 (D)
From 3 —@),5a+6=—7 ---®
From ®—@®, a= —2
Therefore, b=3, ¢ =5 ‘5
Thus, y = — 222+ 3x+5 |

YA ;

Rewriting,
y=— 2(3{2 ———

3
2
, BRI ]

Jc)+5

8 < 1opio ur :sromsuy
67 €
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(1) The parabola passes through three points (—1, 1), (0, 4)and (1, 5).

[Sol] Let y=| ax’+bx+c |
Since the parabola passes through ( —1 , 1 ),( 0 , 4 )and
(L ,5)
a—b+c=1 - 57‘\
c=14 @ : b :
atb+c=5 @
From (D)—(3),

b=2 : ! N
Substituting this value and @ into O, — [ o[\ >
— S 1) O 1 WA

Therefore,a= —1,6=2,c=4
Thus, y = —x?+2x+4
Rewriting, y = —(x—1)*+5

y=—(r—1)2+5

(2) The parabola passes through the origin and the two points (—1, —6)
and (2, 0).

[Sol] Let y = ax*+bx+c.

Since the parabola passes through
(0, 0),(—1, —6)and (2, 0),
s @D
a—b+c=—6 ---@
da+2b+c=0 -3
Substituting (1 into (2) and (3),

a—b=—6 @

4a+2h=10 (®
From 2 X @+ (),

a=—2
Substituting into (4),

b=14
Therefore, a= —2,6=4,c=0
Thus, y = —2x?+4x
Rewriting, y = —2(xr—1)*+2

A

o

3 [$2] i

y=—2(z-1)2+2
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Determining Equations of Quadratic Functions

L. Find the parabola that satisfy the given conditions, and draw the graph.

'/m ™

The parabola intersects the x-axis at points (1, 0)and (3, 0), and
intersects the y-axis at point (0, 6).

[Sol] Since the parabola intersects the
r-axisat (1, 0)and (3, 0),
let y=alx—1)(x—3). =D Whenxr=1, y=0and when r=3, y = 0.
Since the parabola intersects y=2(x—2)"-2
the y-axis at (0, 6), LW e
6 =3a : :
a=?2
Therefore, y = 2(x—1)(x—3)
(y=2x2—8x+6)
Rewriting, y = 2(x—2)*—2

(1) The parabola intersects the x-axis at points (1, 0) and (4, 0), and

intersects the y-axis at point (0, —4), A by

[Sol] Since the parabola intersects the x-axis
at (1, 0)and (4, 0), Whenr=1, : :
let y=alx—1)(x—4).D y=O0andwhen _  of f = \5

Since the parabola Embusy
intersects the y-axis at (0, —4),
—4=Ada
a=—1

Therefore, y = —(x—1)(x—4)
(y=—x*+5x—4)
5 9

2
Rewriting, y = *( — 7) + R
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2. Find the parabola that intersects the x-axis at points (—1, 0) and (3, 0), and
passes through point (2, 6), using the following two methods.

(1) Lety=alx—a)x—p)

[Sol] Since the parabola intersects the x-axis at ( —1, 0)and (3, 0),
y=alx+1)(x—3)
Since the parabola passes through (2, 6),
6= —23a
a=—2
Therefore, y = —2(x+1)(x—3)
(y=—2x*+4x+6)

(2) Lety=axr’+bx+c

[Sol] Since the parabola passes through (—1, 0), (3, 0)and (2, 6),

a—b+c=0 -
9a+3b+c=0 -2
4a+2b+c=6 @
From 3X D+ @),
3atc=0 @
From 2 X+ @),
2a+tc=2 @
From @) —3),
a=—2
Substituting into (4),
c=6
Substituting @ = — 2 and ¢ = 6 into (1),
b=14

Therefore, a= —2,b=4,c=06
Thus, y = —2x2+4x+6

Note: If the graph of a parabola crosses the x-axis at points (a, 0) and (2, 0), the function
can be written as y = alr—a)(x—p).
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Determining Equations of Quadratic Functions

Find the parabolas that satisfy the given conditions, and draw the graphs.

(1) The vertex is (2, 1), and the parabola passes through point (4, —7).

[Sol] Since the vertex is (2, 1), Lk
————— 0 W O
Since the parabola passes
through (4, —7),

—7=4a+1
a=—2

Therefore, y = —2(x—2)*+1

y=—-2(x—2)2+1
(2) The axis of symmetry is x = 1, and the parabola passes through points

(=1, 10)and (2, 1).

[Sol] Since the axis of symmetry is x = 1, : 8 UA 4 :;3(I 5 1;) zi 2
let y =alx—1)*+6. B el
Since the parabola passes through
(=1, 10)and (2, 1),

da+bH=10 (D
{a+b=1 (2
From O —(2),
a=3
Substituting into @,
b=—2

Therefore, y = 3(x—1)*>—2
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(3) The parabola passes through points (—3, 5), (0, —1)and (1, 5).

[Sol] Let y = ax?+bx+c.

Since the parabola passes through (—3, 5), (0, —1)and (1, 5),

9¢—3b+c=5 ---)
c=—1 ...@
atb+tc=5 -3
Substituting (2) into (1) and (3),
9a—3b="6 =
athb=6 )
From @)+ 3 X (3),
a=2
Substituting into (5),
b=14
Therefore, a=2,b=4,c=—1
Thus, y = 2x*+4x—1
Rewriting, y = 2(x+1)2—3

y=2(x+1)-3

A

(4) The parabola intersects the x-axis at (1, 0) and (3, 0), and passes

through point (4, —6).

[Sol] Since the parabola intersects the
r-axisat (1, 0)and (3, 0),
let y =alx—1)(x—3).
Since the parabola passes through
(4, —6),
—6=3a
a=—2
Therefore, y = —2(x—1)(x—3)
(y=—2x*+8x—6)
Rewriting, y = —2(x—2)*+2

LUA Pl

=Y

y=—2(x-2)2+2
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Determining Equations of Quadratic Functions

Find the equations of the parabolas shown on the graphs below.

(1) 9 [Sol] Since the vertex is (1, 3),
let y=alx—1)?+3.
Since the parabola passes through
(0, 5),
S5=a+3
(0.5) oy
(1.3) Therefore, y = 2(x—1)*+3
0 %
(2) % [Sol] Since the axis of symmetry is

r=—1let y=alx+1)*+b.
Since the parabola passes through
(—2Z, B)and 1, 8),
atb=9 (D
da+b=3 @
From @ — @,

% =
Substituting into (1),
b=11

Therefore, y = —2(x+1)*+11
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(3) UA [Sol] Since the parabola intersects the
r-axisat (—2, 0)and (1, 0),
\ let y = alx+2)(x—1).
(1.0)
5) > Since the parabola passes through

(25 =B
—8=Aa

(-2,0)

a=—2
Therefore, y = —2(x+2)(x—1)
(y=—2x*—2x+4)

(4) A e ol [Sol] Let y = ax*+bx+c.
' Since the parabola passes through
C—8, —8), (1, —Z)and (3, 1O
da—2b+c=—5 @
atbtec=—2 (2
9a+3b+c=10 --@
0 % From O —(@),
Gl =2) a—b=—1 @
(-2. -5) Fiom &) ]
dat+bh=26 (&
From @)+ (5,
a=1

Substituting into &),

b=2
Substituting =1 and b = 2 into (2),
¢=—h

Therefore, y = x?+2x—5
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Determining Equations of Quadratic Functions

Find the equations of the parabolas shown on the graphs below.

(1) A [Sol] Since the vertex is (—2, 0),

let y = alx+2)2.

Since the parabola passes through
x (05 =24,
—a —2=4da

(I:_7

Therefore, y = — %(1‘ +2)2

(2) UA [Sol] Since the parabola intersects the
r-axisat (—3, 0)and (1, 0),
let y =alx+3)(x—1).

. Since the parabola passes through
\ (0, 3),

3 ol \1 "% 3= —3a

a=—1
Therefore, y = —(x+3)(x—1)
(y=—x"—2x+3)
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! [Sol] Since the axis of symmetry is x = 1,
let y = alzr—1)*+b,

i Since the parabola passes through
(3, 0)and (0, —2),

{4a+b=0 (D

\0 3 r atb=-2 @
9 \/ From Q) — (@),

| ]
| 3

Substituting into (2),
8

bz_?

Therefore, y = %(x— 1)2— %

(el J* A [Sol] Since the parabola intersects the
x-axis at (0, 0)and (2, 0),
let y = ax(x—2).

Rearranging and completing the

square,
y=alx®*—21)
=gt 21 —4
=alx—1)*—a
Since the y-coordinate of the vertex
is —2,

—a=—2
a=2
Therefore, y = 2x(x—2)
(y=2x"—4x)
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Determining Equations of Quadratic Functions

1. Find the equation of the parabola that is a translation of y = x* — 3x+4,
and passes through points (—3, 3) and (2, 8). Then draw the graph.

[Sol] Since the parabola is a translation
of y =x*>—3x+4,
let y =x*+bx+c.
Since the parabola passes through
(—3; 3 and (2; 8);
3=8—-3b+¢c
{8 =4+2b+c

Rearranging,
—3b+c=—6 @

{25 +c=4 @

From 2)— (D),
b=2

Substituting into (2),
c=10

Therefore, y = x*+2x

5‘1"

Rewriting, y = (xr+1)2—1

(Hint )

The parabola y = r? + bx+c is a translation of y = r?,
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2. Find the equation of the parabola that is a translation of y = 2x? —3x+4,
passes through point (2, —1), and has x =1 as its axis of symmetry.
Then draw the graph.

[Sol] Since x =1 is the axis of symmetry,
let y = 2(x—1)2+0.
Since the parabola passes through
L&, —Lk
— =2
b=—3
Therefore, y = 2(x—1)?—3
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Determining Equations of Quadratic Functions

In each question, indicate the letter(s), (A)~(J ), of the equation below that
satisfies the given conditions.

(1) The vertexis (1, 2). - | (A)

(2) The parabola intersects the y-axis at point (0, 3). <D

(3) The axis of symmetry is r = 2. -+ | (B)

(4) The parabola is a translation of y = x> —3x+1. ,
(5) The parabola intersects the r-axis at -+ (C)

(—3,; 0) and L2, O)

(6) The vertex is on the x-axis. - [(G)

(7) The parabola passes through the origin. ,
(&) The vertex is on the y-axis. [ ()

(A) y=alzr—1)24+2 (a#0) (F) y=ax?+bx (a#0)

(B) y=alx—2)%+b (a#0) (G) y=alx—0b)?% (a#0)

(C) y=alx+3)x—2) (a#0) (H) y=22+bx+c

(D) y=ax(x—b) (a#0) (I) y=ax?+bx+3 (a#0)

(B) y=(x—b)’+c (I) r=wnxb+ec (a#0)
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— Let’s try this! P

Find the equation of the parabola that passes through the points (1, 0),
(3, 0)and (0, —6), using the following methods.

(i) Lety=alx—p)?+gq
[Sol] Since the parabola passes through (1, 0), (3, 0)and (0, —6),
all—pP+qg=0 @
al3—pP+g=0 @
From @,@and @,
a=—2,p=2and g=2.
Therefore, y = —2(x—2)2+2 (y= —2x*4+8x—6)

(i) Lety=alz—[1]—[3])

[Sol] Since the parabola passes through (0, —6),
—6=23a
a=—2
Therefore, y = —2(x—1)(x—3) (y=—2x*+8x—6)

(iii) Lety=ax®+bx+c
[Sol] Since the parabola passes through (1, 0), (3, 0)and (0, —6),

atbtc=0 (D)
9a+3b+c=0 ---@
c=—6 )
Substituting 3) into (1) and 2,
atb=6 ()
9¢+3b=106 (B
From G5)—3x (@),
a=—2

Substituting into (4), b = 8§
Therefore, y = —2x*>+8xr—6

d SIaMSUY

Did you get the same answer for all three methods (1 ), (ii)and (iii) ?
From this, we can see that when we rearrange the equation before substituting, the calculations
are done more easily.
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Maxima and Minima of Quadratic Functions |

Ké&|

1. Draw the graph of the quadratic function, and locate the vertex. Then, find the

value of x at which y is smallest, and state that value of y (the minimum value).

3

y=xt—4x+7

[Sol] y=(xr—2)2+3
Y

3=

|
|
ol 2 X

From the graph,
at x = 2 there is a
minimum value of 3.

3

y=—x2+4x—1

[Sol] g="—(z=B}*+3

From the graph,
at x = 2 thereis a
maximum value of 3.

~

(1) y=2r +4x+

1

[Sol] y=2(x+1)*—1

¥

3

o

o

From the graph,
at x = there is a minimum

value of .

2. Draw the graph of the quadratic function, and locate the vertex. Then, find the
value of x at which y is largest, and state that value of y (the maximum value).

(1)

= —2xt—dxr—3

[Sol] y= —2(x+1)2—1
A
= L0 >
e——
From the graph,

atx = EI there is a maximum
value of .
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3. Draw the graph of each quadratic function, and locate the vertex. If there is a
maximum or minimum value, find the value, and indicate the corresponding

value of x.
(1) y=21*—8x+5 (3) y=—2r*—6x
2
[Sol] y=2(x—2)2—3 [Sol] j/Z*E(IJr g) + 3
Y Yy
9
Nz
1"
; 3
2 . T x
5] v X
From the graph, From the graph,
there 18 a minimum value of there is a maximum value of %,
(2) y=2x*—5xr+4 (4) y=—z*+2xr—1
2
[Sol] _1/=2( —%) +% [Sol] y=—{(x—1)?
Y YA
1
o /* %
[
o s %
4
From the graph, From the graph,
there is a minimum value of %, there is a maximum value of 0,
e % atx =1.

Note: Given a quadratic function of the form y = ax?+bx+c:

* When @ > 0, the graph of the parabola opens upward, and it has a minimum value at
the vertex. (It does not have a maximum value.)

¢« When a <0, the graph of the parabola opens downward, and it has a maximum value
at the vertex. (It does not have a minimum value.)
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Maxima and Minima of Quadratic Functions |

Draw the graph of each quadratic function, and locate the vertex. If there is a
maximum or minimum value, find the value, and indicate the corresponding

value of r.

(1) y=—2)2%+5

[Sol]

=Y

1
i
1
0‘2

From the graph,

there is a minimum value of 5,

atx =2,

(2) g==*+Zx+5

[Sol] y=(r+1)?+4

¥

—1|0 X

From the graph,

there is a minimum value of 4,

atx=—1.

(3) y=—x243x—7

_ (. 3\ _19
[Sol] y= ( 2) 1

YA

0| 2

=Y

3
]
T
I
[
I

19
4

/

From the graph,

there is a maximum value of

19 e 3,

4,
(4) y=2x*+3x+5

BN T
[Sol] _z/—(er 2) -+ 1

YA

N 3 ==
=]
o J

From the graph,
there is a minimum value of
11 3

T,atx= —7.
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From the graph,

there 1s a maximum value of

9 _ 3
4,at.:t:—

5

(b) yw=2ular—3)

[Sol] o= 2(x*—3x)

From the graph,

there is a minimum value of

_9 oy |
2,atx Tk

(7) y=(x+2¥5—x)

[Sol] y=—x*+3x+10

_ (. 3V, 49
- (x 2)+4

h i/

v

—
o
D
[
B

From the graph,

there 1s a maximum value of

L] atx = 3
4,

9

(8) y=30x+1)x+2)+7

[Sol] y=3x*+9x+13

. 3V .25
—5(x+ 2)+4

Y

pafeo———=
o
=~

From the graph,
there is a minimum value of
25 3

T, atx=—7.
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Maxima and Minima of Quadratic Functions |

1. Given y = x*—6x+4, draw the graph corresponding to each given
condition. Then find the corresponding set of y values (the range).

= Ex.
When 2<1r<6. (1) When 0<x<H5.
[Sol] y=x2—6x+4 [Sol] y=x*—6x+4
Since 2 < x <6, the graph is the
solid curve shown on the figure Since @ sr< , draw the
below. graph on the figure below.
\ Wiy i
| ! !
1 44 {
) i 0 T
=l
-4
= =5
From the graph: From the graph:
* There is a maximum value of 4, * There is a maximum value of
at r = 6. 4,at x=0.
* There is a minimum value of » There is a minimum value of
—b,atx=3. —b, at x=3.
Therefore, the range is Therefore, the range is
—bEysd, —Ssys4

« The set of x values is called the domain.
The set of y values is called the range.

¢ The domain is normally written in brackets next to the function,
eg y=x'—6x+4 (2<x<6)
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2. Draw the graph of each quadratic function, find the maximum and minimum
values, and state the range (the set of y values) for the given domain.

(1) g=x+3 (—1<x<2) (3) y=—1*+2x+1 (—1<x<2)
[Sol] [Sol] y= —(x—1)2+2

Vo Yy

\‘\ - f" 2

M T

|
I
I
I
I
I
I
I
|
|
I ! 1
I
2

e -, | \

]
!
1
!

Maximum value: , atx = Maximum value: 2, at x =1

Nl e , = @ Minimum value: —2, at x = —1

Range: s_,/g Range: —2<y<2

(2) y=1*+3 (<r<2) (4) y=—x42r+1 (—1<x<4)

[Sol] [Sol] y=—(x—1)*+2

\ Y ] h

7!\
: 4 .
1 7
1
4 9 }
Lz
3 ; |
i i / !
| . / :
o] 12 7 . ’
[
I \
Maximum value: 7, at x =2 Maximum value: 2, at x =1
Minimum value: 4, at x =1 Minimum value: —7, at x =4

Range: 4<y<7 Range: —7Tsy<2
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Maxima and Minima of Quadratic Functions |

Draw the graph of each quadratic function. Then, find the maximum and
minimum values and the range.

(1) g=a?—2x—3 (—2=r<3)

y=(x—1)2—4

Maximum value: 5, at x = —2

Minimum value: —4, at x =1
Range: —4sys<5

(2) wp=Bx'Fdz—3

(0=<x=<l)
\ U2 S = 2le+ 1125
\ s
] ]
i T
\ 3t-1 Maximum value: 3, at x =1
! T Minimum value: —3,at x =0
‘, T [
. L | > Range: —3s<y<3
-5 V1ol fi 5 x
LT
\ |
\ |
\ I y
‘\ :7‘3,
\ 1 !
\ 1 i+
o
L2
-5




= —(E—214+3

(4)

YA
31—~
/ I hY
2f-o-1-
I I I
foo Maximum value: 2, at x = 3
F I |
+ 'l 1 I PR . s .
o " 2 3 "~ Minimum value: —6, at x =5
14
il Range: —6sy<2
J' .
i
1
!
I
! -
o
. IS
!
! -+
‘ﬁ
i 1
(—2<r=<])

y=—2x—4x+1

y=—2(xr+1)%+3

Maximum value: 3, at x = —1
. Minimum value: —5, at x =1
¥ Range: —5<y<3
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Draw the graph of each quadratic function. Then find the maximum and
minimum values and the range.

(1) y:%x2+2x+3 (=G 5T

U= %(x+2)2+1

Maximum value: 3, at x =0
Minimum value: 1, at x = —2

Range: 1sy<3

= —%(;—3)%2

Maximum value: 2, at x =3
Minimum value: —1,at x =0

Range: —1sy<2
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(3) y=2r"—6x+2 (0<x<2)

i i
1 [
| i
\r :
] |

\ i

\

1

ol BN B
y—2(): 2) 5

Maximum value: 2, at x =0

Minimum value: — -g—, atx = %

Range: —%sysz

/{:Let’s try this! :\}

Given a domain that contains the inequality sign, “less than™ ( < ), find the

maximum value or the minimum value, and state the range.
Case | Case 2
y=at—%x—2 O€xr<3) y=—x+2x+2 0=x<3)
(y=x?—2r—2=(x—1)2-3) (y=—x*+2r+2=—(r—1)72+3)
VYA + I Y4
‘ ! This point is marked

| ! with an open circle (0)
! ! to indicate that the

\ ! graph reaches, but does

'/§ not include, this point.

1
!
I
I
1
1

Maximum value: no value Maximum value: 3, at r =1

Minimum value: — 3, at x =1 Minimum value: | no value

Range: —3<y<l1 Range:<y€3

.

T— ‘OnjeA OU  JOPIO UL 1SIOMSUY
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1. Find the quadratic function that satisfies the tfollowing conditions.

The minimum value is 2, at x = 1, and when xr = 3, y = 6.

[Sol] Since the minimum value is 2, at x = 1, y
let y=alx—1)>+2 (where a>0).
Substituting x = 3 and y =6,

6=4a+2
a=1
Therefore, y = (x—1)2+2

(1) The maximum value is 3, at x= —1, and when x =1, y = —5.

[Sol] Since the maximum value is 3, at r = — 1,
let y=alx+1)2+3 (a<0).
Substituting x =1 and y = —5,
—5=4a+3
a=—2
Therefore, y = —2(x+1)?+3
(y=—2x*—4x+1)

=Y
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2. Find the quadratic function whose minimum value is
when x =0, y = 4.

[Sol] Since the minimum value is —4, at x = 2,
let y=alx—2)*—4 (a>0).
Substituting x =0 and y = 4,
4=4a—4

a=2

—4atx=2, and

Therefore, y = 2(x—2)*—4
(y=2x*—8x+4)

@]
< N
=Y

—4F--

3. Find the parabola with maximum value & at x = — I, and passing through
point (—3, 5).
yA
[Sol] Since the maximum value is 8, at x = — I,

let y=alx+1)2+8 (a<0).
Substituting x = —3 and y = 5,

5=4a+8
N
4

Therefore, y = — %(:r+ 1)2+8

D )
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Given the quadratic function y = 4x? +bx+c, find the values of the
constants 6 and ¢ so that 3 becomes the minimum value, at v = — 1.
[Sol] Since the minimum value is 3, at r= —1, ¥
y=4(x+1)2+3
=4x*+8x+7
So 4x*+bx+c =422 +8x+7 ak
Comparing coefficients, :
b=8,c=T7

1. Given the quadratic function y = x?+ bx+ ¢, find the values of the
constants # and ¢ so that 1 becomes the minimum value, at x = 2.
Use the method shown above.

[Sol] Since the minimum value is 1, at x = 2,
y=&x—2)+1
=x2—4x+5
So x4+ bx+c=x>—4x+5
Comparing coefficients,

b=-4, c=5
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Given the quadratic function y = 4x*+ bx+c, find the values of the
constants 4 and ¢ so that 3 becomes the minimum value, at r = — L.

[Sol] y =4x*+bx+c
gl b)Y 2
—4<x+ 8) 16 Fig

Since the minimum value is 3, at r = — 1,

b_— see
=l fd)

52
—fete=3 @

From Dand @), h=8,c=7

Ny

2. Given the quadratic function y = x?+ bhx+¢, find the values of the

constants » and ¢ so that 1 becomes the minimum value, at x = 2. Use the
method shown above.

[Sol] y=x*+bx+c

2 2
:(r—i—i) —b—+c

2 4
Since the minimum value is 1, at x = 2,
b _
;g =2 0
2
e

From W and @, b= —4, ¢=5
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1. Given the quadratic function y = 2x*+ bx+c, find the values of the
constants & and ¢ so that — 3 becomes the minimum value, at x = 2.
(Use either the method shown on K 478 or that shown on 47D.)

[Sol] Since the minimum value is — 3, at r = 2,
y=2(x—2)2—3
=dx*—8rd-5
So 2x*+-bx+c =222 —8x+5
Comparing coefficients,

b=-8,c=5 Alternative Solution
A
_f/=212+br+c=2(x+7) -5 tc
Since the minimum value is — 3, at v = 2,
b _
—3 =2 (D
2
7%+(‘:f3 @
From @ and @), b= —8, ¢=5

2. Given the quadratic function y = — 2x?+ bx+ ¢, find the values of the

constants & and ¢ so that 9 becomes the maximum value, at x = — 3.
[Sol] Since the maximum value is 9, at x = — 3,
g=—2F+3P+0
= —2x2—12xr—9

So —2%+bx+ec=—2x2—12x—9

Comparing coefficients, ) .
Alternative Solution

b=—-12, ¢c=—9 2 g2
’ _y=—212+bx+€=—2(r—%) +%+r
Since the maximum value is 9, at x = — 3,
b _
bo3 .0
bz
bte=9..@

From W and @), b=—12, ¢=—9
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3. Given the quadratic function y = ax®+2x+c, find the values of the
constants @ and ¢ so that 2 becomes the maximum value, at x = 1.

[Sol] Since the maximum value is 2, at v =1,
y=alxr—1)*+2 (a<0)
=ar’*—2ar+a+2
Soar?+2x+c=ax*—2ax+a+2
Comparing coefficients,

2=—-2a @
c=a+2 -2 Alternative Solution
From (1) and (2), yzaxz+21+r=a(x+%>2—%+r
a=—1, c=1 Since the maximum value is 2, at x =1,
,%:1 @D
1 - (
From (D and @), a=—1, ¢=1

4. Given the quadratic function y = ax?+bx+5, find the values of the

constants ¢ and b so that 3 becomes the minimum value, at r = — 1.
[Sol] Since the minimum value is 3, at x = — 1,
y=alx+1)24+3 (a>0)
=ar’+2axr+a+3

So ar®+bx+5=ax?+2ar+a+3
Comparing coefficients,

b=12a - Alternative Solution
b 2 bz
5=a+3 @ y=axr*+bxts5=alxt+5-) —5-+5
2a 4a
From @ and @. Since the minimum value is 3, at x= —1,
a=2,b=4 b _ o
“gg = 1 i
~ & ip—g -~
da b
From D and @), a=2, b=4
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1. Given the quadratic function y = ax®+ bx+c, the maximum value is a*+4
at =1, and the graph passes through point (3, 1). Find the values of the

constants a, b and c.

[Sol] Since the maximum value is a®+4, at x = 1,
y=alx—1)?2+a?+4 (a<0)

=gx’—2ax+a*+a+4

Soax’+br+c=ar?—2ax+a*+a+4

Comparing coefficients,

{b——2a (D
c=at+a+4 @

Since the graph of y = ax?+ bx+c passes through (3, 1),

1=9%+3b+c -

From (D), (@) and 3),

a=—1
b=2
c=4

®
a=-—3
b=6
c=10

Alternative Solution

5 b B?
y=ax +b):+c‘:a():+2—a) *Eﬂﬂ“
Since the maximum value is «®>+4, at x=1,
b 5
2a =1 W

bZ 2 o~
—qg Te=at44 -2
Since the graph of y = ax® + bx+ c passes through
(3, 1),
1=9a+3b+c 6
From (U, (2) and 3,
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2. Given the quadratic function y = 1+ ax+ b, the minimum value is — 3, and
the graph passes through point (1, 1). Find the values of the constants « and 5.

2 =
[Sol] z/=xz+ax+b=(x+%> —%erb (Hing) Reter 10K 470
Since the minimum value is — 3,

2
—%-H): —3 1)

Since the graph of y = x?+ax+b passes through (1, 1),
1=1+a+b
b= —a )
From (1) and (2),
a’*+4a—12=0
(a+6)(a—2)=0
a=—6, 2
a=—6 [a=2

Therefore, { b=6 g

~ Let’s try this! ) -

You can solve the question above using the following method:

— = 2
Let y=(x—#k)2—3 When & = 3,
y=x2—2kx+k*—3 a=
Therefore, a = —2k, b=Fk*—3 [b:E
Since the graph passes through (1, 1),

1=1—2k+k2—3 Whenk@_l’
= = (R _
K2 —2k—3=0 {a_

b= 2]

(k—3)k+1)=0
Therefore, k=3, —1

L

c— =49

- D} ‘ 9_9 z g} I9pIO Ul :SIomsuy



K50

K50a KUMON

Maxima and Minima of Quadratic Functions |

l. Given the quadratic function y = — %rz +4x—5 (1 <x<6), find the

maximum and minimum values.

UA [Sol]
y= —%(I—S)Z-H
— Maximum value: 1, at x =3

Minimum value: —5, at x =6

2. Given the quadratic function y = 2x?+ bx+ ¢, the minimum value is — 3,
and the graph intersects the y-axis at point (0, —1). Find the values of the

constants » and c.

[Sol] y =2x*+bx+c

ol Y _ 8
—2(r+ 4) 8+

Since the minimum value is — 3, Alternative Solution
B2 - Let y =2(x—Fk)*—
—gte=-3 Q@ v =222 —4kx+2k—3
Therefore, b = — 4k, c = 2k*—3
Since the graph passes through (0, —1), | Since the graph passes through
_ : 0, -1
= — e ) bl ]
= @ —~1=25"—3
From (1) and 2), Pl
b2 =16 =+l
=—1
b= +4 Whel’lﬁ’zl,i 1
b=1 b=—4 b=4
Therefore, When k= —1, { a1
c=—1 c=—1
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(_Let’s think about this! )

Given a rectangle with perimeter 20 cm, what would the height and width
have to be in order to maximize the rectangle’s area, S?

[Sol]

As shown in the figure on the right, Jem

let the length be x ¢m, and - e
let the width be y cm. /

O<x< (D
xrem
0<y< (@) ‘

x+y=10 @ \
Lastly the area of the rectangle is

5=.xy (@)
From (3) and (1), express S in terms of x,

S=xy=x(10—x)= —x*+10x= —(xr—5)2+25 --(®

Therefore, the maximum value of Sis 25 when x = 5. This value of x
satisfies (1. From (3), y = 5.
Accordingly, you can see that the height and width would be cm.

Let’s try this!
We can also solve the above exercise using the arithmetic and geometric
means. (Refer toJ 197.)

[Sol] %‘IL =+ xy (This becomes an equation when x=y.) ---&

xty=10

Therefore, x =y =

5

GG ‘(T ‘(T 19PIO UL 1SIaMSUY

Further explanation
« The LHS of (&) has a fixed value here, as x+y = 10.
« The RHS of () is the square root of the area S = xy.

Substituting, we find 170 =5, ie S<25.

Also, this inequality becomes an equation when x = y.
Therefore, S has a maximum value of 25 when xr = y =5.
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1. For each value of «, find the minimum value of the function

fx)=(x—5)2+3whena<x<ag+4.

-3

K5I

When @ = 0:
[Sol]

X Substituting a = 0
The domain becomes 0 <x<4. =D jjoa<r<a+4.

From the graph, the minimum value is at x = 4.
Therefore,
minimum value: /(4) = (4—5)2+3=4

(1)
[Sol]

[Sol]

When a = 2:

The domain becomes 2<1r<6.
From the graph, the minimum value is at x = 5.

Therefore,
minimum value: f(5) = (5—5)?+3=3

When a = 4:

The domain becomes 4 < r<38.

From the graph, the minimum value is at x = 5.
Therefore,

minimum value: f(5) = (5—5)?+3=3

When a = 6:

The domain becomes 6 <x<10.

From the graph, the minimum value is at x = 6.
Therefore,

minimum value: f(6) = (6—5)?+3 =4

]
B
ol 2 16 X
|
\‘ﬂ.?/ r=5 /}

—
0 418 X
1
'\“f/ =

Note: * y can be expressed as a function of x, as in y = f(x) or y = g(x).

When x = a, the value of y is f(a) or g(a).

* For example, y = (xr—5)%+ 3 can be written as a function /(x) = (r—5)*+3.

When x = 2, the value of y is /(2) =(2—5)2+3=12.
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2. The minimum value of the quadratic function /(x)=(x—5)*+3 (a<r<a+4)
varies, depending on the constant @. For each graph, find the value of x at
which f(x) has a minimum value, and then find the minimum value.

\\\y ig=s [Sol] Atz =a+4, <D ;he raght-end of
[ 7 e domain

i ! /

i i s minimum value:

| e fla+4)=(a+4—5)2+3

! (.

i - > =a®—2a+4

) ! X

(1) W F=5 [ [Sol] At x =05, =&p The vertex

\‘ ’!

=3

:
1
| /
i3 : i minimum value: /( 5 )
1
|
1
1
1

(2) Y QEES /  [sollAtz=[5 |
. f" minimum value: /( 5 )=3
\\\ 3 s
I
0 ; i
2]
(3) sy i v S [Sol] At x=a, =ep The left end of the domain
Y i | minimum value: /( @ )=(a—5)?+3
\ |
uy = a’—10a+28
O ; 1 1 L
I

Note: Looking at the graphs above, we can see that the minimum value of a quadratic function
is given either at the left end of the domain, or at the vertex, or at the right end of the
domain.
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1. Given the quadratic function /(x) =(x—5)?+3 (a<x<a+4), for each
different graph (1)~(5), find the corresponding range of values of a.
Then find the minimum value.

(1) : .
e The right end of the domain
' =t Sol]a+4<5 =D
Vi i Y i [5al] < the axis of symmetry
\‘ : ’,-
\ | J Therefore, a <
i ! -
i : J Atr=a+4, =u B right end of the domain
} | ’,’ gives the minimum value.
I B
| . P minimum value: /(a+4) = (a+4—5)%+3
| 1 ]
o : 54 =a’—2a+4
(2) e The right end of the domain
\ 17="5 H [Sol]a+4=5 = = the axis of symmetry
1 ] i
v ] J
v ] ; Therefore, a =
1 : ‘.r )
L ! ’,' A g, Tl‘le.vertex gives the
' : / minimum value.
[ 1 i
i iy minimum value: f/( 5 )=3
ol x
ati
(3) The left end of the domain

=5 ; [Sol] a<b5<a+4 =D < the axis of symmetry
! < the right end of the domain

i ! The inequality may be split into 2 parts:
A i ," CZ<5
i 5<a+4

T\i{’ Therefore, <a<
0 & R ’ _— The vertex gives the

minimum value.

minimum value: /( 5 )=3
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(4) . -
0 . : [Sol] @ = The axis of symmetry = the

left end of the domain

1
1
i
i The vertex gives the
" I ! — -an| A
< : / Atx El’ minimum value.
1
1
1
1
1
1

] ‘/ minimum value: /( 5 )=3

(5) [Sol] &> < B axis of symmetry < the
VYA

'r' left end of the domain
I

; The left end of the domain
Atx= , =n . ..
gives the minimum value.

=
]
=1

i minimum value: /( @ )=(z—5)?+3
i =a’—10a+28

2. Fill in the blank boxes.

Looking at the results of (2), (3) and (4), these three situations give the same
minimum value (the value at the vertex). Therefore, the range of @ can be
divided into three:

: The right end of the domain

i) a<| 1 - g
(1) gives the minimum value.

- 1 |<q<!| 5 |... The vertex gives the minimum As in questions
(ii) 4 value. hte (2),(3)and (4)

The left end of the domain
(iil) a> gives the minimum value.
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P Fx.
Given the quadratic function f(x) = (r—5)?+3 (a<x<a+4),

find the minimum value.

[Sol] The axis of symmetry is x = 3.

. The right end of the d i
(i) a+4< <D e right end of the domain

< the axis of symmetry

Therefore, when a <1,

minimum value:

fla+4)=(a+4-5)?2+3
=a’—2a+4

v The left end of the domain < the axis of
(i) a< E <ati4 symmetry < the right end of the domain

1
This means
A

Therefore, when 1 <a< , N \r/

minimum value: /(5) =3 ol i a

The axis of symmetry
(i) When a> ’ ) < the left end of the domain

minimum value:
fa)=(a—5)*+3 MY
=q>—10a+28 s

2]

|}

——

g

!
SR OISO —— ||

gy

o]

a+4

‘G ‘QWBS Y] AIB SIOMSUE 2] [[V SIomsuy
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1. Given the quadratic function /(x) = (r—5)*+3 (e<x<a+2), find the
minimum value.

[Sol] The axis of symmetry is .

(1) a+2<[5] o
Therefore, when ,

minimum value:
A at2 Y=(@+2-5)°%+3

-
-

/a
/
] L e 1
Ay
Ly
*~
RS
~~

=a*—6a+12 ol f

1
a a+t+?2
i & P —r
(ii) a<56<a+2 PR ’
a<?h x i ;
This means | !
5<a+2 A
\\ : l’
A} 4
Therefore, when 3<a <35, Nl
minimum value: £(5) =3 o 11 X >
a a+2
(iii) When a > 5, vig R ,
.. A b
minimum value: f(a) = (¢—5)%+3 \ ]
I
=a’*—10a+28 :

A}
\

P
I"
-
#
B T |

&= ——

ol

8 —»l -

Y
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1. Given the quadratic function f(x) = x*—4r+3 (e<x<qa+1), find the
minimum value.

[Sol] flx)=(xr—2)%—1
The axis of symmetry is x = 2.

(i) a+1<2
. r=2
Therefore, when a <1, VY i 7
1 : h
minimum value: fla+1)=(a+1—-2)2—1 \ ! J/
A 1 7
=a’—2a .
i I
o| T NI X
i
a a+l
(ii) ae<2<qa+1 5
S A
as? i T
. \ ‘ y
This means {2 < g+] \\‘ | g
\ } ’,
I
Therefore, when 1 <a <2, N ,/'
\‘ | -
minimum value: f(2) = —1 0‘ H &
a' a+1
(ili) When a>2,
i i . x=2
minimum value: f(a) = a®*—4a+3 \ Y ! !
\ ! /
' J
1Y ! 1
| |
\‘ : :
A LA
Ol Mg FE
ioa a+l
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2. Given the quadratic function /(x) = x*+4xr+3 (ea—1<x<a), find the
minimum value.

[Sol] flx)=(x+2)?—1

The axis of symmetry is x = — 2.
(i) Whena<—2, -
minimum value: f(a) = a®+4a+3 "\\‘ i % ;"
N\ i Fs

(ii) a—-1<€—2<q

a—1<—2 A Y
: \ . ;
This means | B \ : 2
\ ! i
N
Therefore, when —2<a<—1, N 5
b N -
. 1 [
minimum value: f(—2) = —1 ‘T‘T" x
|
a—1 a

(i) — a1
Therefore, when a> —1,
minimum value: f@a—1)=(¢—1+2)*—1
=a’+2a
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1. Given the quadratic function /(x) =(x—5)2+3 (e<x<a+4), for each
different graph ( 1 )~( 5 ), find the corresponding range of values of .
Then find the maximum value.

(1)

\ YA

e The right end of the domain
! [Sol]a+4<5 < the axis of symmetry

,:"‘ Therefore, a <

1 The left end of the domain

~
o

_.
R |

-

_;.o

i ’,' Atx=a, gives the maximum value.
i ’," maximum value:
1 - ‘J
: | fla)=(a—5)*+3
0 | X 3
e =a’—10a+28
R - / [Sol] From the graph, 1 <g<3 -sp Oucan see this
‘.‘-/“ i / graph, from ( 3 ).
\“ i ",, TS, st @’ S T'he left end o_f the domain
\ ! J gives the maximum value.
N i 7 maximum value:
A I ’
ok . (. a )=(a—5)?2+3
\r/ X — a’—10a+28
0 I Wk
(3) Both ends of the
7 A ! [Sol] From f{a) = f(a+4), <zD domain give the
—10a+28 =g?—2q+4 MM
\ ! Solving this, « = 3

Therefore,

s at r = ) . Both ends of the domain

give the maximum value.

[}
[}
I
1
5 - Alsoa+4=
\ i 7
1

maximum value:

3 )=AT7)=@8-5*+3=T



(4) _
1=
VA : i
|‘ I '
1 ! s
\ : ‘,
\\ H ’f
! ’
M '
‘\ : 1’
» 1 ’
b 1 s
AY 1 ’
! ]
[} 1
I 1 »
[5) ! %
(5) -

pesoosa]

s
P IR R S R e

2. Fill in the blank boxes.

5 . [Sol] From the graph,

<(l€~ <D You can see this from ( 3 ).

The right end of the
Thus, at x = , ==n domain gives the

) maximum value.
maximum value:

f( a+4 )=(a+4-5)*+3
=a*—2a+4

/ [Sol] From the graph,

>
The right end of the

Thus, at x = , <&D domain gives the

. maximum value.
maximum value:

f( a+4 )=(a+4-5)*+3
=a*—2a+4

The key is finding the particular value of @ in ( 3 ). Summarizing ( 1 )~(5 ),
the range of  can be divided into three:

; The left end of the domain e :
(i) <| 3 B . s in questions
! > gives the maximum value. (1)and (2)
. - Both ends of the domain As i oti
(ii) —n cee 2 . s in question
& - give the maximum value. =D | gy
) g> ... The right end of the domain As in questions

gives the maximum value. (4) and (5)
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-3

maximum value.

[Sol] /f(@)=(a—5)2+3=a?—10a+28
flat+4)=(a+4—5)?*+3=a*—2a+4
Setting f(a) = f(a+4) to find the value of a,

a®—10a+28 =a*—2a+4
a=3

gives the maximum value.

maximum value: /(@) = a?—10a+ 28 !

give the maximum value. v

maximum value: /(3) = f(7)=7

gives the maximum value. \

maximum value: f(a+4)=a*—2a+4

(1) When a<, en The left end of the domain v

PH e , _—_ Both ends of the domain u

(iii) When &> , i The right end of the domain F

Given the quadratic function f(x) = (x—5)?+3 (a<x<a+4), find the

‘e ‘QWES 2Y) AIB SIOMSUE oY) [[V SIomsuy
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1. Given the quadratic function /(x) = (r—5)*+3 (e<x<a+2), find the

maximum value.

[Sol] fla)={(a—5)*+3=a*—10a+28
fQ a+2 )=(a+2-5°+3=a’—6a+12
Setting f(a) = /( @+2 ) to find the value of «,
a?—10a+28=a?—6a+12
4a=16

a=+4

(i) Whena<,

maximum value: /( a )=a’—10a+28

(ii) When a =4,
maximum value: f(4) = f(6) = (4—5)2+3=4

(iii) When a >4, P
maximum value: fa+2)=a’—6a+12 | '
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Maxima and Minima of Quadratic Functions Il

1. Given the quadratic function /(x) = x*—4x+3 (a<x<a+1), find the
maximum value.

[Sol]

(i)

(ii)

(iii)

flr)=(x—2)%—1
fla)=a*—4a+3
flat1l)=(a+1-2)0—-1=a’—2a
Setting /(a) = f(a+1) to find the value of «,
a®—4a+3=a’—2a

2a=3

& 5

2

When a < %,

maximum value: f(a) =a?—4a+3

When a = %,

maximum value: f (%) = f(7) = — %

When a > %,

maximum value: fla+1)=a*—2a
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2. Given the quadratic function /(x) = x*+4xr+3 (ea—1<x<a), find the
maximum value.

[Sol] f(x)=(x+2)*—1
fla—1)=(a—1+2)2—1=4a+2a
fla)=a*+4a+3
Setting /(a—1) = /(a) to find the value of a,
a’+2a=a?+4a+3

2a=—3

|
2

(i) When a<—%,

maximum value: f(a—1) =a’+2a

(ii) Whena= —%,

maximum value: f(— ?) =f(— 7) = — %

(iii) When a>—%, -

maximum value: f(a)=a’*+4a+3




K 58
K 58a KUMON

Maxima and Minima of Quadratic Functions Il

1. Given the quadratic function /(x) = —x*+10xr—28 (a<x<a+4), find
the maximum value.

[Sol] f(x)=—(x—5)"—3

Therefore, the axis of symmetry is | *x =25

(i) Whena+4<5,ie whena<l,

r=5h
maximum value: fla+4)= —(a+4—5)%—3 & & gl
=—a’+2a—4 ol 4 i

(ii) When l<a<5,

maximum value: £(5) = —3

(iii) When a>5,

maximum value: f(a) = —a’+10a—28

(Hint )

As on K 53, consider the three conditions “the left end of the domain gives the maximum

value”, “the vertex gives the maximum value” and “the right end of the domain gives the
maximum value”.
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2. Given the quadratic function /(x) = —x?*+10x—28 (a<xr<a-+4), find
the minimum value.

[Sol] f(x)=—(x—5)*—3
fla)= —a®>+10a—28
flat+4)= —(a+4—572—-3=—a*+2a—14
Setting /(a) = f(a+4) to find the value of a,
—a*+10a—28 = —a?+2a—4

8a=24
a=3
(i) Whena<3,
minimum value: f(a) = —a?+10a—28

(ii) When a =3,
minimum value: f(3) = f(7) = —7

(iii) When a>3.

minimum value: fla+4) = —a’+2a—4
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1. Given the quadratic function /(x) = (r—5)*+3 (e<x<a+4), find the
maximum and minimum values.

[Sol] The axis of symmetry is x = IE\
fla)=(a—5)*+3=a>—10a+28
flat4)=(a+4—-52+3=0a>—2a+4

Setting f(a) = f(a+4) to find the values of @ and a +4,

from a?—10a+28 =a®—2a+4, we find a=| 3 |anda+4=] 7 |.
(i) When a+4<,i.e. when a < ,

maximum value: /(@) =a®>—10a+28 Nx’
minimum value: f(a+4) =a>—2a+4

(i) When| 1 |<a<| 3 |,

,
=

:

==l

for

L

=

e

1]

"h
-
H
)

maximum value: f(a) = a® —10a + 28 \'\i"
ini lue: 5 =3 K=
minimum value f() o
(iii) Whena= , W ,ri=
maximum value: f(‘ a |) :fq 7 |) =7 “mi.q"

minimum value: f() =3 | 3 I '
(iv) When<a€|E|, '\‘,,1‘::

maximum value: f(a+4) = a®*—2a+14 W

minimum value: f() =3 _O
(v) Whena>, "\f/I;:

maximum value: f(a+4) =a?—2a+4 \.i/}'

minimum value: /(a) = a®—10a+ 28
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2. Given the quadratic function /(x)= —(r—3)*—1 (a<x<a+2), find the
maximum and minimum values.

[Sol] The axis of symmetry is xr = .

fla)=—(a—3) —1= —a?+6a—10

flat+2)=—(a+2-3)* 1= —a’+2a—2
Setting /(a) = f(a+2) to find the values of @ and a+ 2,
from —a®+6a—10= —a?+2a—2,
wefinde=2and a+2=4.

(i) When , i.e. when ,

maximum value: /( a+2 )= —a’+2a—2 /E"\\
minimum value: /{ a )= —a’+6a—10 : i N

(ii) When l<a<2,
maximum value: f£(3) = —1

minimum value: f(a) = —a’+6a—10

(iii) Whena =2,
maximum value: f(3) = —1
minimum value: £(2) = f(4) = —2

(iv) When2<a<3,

maximum value: f(3) = —1 :
minimum value: f(a+2)= —a’+2a—2 / i kY
yp 173
(v) Whena>3, la a+2
—| g @43

minimum value: f(a+2) = —a’+2a—2 !

maximum value: f(a) = —a’+6a—10 © ’"\E i
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1. Given the quadratic function /(x)=(x—1)*+3 (e<xr<a+2), find the
maximum and minimum values.

[Sol] The axis of symmetry is x = 1.
fa)=(a—1)*+3=a*—2a+4
fla+2)=(a+2—12+3=a%*+2a+4

Setting /(a) = f(a+2) to find the values of @ and a+2,
from @®—2a+4=a’+2a+1,

—

we finde=0anda+2=2. AT
(1) Whena+2<1,ie whena<—1, ! i ',"’
maximum value: f(a)=a’—2a+4 i \{1:"'
minimum value: f(a+2)=a’+2a+4 ?W
L AT 121 ,‘t
(ii) When —1<a<0, ‘:\ i ',"
maximum value: f(a) =a’—2a+4 | \H'
minimum value: £(1) =3 TT

(iii) When a =0, \
maximum value: £(0) = f(2) =4

minimum value: £(1) =3 o
L UAY |: 1 !
(iv) When0<a<l, J
maximum value: f(a+2)=a’+2a+4 w
minimum value: f(1) =3 SOt o«
a a+2
N7 S
(v) Whena>1, “\ i i
maximum value: f(a+2)=a’+2a+4 o ¢
—_—
minimum value: f(a) = a’—2a+4 o iF p &
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/(:Let’s try this! } ~

A parabola is symmetric with respect to the axis of symmetry.
Given the quadratic function y = (r—5)?+3 (e<r<a+4), find the
maximum value.

[Sol] First, find the centre of the domain.

left end + right end
- g(g+4) — 4+ =D g

2 2

The axis of symmetry is x = 5.

(i) When the centre of the domain A
< the axis of symmetry,

<5, 1i.e. when @ < 3,

the maximum value is:
fl@)=(a—5)*+3
=a?—10a+28
(ii) When the centre of the domain
= the axis of symmetry,

=5, 1.e. whena =3,

the maximum value is:

H3) =At)=1

S

-

-7
- o
ey

.

(iii) When the centre of the domain 5
> the axis of symmetry,

>D5, i.e. when @ > 3, VY

the maximum value is: \
fla+4)=(a+4—5)%+3
=a*—2a+4

Compare these results with the example on K 56a.

Note that all the answers are the same!

X

"7+ P ‘9UIeS 2} T8 SIIMSUR ) [V SIOMSUY
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1. Given the quadratic function /(x) = (r—a)*+3 (0<x<4), for each
different graph ( 1 )~( 5 ), find the corresponding range of «. Then find

the minimum value.

L) 1=a
\‘ : Al "
) |
1 I
\ 1
' !
b 1
X 1
L 1
'\ !
v
\\ :
s.rl | _
1 1 >
! (0] 4 x
(2) =90
' i !
\ 1
\ I
v i
\ 1
\ ]
1
\
A
A}
Ay
\
\
Y
\1 l L.
0 1 x
(3) —
A}
[}

The axis of symmetry
< the left end of the domain

a<@ =D
Atx:@,

The left end of the domain
gives the minimum value.

minimum value: /( 0 )=(0—a)?+3=a?+3

The axis of symmetry
= the left end of the domain

=[0] -
Atx=@, B30

minimum value: /( 0 )=(0—0)2+3=3

The vertex gives the
minimum value,

The left end of the domain
< the axis of symmetry
< the right end of the
domain

@<a< =D
Atx:E',

minimum value: /( @ )=(a—a)?+3

The vertex gives the
minimum value.

=3



WA
1

P

TS !
v r

——d— =
~

2. Fill in the blank boxes.

- E <ii The axis of symmetry
@ =~ = the right end of the domain

At x= E, Tl‘_le_vertcx gives the
o minimum value.

minimum value: /( 4 )=(4—4)2+3=3

The axis of symmetry
az> = > the right end of the domain
g s E , The right end of the domain

gives the minimum value.

minimum value: /( 4 )=(4—a)*+3
=a’—8a+19

Looking at ( 2 ), ( 3) and ( 4 ), these three situations give the same

minimum value (the value at the vertex). Therefore, the range of @ can be

divided into three:

(i) a<[ 0]
Gy [0 [<a<[ 4]
(i) a>[ 4]

The vertex gives the
minimum value. (2),(3)and (4)

__ The left end of the domain
gives the minimum value.

As in questions

.. The right end of the domain
gives the minimum value.
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23

K62

Given the quadratic function f(x) = (x—a)*+3 (0<x<4),
find the minimum value.

[Sol] The axis of symmetry is x = a.
5 The axis of symmetry
(1) When a<\I|, "5 < the left end of the domain
the minimum value is /(0) = (0—a)?+3 -
1
=443 \

a

)

-

'
\

~

|
[ |
! |
|/
WE
L
o
The left end of the domain
%D =< the axis of symmetry
=< the right end of the domain

]

(ii) When| 0 |<a<]| 4

the minimum value is /{a) = 3

The axis of symmetry
(iii)  When a> ‘Zlv =8 > the right end of the domain
the minimum value is /(4) = (4—a)*+3 Y
=aq?—8a+19

P(I) FU0(T) 0(1) stomsuy
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1. Given the quadratic function /(x) = (r—a)*+1 (0<x<2), find the

minimum value.

[Sol] The axis of symmetry is .
(i) Whena< @, x

the minimum value is /{ 0 )=a?+1 )

(ii) When0<a<2,

the minimum value is f(a) =1

(iii) When a>2, o
;
the minimum value is f(2) = a’—4a+5 4
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2
1. Given the quadratic function /(x) = (x— %) +3(0<r<4), find the
minimum value.

[Sol] The axis of symmetry is x = 2,

2
(i) When % <0, i.e. when @ <0,
. ) a’
the minimum value is /( 0 )= Ve +3

H'

(ii) When0< % <4,ie. when 0<a<8,
s ; al_
the minimum value is f(j) =3
™
(iii) When g >4, i.e. when a > 8, —a
7
2\ vy
the minimum value is f(4) = (4 — 7) +3 b/
_a’ i f"
= T—4a+ 19 ,'i"
o] 41 s
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2. Given the quadratic function /(x) = (r+a)*+3 (0<x=<4), find the

minimum value.

[Sol] The axis of symmetry is ¥ = —a.

(i) When —a<0,ie. whena> E

the minimum value is £(0) =a®+3

(ii) When 0< —g<4, i.c. when —4<a <0,

the minimum value is f(—a) =3

(iii) When —a >4, i.e. when a< —4,
the minimum value is f(4) = (4+a)?+3
=a’+8a+19

VAY
[ 1 \
\ | !
L | i
Vo !
v I
% ] |
RS
T > >
1|0 4 X
1
T
r=—a
v
A
.
v/
E o
I i
:I
il
0 41 N
|
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1. Given the quadratic function /(x) = x*— 2ax (0 < x<4), find the minimum
value.

[Soll /(x) =x*—2ax=| (x—a)’—a’ |

Therefore, the axis of symmetry is x = \E‘

(i) Whena<\,

| r=a
- ; U
the minimum value is £(0) =0 ‘.‘ i !
\ i |
A 1 ]
A 1 I
A 1 1
A 1 1
\\ : O 1 >
\‘..l,"T 4 fr g
I
(ii) When 0<a<4, ew
. . 5 Vo :
the minimum value is f(a) = —a % !
) 7
1 i
1 I

Q7
e
&1’

(iii) When a>4,
the minimum value is f(4) = 42 —2a X 4
= —8a+16

v YA

-“‘

ol -~"
= mim ey
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2. Given the quadratic function /(x) = x*—2ax+2 (0<x=<1), find the

minimum value.

[Sol] f(x)=(x—a)*—a?®+2

Therefore, the axis of symmetry is x = a.

(i) Whena<0,

the minimum value is f(0) =2

(ii) When 0<a<l,

the minimum value is f(a) = —a®+2

(iii) Whena>1,
the minimum value is f(1) = 12— 2a X 1+2
=—2a+3

I
1
:0 X
|
r=a
1
v f/‘: '
\ ! x
\ | ,'
LA
L R
Ny
\I.EJI
i
[ -
ofi1 s
]
r=a
W /
1 I !
\ I ’
1 ! !
\ ! ,'
1 } 1'
4 } h
| I
| s
0 LS x
\:u’
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P X ~
Given the quadratic function f(x) = (x—a)?+ 3 (0<x=<4), find the
maximum value.

[Sol] /(0)=(0—a)®*+3=a*+3 =D The value at the left end of the domain

The value at the right
end of the domain

f4)=(4—a)P+3=4"—8a+19 =D
Setting /(0) = f(4) to find the value of a,
a*+3=a*—8a+19
a=2

. =n The right end of the domain
(i) Whena< v gives the maximum value.  r=4

the maximum value is /(4) = a?—8a+19

it N Both ends of the domain
L When a = E’ give the maximum value.

the maximum value is

f0)=f(4)=(0-=22+3=7

The left end of the domain
(iii) When a>, =0

gives the maximum value.

the maximum value is f(0) = a2+ 3

"7 ‘WS 2} IR SIOMSUER oY) [[V :SIoMSUY
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1. Given the quadratic function /(x) = (r—a)*+3 (0<x=<2), find the

maximum value.

[Sol] F(0)=(0—a)2+3=a2+3
f(2)=02—a)i2+3=a’*—4a+T7
Setting /(0) = /(' 2 ) to find the value of a,

a*+3=a’*—4a+7
a=1

Il
)

(i) Whena<, ox=

the maximum value is /{ 2 )=a’—4a+7

(ii) Whena=1, Cox
the maximum value is £(0) = £(2)=(0—1)*+3=4 |‘.‘ ‘

(iii) Whena>1,

the maximum value is £(0) = a®+3
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2
1. Given the quadratic function /(x) = (x— %) +3(0<r<4), find the
maximum value.

(n_aV,,_d?
[Sol] fC 0 )—(O 72) +3——4 +3
,_a\, ,_d*_
fC 4 )—(4 7) +3——4 4a+19

Setting /(0) = f(4) to find the value of a,

@ a2
3= —4at19

a=+4

(i) Whena<4,

2
the maximum value is f(4) = G’T —4a+19

(ii) When a =4,

the maximum value is
4

FO = =(0-4) +3=7

(iii) When a >4,

2
the maximum value is £(0) = 2 43

4

K66
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2. Given the quadratic function /(x) = (r+a)?+3 (0<x=<4), find the

maximum value.

[Sol] f(0)=(0+a)?+3=a%+3
f4)=(4+a)?+3=0a*+8a+19
Setting /(0) = /(4) to find the value of a,

a@+3=a+8a+19

a=—2

(i) Whena<,

the maximum value is £(0) =a®+3

(ii) Whena= —2,

the maximum value is

JO)=Ff4)=(0—-2)2+3=7

(iii) Whena> —2,

the maximum value is f(4) = a’*+8a+19




Ké7a

Maxima and Minima of Quadratic Functions Il

KUMON

K67

1. Given the quadratic function /(x) = x* — 2ax (0 < x<4), find the maximum

value.

[Sol] f(x)=(xr—a)®—a®
f0)=0
f(4)=42—2aX4=—8a+16
Setting /(0) = /(4) to find the value of a,

0= —8a+16
a=2
(i) Whena<2, \ [T TS
\‘ : i
the maximum value is f(4) = —8a+16 N !
1 |
N, i Vs L Ja ‘:T
X =da
(ii) When a =2, y oIt /
1 | I
A I I
the maximum value is £(0) = f(4) =0 \ L
o : x
|
yp !
(iii) When a>2, VI !
A } t'
the maximum value is £(0) =0 ‘\‘ | 7
) ; 0
i




K67b

2. Given the quadratic function /(x) = x*—2ax+2 (0<x=<1), find the

maximum value.

[Sol]

(ii)

(iii)

f(x)=(r—a)?—a®+2
0)=2
f(1)=1*-24%X14+2=—2a+3
Setting /(0) = /(1) to find the value of a,

2=—2a+3
0=+
2
1 X—=a
When a < -, /N
2 o
Vool i
the maximum value is f(1) = —2a+3 N\ i
\"{_, i
Pl N
:0 1 €T
Whena =1 Vo
2’ X ! !
NS
the maximum value is f(0) = (1) = 2 “‘i-f’
H
0 ! ; >JC
1 oy r=a ;
When a > 5 1/ i ;
\ [ !
the maximum value is £(0) = 2 o ,."
\. /.
O \‘i", X
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1. Given the quadratic function /(x) = —x*+2ar—2 (0<x<1), find the
maximum value.

[Sol] f(x)= —(x*—2ax)—2
= —(x—a)?+a*—2

The axis of symmetry is x = a.

(i) Whena<\,

H
1]
=

=

the maximum value is £(0) = —2

K68

1.
1
i 1
o] 1 x
1 |
’;‘E*\ i
[ 1 I
I 1 I
r 1 |
’ 1
." i ‘\
(ii) When0<a<l, 1=a
j/ﬁ\:
the maximum value is f(a) = a?—2 ! 5
o[t X
1 1
!
AN
i B
’ I [y
[ I [Y
[ I 1
[ I A}
I 1 \
[ ] \
(iii) Whena>1, —
A
the maximum value is 1 s
o A~ 7s

-

SO =—1242a%x1-2
=2a—3

-
-
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2. Given the quadratic function /(x) = —x?+2axr—2 (0<x<1), find the
minimum value.

[Sol] f(x)=—(xr—a)?+a®—2
f0)=-2
f(1)=—124+2aX1—-2=2a—3
Setting /(0) = /(1) to find the value of a,

—2=2a—3
o=+
2
1 T
(i) When a< 5. ET 1 .
o] 1 T
the minimum value is f(1) = 2a—3 s |
.. 1 r=a
(ii) Whena =+, 7y
2 1]
o| 1 i
the minimum value is f(0) = f(1) = —2 r;{
A : \
1 x=a
(iii) Whena>—, \UT
2 |
of A~
the minimum value is f(0) = —2 N
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1. Given the quadratic function /(x) = (r—a)*+3 (0<x<4), find the
maximum and minimum values.

[Sol] The axis of symmetry is x = E

(i)

(ii)

(iii)

(iv)

(v)

f0)=(0—a)?+3=0a%+3

fA)=U—a) +3=a*"—8a+19
Setting /(0) = f(4) to find the value of &,

a*+3=a*—8a+19

=[]
Whena<@,

the maximum value is /(4) = a>—8a+19

the minimum value is /(0) = 2%+ 3

When Elséa<|Z|,

the maximum value is /(4) = > —8a+ 19

the minimum value is I(E) =3

When a = ,

the maximum value is f(| 0 |) =f(’ 4 ‘) =7
the minimum value is / (E) =3

When <a-€|Z|1

the maximum value is f(0) = «*+3

the minimum value is f(@) =3

When a > ,

the maximum value is f(0) = a?+3

the minimum value is f(4) = ¢* — 84+ 19

~
by

guuu

=]
=~

P
et
S
~.
-~

-

-
o

-
.
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1l
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<

i
-
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=
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2. Given the quadratic function /(x) = —(x—a)*—1 (0<x=<2), find the
maximum and minimum values.

[Sol] The axis of symmetry is x = a.
0)=—(0—a)i—-1=—a*—1
f2)=—Q2—a)}—1=—a*+4a—5

Setting /(0) = f(2) to find the value of a,
—a*—1=—a*+4a—5

a=1
(i) When[a<0], @T
the maximum value is /{ 0 )= —a’—1 ik » : ke
the minimum value is /( 2 )= —a’+4a—>5 FERIRN
(ii) When0<a<l, i
the maximum value is f(a) = —1 OT L2 o
the minimum value is f(2) = —a’+4a—>5 Pl
(iii) Whena =1, e
the maximum value is f(a) = —1 (f(1)= —1) OT L2 -
the minimum value is £(0) = f(2) = —1?—1 AN .
= —2 Il" E k
(iv) When 1<a<2,
the maximum value is f(a) = —1 .
X
the minimum value is £(0) = —a’—1
(v) Whena>2, u i
the maximum value is f(2) = —a’+4a—5 UT 2 >

the minimum value is £(0) = —a®—1 |

-
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Maxima and Minima of Quadratic Functions Il

1. Given the quadratic function /(x) = (xr—

a)?+2 (0<x<1), find the

maximum and minimum values.

[Sol]

(i)

(ii)

(i)

(iv)

(v)

The axis of symmetry is x = a.

0)=(0—a)l+2=0a%+2
f)=010—a)P+2=a>—2a+3

Setting /(0) = /(1) to find the value of «,
A+2=a*—2a+3
==
2
When a <0,

the maximum value is (1) = a’—2a+3

the minimum value is £(0) = a®+2

I
S

.
When 0=sa< % “\‘ " ; 7
the maximum value is f(1) =a’—2a+3 \‘0-;/7
the minimum value is f(a) = ol X
Wh = L x=a
en a 2 E] \ ‘l'}l } ’rl
th e is F@ =) =(1) +2= 2 NV
e maximum value is f£(0) = f(1) = 9 = s
. : 1 ol 1 ¥
the minimum value is f(a) = (7 =
.y L :: a ;
When % <a<l, NER;
ll.\i",’
the maximum value is £(0) = a®+2 S ;
1]
the minimum value is f(a) =2 N
Y | !
Whena>1, L
the maximum value is £(0) = a®+2 , ;"'
of 1 X

the minimum value is f(1) = a’—2a+3
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~ Consider this! '

Since a parabola is symmetric with respect to the axis of symmetry:

When the axis of symmetry is to the left of the centre
of the domain, the maximum value is given at the
right end of the domain.

When the axis of symmetry coincides with the centre
of the domain, the maximum value is given at both
ends of the domain.

When the axis of symmetry is to the right of the centre
of the domain, the maximum value is given at the left
end of the domain.

L »
i

Centre

Let’s try this!
Using the above hints, try the following.
Given the quadratic function /(x) =x* —2ar+2 (0<x<1), __,

find the maximum value. Assume % <a<l. \

Therefore, the axis of symmetry is x = a. \4/"

+1
The centre of the domain is r = =

Since the axis of symmetry is to the right of the centre of the

[Sol] f(x)={(x—a)®—a?+2 \ i J

=]

domain, the maximum value is given at the left end of the domain.

Therefore, the maximum value is , at x = 0.

»

74 % “T°( JOPIO UL :SIdMSUY
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Quadratic Functions and Equations

For each quadratic function, find (1) the vertex, (2) the y-intercept, (3) the
graph of the function, (4) the number of common points with the x-axis and
(5) the sign of the discriminant, D, when y = 0.

3

y=xt—2x—3
[Sol]

Dy=x—1)7%—4
Vertex: (1,—4)

(2) The y-intercept <sp i"zbtgimting
500, —~3% '
©) gt —=0y—=3

Ua

@) From the graph, there are 2
common points with the x-axis.

®D=(—22—4x1x(—3)
=16>0

(1) p=ut—3%

[Sol]
(D = [B—1)7—1
Vertex: ( 1 , —1)
(2 The y-intercept <=p i“jfgit“ﬂﬂg
isC0,0) :
® y=x*—2x
U
w /
1 .
_? ‘ 5 X

4) From the graph, there is/are
2 | common point(s) with the
x-axis.

B D=(—2)2—4x1X0
=4>0

* A point where a graph touches another graph (or an axis) is called a point of contact.
« A point where a graph intersects or has a point of contact with another graph (or an axis) is

called a common point.
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(2) y=x*-2r+1 (3) y=—r*+2x+3
[Sol] [Sol]
@ y=(x—1)?2 @ y=—{e—1"+4
Vertex: ( 1 , 0 ) Vertex: (1 , 4 )
(2) The y-intercept <&n ilfsgimtmg (2) The y-intercept <&n ]Sflfsgimtmg
is (0, 1) is (0, 3)
®
= y=x?-2x+1 ® ¥4
A
5__
- 4_
I\
. o] 1 T
ol 1 5 x
75__
_5.u_

== 3225 +3

(4) From the graph, there is/are (@) From the graph, there is/are

common point(s) with the x-axis. common point(s) with the x-axis.

® D=(—22—4X1X1=0 ® D=22—4X(—-1)X3=16>0

When the graph has 2 common points with the x-axis, D> 0.
When it has 1 common point, D= 0.
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K72

For each quadratic function, find (D the vertex, (2) the y-intercept, (3) the
graph of the function, () the number of common points with the x-axis and
(5) the sign of the discriminant, D, when y = 0.

~3

y=x*—2x+3

[Sol]
O y=u—12+2
Vertex: (1, 2)

Substituting

(2) The y-intercept <&D =0

is (0, 3).
®

y=x%-2x+3

I
I
0] 1 5 X

(@) From the graph, there are 0

common points with the x-axis.

B D=(—2)?2—4X1%X3=—8<0

\

(1) yp=x*+4x+5

[Sol]
@ y=G+2)2%+1
Vertex: ( —2, 1)

(2) The y-intercept
isC0,5).

@ y=x*4+4x+5

1 .
= O X

(4) From the graph, there is/are
@ common point(s) with the

x-axis.

B D=42—4x1x5=—4<0

When there are 0 common points with the r-axis, D<0.
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(2) y=—2x+4x—2 (3) y=—2x2—8x—9

[Sol] [Sol]

@ y=—2(x—1)2 @ y=—2(x+22-1
Vertex: ( 1 , 0 ) Vertex: ( —2 , —1 )

(2) The y-intercept (2) The y-intercept
is(0,—2) is(0,—9)

©) v ® v

=Y

y=—2x2+4xr-2 y=—2r*—8xr—-9

(4) From the graph, there is/are @) From the graph, there is/are @

common point(s) with the xr-axis. common point(s) with the x-axis.
® D=42—4X(-2)X(=2)=0 & D=(—82—4X(—2)X(—9)
=—8<0

(_Note Summary )

Given a quadratic function y = ax®+ bx+c, when the number of common points with the
x-axis is:

2, then D= b>—4ac >0

1,then D=5b?>—4dac =0

0, then D= 6%—4dac <0
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1. For each quadratic function, find the number of common points that the
graph has with the r-axis.

23
y=2xr*—3xr—1
[Sol] D=(—3)?—4X2X(—1)=17>0 There are 2 common points.

(1) p=atta—72
[Sol] D=12—4X1X(—=2)=9>0 There is/are common point(s).

(2) y=2r"—4x
[Sol] D=(—4)2—4xX2X0=16>0 There is/are common point(s).

(8) y=2x+—dz+2
[Sol] D=(—4)2—4Xx2X2=0 There is/are common point(s).

(4) y=2x*—4x+3

[Sol] D=(—4)2—4X2x3=—8<0 There is/are @ common point(s).
(5) y=—3x2+6x—3

[Sol] D=62—4X(—3)%X(—3)=0 There is/are common point(s).

(8) F=—8r*+6i—2
[Sol] D=62—4X(—3)X(—2)=12>0 There is/are common point(s).

(7) y=—3x2+6x—4
[Sol] D=62—4X(—3)X(—4)=—12<0 There is/are @ common point(s).

If the coefficient of the xr-term is even, we can calculate the discriminant as 1

. if x4+ 2"+ =0, then 2 = 5 —ac.
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3

Given the quadratic function y = 2x%+ 3x+ £k, find the range of 4 for

which the graph has 2 common points with the x-axis.

a2 __ L The discriminant
[Sol] D=3"—4X2Xk=9-8k>0 =D _ @ T
8k <9

Therefore, & < %

L

2. Given the quadratic function y = 2x? — x+k, find the range of % for which:

(1) The graph has 2 common points with the x-axis.

[Sol] D=(—1)?—4X2Xk=1—8k>0

8k <1

Therefore, 2< %

: 3 ; The discriminant
(2) The graph has 1 common point with the r-axis. =D il
[Soll] D=1—8k=0

8k=1

Therefore, k= 1

8

The discriminant

(3) The graph does not have any common points with <=D Elsile nine

the x-axis.
[Sol] D=1—8k<0
8k>1

Therefore, &> %
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3

Given the quadratic function y = 2x? —xr+k, find the number of common
points the graph has with the x-axis depending on the value of %.

[Soll D=(—1)?—4X2Xk=1—8k

Therefore,

When 1 —8k>0, i.e. when /e < L, <=n D>0
there are 2 common points.

When 1 —8k =10, i.e. when k= =D D=0

1
8 ’
there is | common point.

When 1 —8k& <0, i.e. when &> %, =D D<0
there are 0 common points.

1. Given the quadratic function y = x?+3x+£k, find the number of common
points the graph has with the x-axis.

[Sol] D=3%—4X1Xk=9—4Fk

When 9—4£>0, i.e. when k&< % there are 2 common points.

When 9 —4k =0, i.e. when k= %, there is 1 common point.

When 9—4£<0, i.e. when k&> i, there are 0 common points.
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2. Given the quadratic function y = —2x%+6x+£, find the number of
common points the graph has with the r-axis.

(Here, it is easier to calculate the discriminant as %.)
D _ ; o g
[Sol] Fiks 32— (—2)Xk=942Fk
When 9+2£>0, i.e. when &> — % there are 2 common points.

When 9+2£=0, i.e. when k= — % there is 1 common point.

When 9+ 2£<0, i.e. when k< — % there are () common points.

3. Given the quadratic function y = 2x? —6x+ (k+ 1), find the number of
common points the graph has with the r-axis.

[Sol] %:(_3)2—2X(ﬁ’+1):7—2/€

When 7— 2k >0, i.e. when 2 < % there are 2 common points.

When 7—2k =10, i.e. when k= %, there is 1 common point.

When 7—2k<0, i.c. when k> l, there are (0 common points.
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The relationship between the graph of a quadratic function and the x-axis can

be classified as follows.

(A) Above the x-axis but
not touching:

%

P—— i Y
X

(B) Above the x-axis and
touching it:

N,

(C) Crosses the x-axis with
open top (vertex below):

-

(D) Below the x-axis but not
touching:

>

(E) Below the x-axis and
touching it:

>

(F) Crosses the x-axis with open
bottom (vertex above):

;

1. Classify the following graphs of quadratic functions as A, B, C,D,E or F
by considering the coefficient of x* and the sign of the discriminant.

3

y=x*F3x—1 { @ 3

[Sol] The coefficient of x? is positive.
The discriminant, D= 13> 0.

(1) yg=x*+x+1 (A)

[Sol] The coefficient of x* is positive.

The discriminant, D= — 3 <0,

(2) y=-3x2+4x+5 ( F)

[Sol] The coefficient of x? is negative.

D _ 1950,

The discriminant, 1

(3) y=2x*—12x+18 ( B )

[Sol] The coefficient of x? is positive.

The discriminant, D 0.

4

(4) y=—4x’+4x—1 (E)
[Sol] The coefficient of x* is negative.
D_y

1 ;

The discriminant,

(B) g=—at+x—1 ( D)

[Sol] The coefficient of x? is negative.
The discriminant, D= — 3 <(.
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2. Given the quadratic function y = ax*+ bx+c, fill in the signs (+, —, 0)
of a, b, ¢ and the discriminant, D, for each of the graphs below.

23

UA [Sol] @ -+ The parabola opens upward.
b b E Froma>03nd—%>0
_?_a .
\z/ A ‘R E From the y-intercept.
1
CN I
. The parabola crosses the
D x-axis at 2 points.
.
(1) U [Sol] @ " Note:
To determine the sign of a,
b e consider the shape of the
parabola:
c e [f it opens upwards, a is
%) > positive.
D E « If it opens downwards, a is
negative.
2. A . E To determine the sign of b,
[Sel] a consider the position of the
b B vertex:
0 x « If it is to the right of the
s e B s
G B @ y-axis, i.e. = is positive,
then @ and b have opposite
D signs.
e If it is to the left of the y-axis,
(3) y ie. — 2;2 is negative, then a
’ s Soll a ' E
T Bl and b have the same sign.
0 % h o « If it is on the y-axis, then
b=0.
g~ =] _
To determine the sign of ¢,
D @ consider the y-intercept.
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For each set of functions, find the common points, and check your answer by
drawing the graphs. If there are no common points write “No common points”.

23

y=x*—4x+5, y=2x

[Sol]

Let (x, 7) be the coordinates
of the common points.

y=x2—4x+5 ---Q

y=2r e
From (1) and (2),
2t —4x+5=2x
?—6x+5=0
(x—5Nx—1)=0
r=h,1

From (2), when x =5, y = 10
From @), when xr=1, y =2

Therefore, the common
points are (5, 10), (1, 2).

y212—4r;|-5

(1) yg=x*—4x+5, y=2x—3

[Sol] Let (x, #) be the coordinates

of the common points.

{y=.r2—41+5 (D

y=2x—3 (2
From @ and (2,
22—yt 5=2y—3
2—6x+8=0
(x—4)(x—2)=0
r=4,2

From @), when x=4, y=5
From @), when x =2, y=1
Therefore, the common
points are (4, 5), (2, 1).

y=x%—4r+5
Y

&

y=2r—3
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(2) §=xi—dx+5, y=2¢—1

[Sol] Let (x, #) be the coordinates
of the common points.

{y=xz4r+5 w3(1)

y=2x—4 (2
From (1) and (2),

P—Ax+5=2x—4

¥—=6x+9=0

(xr—3)2=0

xr=3

From @), when x =3, y = 2
Therefore, the common point

is (3, 2).

y=2a=4

(3) y=x—dg+s, y=2v—5
[Sol] Let (x, #) be the coordinates of
the common points.

y=x—4x+5--@
{j}l:zIS ---@

From () and (2),

xi—dr+5=

| x?—6x+10 [=0 @

Calculating the discriminant of (3),

D _[=sr-10]=[-1]<0

Therefore, (3) has no solutions.

Ans.  No common points

y=x%—-4x+5

Note: Calculating D, the discriminant of a quadratic function, the number of common points is:

2 when D>0, 1 when D=0, 0 when D<0
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-3

Given the quadratic function y = x* +x—1 and the linear function

y = 2x+k, find the number of common points depending on the value of 4.

[Sol] y=xi+x—1 @® ©
Y
y=x*+x—1 ---@
{g/Zx-i-k (2
From (D and (2),

+xr—1=2x+k
2—x—1—%(=0 -3

Calculating the discriminant, D, of (3,
D=(—1?—4X1X(—=1—k)=4k+5

When D> 0, i.e. when k> —%,

there is/are @ common point(s). @& See graph @)
2
4 L]
there is/are m common point(s). T=F See graph ®.

When D=0, i.e. when b = —

5
4 k]
there is/are IIl common point(s). 0F See graph ©.

When D<0, i.e. when k< —

(0 ‘T ‘7 I9PIO UI :SIdMSUY
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1. Given the quadratic function y = x*—6x+4 and the linear function
y = —3x+k, find the number of common points depending on the value of %.

[Sol]

y=x°—6xr+4

|y=.r2—61+4 l (D)
|y= —3x+k ‘ (2)

From (1) and (2),
P—6x+4=—3x+k
’ x2—3x—k+4=0( l NG

Calculating the discriminant, D, of (3),
D=(—3)0—4X1X(—k+4)=4k—T y=—=3x+k

When , i.e. when | k> % , there is/are common point(s).
: — " :

‘When , ie. when | B= 4 there is/are common point(s).

When , i.e. when | k< % , there is/are @ common point(s).
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1. Given the quadratic function y = —2x?+4x+ 3 and the linear function
y = 2x+k, find the number of common points depending on the value of %.

[Sol]
y=—2x2+4x+3 Q@ Sy
{;/—2.r+k )

From (U and (@),
— 20 +4x+3=2x+£k
22 —2x+k—3=0 @
Calculating the discriminant, D, of (3),
D

1 =(—1)2—-2X(k—3)= —2k+7

y==2x¥+dx+3

When D> 0, i.e. when £< l, there are 2 common points.
When D=0, i.e. when k= %, there is 1 common point.

When D<0, i.e. when &> i, there are 0 common points.
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2. Find the number of common points between the quadratic function
y = 3x*+6x—1 and the linear function y = k.

[Sol] y=3r2+6x—1 ---@ g/:312+6)§y71
{_ij =5 el ’ I
From (1) and (2), T
I +EE—1=8 1
3x%4+6x—k—1=0 --® —— -
Calculating the discriminant, D, of (3), h \ )
D

?=32—3><(—!?—1)=3fe+12

y=k

When D> 0, i.e. when &> —4, there are 2 common points.
When D=0, i.e. when & = —4, there is 1 common point.
When D<0, i.e. when &< —4, there are ) common points.

3. Find the number of common points between the quadratic function
y = 3x%+6x+k and the linear function y = 1.

. {‘SJ=312+61+!2 D gttty

=1 (2)

From (1) and (2),
3ri+bx+k=1
3% +6x+k—1=0 @
Calculating the discriminant, D, of (3), A U
D -5

T=32*3><(fe*l)= —3k+12

When D> 0, i.e. when & <4, there are 2 common points.
When D=0, i.e. when &= 4, there is 1 common point.
When D<0, i.e. when &> 4, there are (} common points.
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1. Find the range of % for which the quadratic function y = x® —2x+#k
satisfies the following conditions:

(1) It crosses the line y = 2x at two different points.

[Sol] {;/=12—2I+!e (D .
§=2r e
From (D and @),
xX>=2xr+k=2x
?2—dx+k=0 -3
Calculating the discriminant, D, of (3),

%:(—Z)Z—IXA?:—;%+4>O

Therefore, k<4

(2) It has no common points with the line y = 2x—1.

[Sol] y=x2=2x+% @
{;/—21—1 (2
From (1) and @),
2—2x+k=2x—1
—dx+E+1=0 -

Calculating the discriminant, D, of (3),

y=x*-2x+k

%:(—2)2—1><(fe+1): —k+3<0

Therefore, &> 3

(Hint )

They have 2 common points.
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2. Find the value of % for which the quadratic function y = —x*+ 3x touches
the line y = —x+%. Then find the point of contact.
[Sol] Let the point of contact be (x, y).
y=—x24+3x D
{y:—x-’-}e ...@
From (1) and (2),

—x*+3r=—x+£k
2—4x+k=0 @
Calculating the discriminant, D, of (3),

%=(—2)2—1><A>= —k+4=0

Therefore, k=4
Substituting into (3),

—dxr+4=0
(x—2)%=0
r=2

From @O, when x=2, y=2
Therefore, the coordinates of the point of contact are (2, 2).

((Hint)

They have 1 common point.
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1. Find the range of % for which the quadratic function y = x? — x + k satisfies

the following conditions:

(1) It has no common points with the x-axis.

[Sol] ¥?—x+k=0
D=1—14£<0

Therefore, &> %

(2) It crosses the line y = 2 at two different points.

[Sol] xX2—x+/k=2
2—x+kF—2=0
D=1—4(k—2)= —4k+9>0

Therefore, &2 < %

(3) It touches the line y = x+ 1.

[Sol] ¥®—x+hk=x+1
»?—2x+k—1=0
D 1—te-n=—k+2=0
Therefore, & = 2

UA

y=2

o) —+— I‘%I‘T‘r
e 2
y=x—x+t#k

y=x+1
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2! Given the quadratic function y = x* —x+/%—1 and the linear function
y = x+1, find the number of points that their graphs have in common.
Assume k> 4.

[Sol] x2—x+k—1=x+1
P—=2x+k—2=0

L =1-Gk-2)=—k+3

Since k>4, then D<0

Therefore, the graphs have no common points.

(Note Summary ) >

* Each real root of the quadratic equation ax?®+bx-+c¢ =0 corresponds to a common point
of the quadratic function y = ax?+ bx+ ¢ and the r-axis.

* The number of real roots of ar®+bx-+c = 0 is the same as the number of common points
of y=ax’+bx+c and the r-axis.
(When D> 0 there are 2, when D= 0 there is 1, and when D<0 there are 0.)

y=ar’+br+c

corresponds to a
y=mxtn P

« Each real solution of the simultaneous equations {
common point of the quadratic function y = ax? +bx+c and the line y = mx+n,

y=ar*+br+c

* The number of real solutions of the equations { _ is the same as the
y=mr+tn

number of common points of y = ar®*+bx+cand y=mr+n.

This can be formed by calculating the discriminant of ax®+ (h—m)r+c—n=10.
(When D> 0 there are 2, when D= ( there is 1, and when D<0 there are 0.)
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Quadratic Functions and Inequalities

l. Given the quadratic function y = x? —6x+5, complete the following
questions.

(1) Find the values of x for which y = 0.

sy 150U #7625 =0
{ y = 0 for the values ; ( 2—8 N x2—1 J=0
iof ratthe dots:e

(2) Find the values of x for which y > 0.

fEai e [Sol] From the graph,

! of xin the shaded .r<,x>

iregions. :

0‘ X

(3) Find the values of x for which y <0.
Y

1y <0 for the values [Sol] From the graph,
i of xin the shaded i -<I<E
iregion. . .
0 T

‘ (between the circles)

(4)  Find the values of x for which y<0.
(Find the values of x for which y <0 or y=10.)

-, [Sol] From the graph,

gys:_ 0 when the range}

{ of xin the shaded i f-ZIS:-

iregion.

1]

(including the dots and
the values between them)

When a particular point is included in a set of values, a dot (e ) is used.
When the set of values goes up to, but does not include, that point, a circle (o) is used.
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2. Solve the following inequalities by sketching.

(x+1(x—3)>0
[Sol] The sketch of
y=(x+1)(x—3):

\_/
—1\/3 x

From the sketch, when y >0,

the value of x is:
r<—1, >3

(r+1)(x—3)<0
[Sol] From the sketch above,
when y <0, the value of x is:
—1<x<3

(e x—3) >0
[Sol] From the sketch above,
when y =0, the value of x is:

r<—1, »r=3

(x+1Dxr—3)<0
[Sol] From the sketch above,
when y <0, the value of x is:

—1=r<3

(1) (x+2)2x—3)>0

[Sol]

From the sketch above,

x<, e %

(2) (@+2)2x—3)<0

[Sol] From the sketch above,
3

(3) (x+2)2x—3)=0

[Sol] From the sketch above,

x<—2, x?%

(4) (x+2)(2x—3)<0

[Sol] From the sketch above,
3
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Quadratic Functions and Inequalities

1. Solve the following inequalities by sketching.

-3 N (3) rP—6x+5=0
2—2x—15>0

[Sol] (x—1)x—5)=0
[Sol] (x+3)(x—5)>0

\ /- N

From the sketch, x<Il, x=5
< —3, 25
(1) x22—8x+12>0 (4) 2x2—Tx+3>0
[Sol] (x—2)(x—6)>0 [Sol] 2x—1)x—3)>0
- — >
A N
x<2, x>6 x< 5 x>3
(2) x*+8x+12<0 (5) 2x*—7x—4<0
[Sol] (x+6)(xr+2)<0 [Sol] (2x+1)Nx—4)<0
~6 -2 % N_/

2
—6<x<—2 —%\xq
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2. Solve the following inequalities by sketching.

23 ~
2—6x+4<0 (3} 2+4x—3>0
[Sol] Using the quadratic formula [Sol] Solving x> +4x—3 =0,
to solve x2—6x+4 =0, xr=—2+47
r=3+45
3—45 3+4 ] —2+47 *
From the sketch,
3—45<x<3+45 x<—2—47, x> —-2+47
(1) =*+2x—2>0 (4) x22—8x+8<0
[Sol] Solving 24+ 2r—2=0, [Sol] Solving x? —8x+8 =0,
r=—1+43 r=4+£242

-1-43 _1+43 * 4—24"2\/“2@ x

x<—1-+3, x>—1+43 4-2{2<x<4+2/2
(2) x¥*—x—-3<0 (5) Bif+6x—1>0
[Sol] Solving x2—x—3=0, [Sol] Solving 3x%+6x—1=0,
1+F _ —3%243
= B

1-413 1+m g — 3 gya g+2~
7 \./ \/

1—413
2

1+413 —3—23 = —3+243

<x<
x D) x< 3 y X 3



K83a

KUMON

K383

Quadratic Functions and Inequalities

1. Solve the following inequalities by sketching.

—6x+9>0
[Sol] y=x?—6x+9=(x—23)2
Sketch
3 5

From the sketch,
>0 for all values of x,
except when xr = 3.

x<3,x>3
(x#3)
e X
2—6x+9=0

[Sol] From the sketch above,
=0 for all values of r.
All real numbers

3
r2—6x+9<0
[Sol] From the sketch above,
when y <0 there are no
values of r.
No solution

~3 N

r’—6x+9<0
[Sol] From the sketch above,
when y <0 the value of x is 3.
xr=3

(1) x*—2x+1>0
[Sol] ( x—1 )*>0

\/

1 x

,x>‘ 1‘

r<| 1

(2) 2*+8r+16=0
[Sol] (x+4)2=0

/.

o

—4 T

All real numbers

(3) 4x24+12x+9<0
[Sol] (2r+3)2<0

\/

_3

2
No solution

(4) 42 —4x+1<0
[Sol] (2xr—1)?2<0

p—
b
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2. Solve the following inequalities by sketching.

(1) x*4+6x+9=0 (4) r*4+8xr+16>0
[Sol] (x+3)2=0 [Sol] (x+4)2>0
\/ > -4 i
-3 T
All real numbers x<—4,x>—14
(x#—4)
(2) x*—10x+25<0 (5) 9x2<bx—1
[Sol] (x—5)2<0 [Sol] 9x* —6x+1<0
(3xr—1)2<0
5 X
1 x
No solution 3

No solution

(3) x*H+4xr+4<0 (6) 4x?—6xr+6=6x—3
[Sol] (x+2)2<0 [Sol] 4x?—12x+9=0
\/ (21"_3)2’20
—5 X \/
3 *
x=—2 i3

All real numbers
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Quadratic Functions and Inequalities

Solve the following inequalities by sketching.

3 N (1) 2—x+2>0
12— 3x+4>0
[Sol] Calculating the discriminant, [Sol] D=1—8=—7<0

D, of x*—3x+4 =0,
D=9—-16=—-7<0
Sketching y = x> —3x+4 %

\/ All real numbers

(2) x245x+7=0
[Sol] D=25—28 = —3<0

C

From the sketch, *
4> 0 for all values of x.
All real numbers

C

o
2 430 _ All real numbers
[Sol] From the sketch above, (3) #—4r+5%<0

All real numbers

[Sol] §=4—5= —1<0

3 -
r2—3r+4<0
-

[Sol] From the sketch above,

when y <0 there are no No solution
values of x. :
<
No solution (4) x246x+10<0

[Sol] %=9410= ~1<0

3 ~

x2—3x+4<0 \/
[Sol] From the sketch above, >
x

No solution

No solution




All real numbers

(6) x*4+3r+3<0

[Sol] D=9—12= —3<0

=Y

No solution

[Sol] x2—2x+3<0
D_ . ,_o__
1 =1-3 2<0

\/

No solution

(8) x(x—2)>—14

[Sol] x2—2x+4>0
D TR
1 =1—4 310

All real numbers

(9) *+9>4(x+1)

[Sol] x2—4x+5>0
D— — R = —
T 4—b 1<0

All real numbers

(10) 2x%2+4r—4<3(x—2)

[Sol] 2x2+x+2<0
D=1-16=—15<0

\/

No solution

&
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Quadratic Functions and Inequalities

Solve the following inequalities by sketching.

3

Ny

—x?4+3x—2<0

[Sol] To solve —x2+3xr—2<0,

rewrite as ¥ —3r+2=0
(x—1D(x—2)=0

1\ J2 x

From the sketch,

r<1, x=2

(1)

(2)

—x*4+2x+3>0

[Sol] x*—2x—3<0
(E+1)r—g)<n

=ik 3 x

—1<x<3

—2x2—x+1<0

[Sol] 2x2+x—1>0
(r+1D2x—1)>0

,1‘ 7L T
2

1

x<—1, x>7

(3) —x2+6x—4>0

[Sol] x> —6x+4 <0
Solving x? —6x+4 =0,
r=3%45

A\
\_/5+~5 *

3—V5<x<3+45

(4] —t—R2<T
[Sol] X2+ 8x—2=0
Solving x*+8x—2 =0,
x=—4£342
-4-342 —4+342F

xs<

(5) —2x°+4x+1=0

[Sol] 2x2—4x—1<0

Solving 2x2 —4x—1=0,

_2%46
2

L
zw"ﬁ\_/zw'ﬁ *

2 2

K85

—4—3Y2, x=—4+3V2
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(6) —9<x’—6x

[Sol] x2—6x= —9
2—6x+9=0
e=3)*=0

\/.

3 T

All real numbers

(7) 2x>x2+1

[Sol] x2+1< 2x
x—2x+1<0
(=110

\/,

1 x

No solution

(8) 4xr—1<4x?

[Sol] 4x2>4x—1
A —4x+1>0
(2x—1)2>0

(9) 3x<xi+4

[Sol] x®+4>3x
x2—3x+4>0
D=9—16=—-7<0

V%

All real numbers

X

(10) 2x%<3x—4

[Sol] 2x2—3x+4<0
D=9—-32=—23<0

V4

No solution

(11) —gpf=—iyy]l

[Sol] 3x*—2x+1=0
: SOV
1 =1—3 2<0

V4

All real numbers

x
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Quadratic Functions and Inequalities

1. Solve the following inequalities by sketching.

(1) b5x2—6<Tx (4) 3xr<2x®+4
[Sol] 5x?2—T7xr—6<0 [Sol] 2x2—3x+4>0
(bx+3)(x—2)<0 D=9—-32=—23<0
‘@\/ -
—%<x<2 All real numbers
(2) 4d—85—i1r%=( (5) T1—x*>—8lE—2)
[Sol] 2+ 2x—4=0 [Sol] x2—3x+5<0
SolvingI2+2I 4=0, D=9—-20=—11<0

./ \/

—1-B\_/-1+% * . *

No solution
x<—1-45, x=—1+45

2 g D i)
(3) dxf=4x—1 (6) 1 2€3+ 6
[SO]J 412*41’4‘1@0 [SO]] .1,”2—4.1”"‘2‘(-0
(2r—1)*<0 Solving ¥ —4x+2 =0,

\/ Y
1? Z\_/2+% *

r= 2—2<x<2+42
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2. Given the inequality x® — 10x+¢ >0, determine the range of values of the

constant ¢ that will make this inequality true for all real numbers.

[Sol] Calculating the discriminant, D, of the equation:
2—10x+c=0 \/
% =25—c<0 %

Therefore, ¢ > 25

( Note Summary )

The relationship between the quadratic function y = ax? +bx +c¢, and the quadratic
inequalities:

axt+bhx+c>0, ax*+bxrt+c=0

ar®+hr+c<0, axr®+br+c<0
can be summarized as follows. Assume @ > (.

The sign of D D>0 D=0 D<0

The graph of
y=ax+bx+c

af\/ﬁ ‘:r @ ‘fr Tr
Solution of:
ar®*+br+e>0 r<a, x> <y x>0 All real numbers
ar*+bx+c=0 rsd,; x=p All real numbers | All real numbers
ax?+bxr+c<0 a<x<p No solution No solution

ax*+hr+ec<0 a<r<pf =i No solution
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Quadratic Functions and Inequalities

K 87

1. Find the values of 4 and ¢ so that the following inequalities have the given

solutions.

3

x>+ bx+c>0 with solution x< —2, r>3

[Sol] (x+2)(x—3)>0 =D The solution is x< —2, x>3.

xé—m—B 0
Compare the coefficients with
Theref
Sl ) those of x®+bx+c>0.

b=—1,c=—6

/.

(1) x*+bx+c<0 with solution —3<xr<2

[Sol] (x+3)x—2)<0
2+ xr—6<0
Therefore, b=1, ¢ = —6

(2) x*+bx+c=0 with solution r< — 3, x= —2

[Sol] (x+3)x+2)=0
X2 +5x+6=0
Therefore, b =5, ¢ =6

N
N A
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2. Find the values of @ and & so that the following inequalities have the given

solutions.

ax?+bx—12> 0 with solution x< —2, x> 3 (assume a>0).

[Sol] a(x+2)(x—3)>0

ar*—ar—6a>0 \ /
Therefore, =) \/3 i

b=—a @
{—12 =—6a @

From Wand @), a=2, b= —2

.

(1) ar®+bx—6=<0 with solution —3<r=<2 (assume a >0).

[Sol] alx+3)(x—2)<0

ax’+ax—6a<0 \ /
Therefore, —3 \/2 o

{b=a @D

—6=—62 @
From W and 2, a=1, b=1

(2)" ax®+bx—12>0 with solution 2 < x <3 (assume a <0).

[Sol] Since a <0,
—axr®—bxr+12<0

—gl =2 | &£—3 }=0 2 3 X
gy Bay—Ba el
(Sketch of
Therefore, y=—art—br+12)
—bh="5a D
{12~—6a @

From W and 2, a=—2, b=10
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Quadratic Functions and Inequalities

1. Find the range of % so that the solution of the following inequalities is “All

real numbers”.

3

2+kr+E+3>0
[Sol] D= k2 —4(k+3) = k2 — 4k —12 = (k+2)(k—6) <0 \_/

Therefore, —2<k<6

(1) x*+(+Dx+k+4>0

[Sol] D= (k+1)*—4(k+4)
=k?—2k—15
=(k+3)(k—5)<0

Therefore, —3< k<5

(2) —x2*+(k+Dx—k<0

[Sol] X2—(k+1D)x+k2>0
D=[—(k+1)]?—4k?
= —3k°+2k+1
= —(3+1)(k—1)<0
(3k+1)(k—1)>0

Therefore, B< — %, k>1
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2. Find the range of « so that the solution of ax?+ 2ax+3=0 is “All real
numbers” (assume a > 0).

[Sol] % =a*—3a=ala—3)<0

Therefore, 0 <a<3

3. Find the range of m so that the function y = x*+ 2mx+m + 2 satisfies the
following conditions.

(1) The graph is above the x-axis but not touching.

[Sol] %=m2*(m+2)=m2fmf2=(m+l)(mf2)<0

Therefore, —1<m<2

(2) The graph crosses the x-axis at two different points.

[Sol] % =(m+1)m—2)>0

Therefore, m< —1, m>2
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Quadratic Functions and Inequalities

In each question, find the range of x for which both inequalities hold true.
(Note: For some questions, the answer is “No solution™.)

?2+1r—6>0 NGH)
2’ +3r—4<0 @

[Sol] From @), (x+3)(x—2)>0
Therefore, < —3, x>2 ---(3
From @), (x+4)(x—1)<0
Therefore, —4<x<1 ---@

@
@ — ©)
Y L
sl v 1 2 x
From (3) and (@),
—4<r<—3

202 +5x—12=0 -
(1) p—9:-8<0 @
[Sol] From (U, (x+4)(2xr—3)=0
Therefore, r< —4, r= % 6,

From @), (x+2)(xr—4) <0

Therefore, —2 <x<4 @
©- [ UERsO®
-4 =2 3 4

2
From 3 and (4),
% sx<4

2+r—6>0 Q@
(2) 2+r—12<0 ---@

[Sol] From @, (x+3)(x—2)>0
Therefore, x< —3, x>2 -3
From @), (x+4)(x—3)<0
Therefore, —4<xr<3 @

® @ ®
-4 -3 23 X

From (3) and (@),
—4<x< -3, 2<x<3

9x% +51+220 (D
(3) \2<s—2r @

[Sol] From @), (x+2)(2xr+1)=0
Therefore,

xi—Z,.r/—% (3
From @), (x+3)(x—1)<0
Therefore, —3<x<1 @)

@—g O ®
=83 =2 _d 1 Az
2
From (3 and @),

—3<x<-2, —
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2=Tr+12=20---Q

() xhZ A (@)

[Sol] From (D, (x—3)(x—4)=0
Therefore, r<3, r=4 ---(3)
From @), (x+7)(x—7)<0
Therefore, =7 <x<7 @)

G @ \
4—#‘—5—»
=7 34 7 X

From (3) and (@),

—T7<x<3, 4=sx<7

r+1=3r—8 -1
(5) ow2<13r445 @
[Sol| From (1), 2xr<9
Therefore, .r<% e
From 2), (2x+5)(x—9)<0

Therefore, — % <x<9 (@

m|m
L\:‘u:
=]

I

From (3) and (1),

_95 9
D) <xs 5

30t —x—2=27248.--(D

(6) 3xt+2220—2 = 0

(5]

[Sol] From @, (x+2)(2x—5)=0
5

Therefore, r< —2, x=

oo

€
From @), x> —4 @

From 3) and (@),

—4<x<—2, x?%

20 +372<x+6 @D
1 {31+2;_-r+3 @

[Sol] From (D, (x+4)(2x+3)<0

Therefore, —4 <x < - 2 (3

2

From @), 2r=1

Therefore, x= % @

® — @
_ 4
-— 4 _i L X
2 2
From (3) and @),

No solution
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Quadratic Functions and Inequalities

1. Solve the following inequalities.

(1) 2x*—bx+2<0 (4) BrP—2et3>u?6x—5
[Sol] 2x—1)(x—2)<0 [Sol] 2x*—8x+8>0
\ 2x—2)%>0
1 i
?\/2 \/ N
1 ) 0
Tl
g x<2, x>2
(x#2)
(21 Bedat+T (5) IUTTJF?));_l

2__
[0l #—65+T7>0 [Sol] 4x2+12x+9=0
Solving x? —6x+7 =0,

(2xr+3)2=0
r=3+t42

A /.

2
x<3—42. x>3+42 All real numbers
(3) x*+8<4(1—x) (6) x24+2x+3=0

[Sol] 22 +4x+4<0
(x+2)2<0

. V4

—9

[Sou%=1—3=—2<o

¥

Mo solution All real numbers
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2. Find the range of / for which the quadratic function y = x*+(k+3)x+/k+3

crosses the x-axis at two different points.

[Sol] Calculating the discriminant, D, of x®+(k+3)x+k+3 =0,
D=(k+32—4(F+3)=(L+3)(L—1)>0
Therefore, k< —3, k>1

3. Find the range of % so that the solution of x?+ (k+3)x+k+3>0is “All

real numbers”.

[Sol] Calculating the discriminant, D, of x*+(k+3)x+k+3 =0,
D=(k+3)—4{k+3)=(+3)k—1)<0
Therefore, —3<k<1

—{ Consider this! )

Given the graph of the quadratic function

\y:.r2+x+1

y=x2+x+1, note that there are no common
points with the x-axis.

Solving the quadratic function when y =0,
2+ x+1=0 gives

| =143
e e T S e e S
2 of 1 X

i.e. complex solutions.

TerET domsu
TEFFIL v
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Quadratic Functions and Solutions of Quadratic Equations

Given that the equation ax®+bx+c¢ =0 (¢ >0) has two solutions @ and 3
(with @ <), and with f(x) = ax®+ bx+c, determine the signs of ()~(5) for
the graph of y = f(x) in each of the following cases.

-3

b [SlDD>0 @ —-2>0 @/(0)>0
. Z2a
5 7 @a>0 ®B>0
W

=
y
¢4

f(O)—»*
0

/'

> Note: D is the discriminant ( = 5% — dac).

r=- ;a is the axis of symmetry.

/(0) is the y-intercept.

(1) . [Sol]

W‘ | 27 ®Dp[>]o @—2—‘;0 ® A(0)[=]o
a(:o)oi e @Da=0 @BO

(2) b [Sol]
r=——5-
‘Jti 2 @ D>0 @—%>0 @ F0)<0
a\gi/,e T @De<0  ®F>0
(3) b [Sol]
o b
yr la D D>0 @-%:0 @ F0)<0

N T @ae<0 ©R>0




b [Sol]
Y e —
2a
a\f%e T ®a<0
b [Sol]
=0
2a
\ i V O D>0
o N
aMﬁ(:O) T Da<0
Ii_i [Sol]
‘2(1
| y O D>0
AN T @Da<0

5y b
@ =5 <0
®R>0
b
@ —_ 9
(2) 2a<0
®R=0
_b
@ 2a<0
®R<0

3 F0)<0

@L£0)=0

3 £0)>0

Given an equation ax?+bx+c =0 (> 0) with two solutions « and 2 (¢ <),

you can find the signs of @ and 3 by determining the signs of D, — Qi and /(0).

(i)

(ii)

(iii)

b

When D>0, =20, /(0)>0,
then a >0, 8> 0.
When D>0, — % <0, £/(0)>0,

then a <0, 8 <0.

When /(0) <0, then ¢ <0, 3> 0.

a

=" As in the example

O& As in question ( 6 )

0= As in questions ( 2 )~(4)
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Quadratic Functions and Solutions of Quadratic Equations

Find the range of & for which each quadratic equation has two different
positive solutions (& >0, 3> 0, a <p).

3

P2=2kx+E+2=0

[Sol] Let f(x) = x*—2kx+/k+2

%:kz—(k+2):(k+1)(k—2)>0 ..-(I)7=D The discriminant >0
k>0 .-(2) “&D The axis of symmetry >0
f(0)=k+2>0 -3 =D The y-intercept>0

From @), k< —1,k>2 ---@
From @), k> —2 (B
From ), @) and &), £>2

(1) x2—kx+3—k=0

[Sol] Let f(x)=x*—kx+3—F
D=k —43—k) =(k+6)(k—2)>0 ---@D

ke
> >0 @

f(0)=3—F>0 -3

FromQ), k< —6, £>2 @
From @, £>0 &)
From @), £<3 --®
From @), (5) and (6), 2< k<3
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(2) 2—=20k—1)x+3—Fk=0

[Sol] Let f(x)=x*—2(k—1)x+3—F
=k—12—0@B—k)=(+tDE—2>0---O

D_
4
E—1>0 -

0)=3—k>0 -

From Q), k< —1, k>2

From @), £k>1 -5
From @), £#<3 @&

From @), & and 6, 2<£<3

(3) 2x%42kx+k2—k—12=0

[Sol] Let f(x) =222+ 2kx+Fk*—Fk—12

D
4

k
i 5 >0 @

A0) =k —k—12=(k+3)k—4)>0

From D), —4<k<6
From @), k<0 -5

From @), k< —3, k>4
From @), G and 6), —4<k<—3

—=p2-2k°—k—12)= —(E+4)(k—6)>0 ---D

~—®
—®

@
-1 -30

4

6

©—
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Quadratic Functions and Solutions of Quadratic Equations

1. Find the range of % for which each given quadratic equation has two
different negative solutions (a <0, <0, a <p).

2—=2kx+k+2=0

[Sol] Let f(x) = x®—2kx+k+2

RE—(k+2)=(+1)(k—2)>0 (1) =0 The discriminant >0
x=F
Ly

B
L=
<0 ...(2) =D The axis of symmetry <0

F(0)=k+2>0 --(3 =D The y-intercept>0

1
1
1
1
1
I

From @, k< —1, £>2 @ 65—
— &) @—
From 3), k> —2 ® ~®

From @), @ and G), —2<k<—1

-2 -10 2 ke

(1) x*—(k+2)x+k+5=0

[Sol] Let f(x)=x*—(k+2)x+k+5
D=(k+2?2—4(k+5) =(+dE—-4>0 @

k;Z <0 @

f0)=k+5>0 B

From (), k< —4, k>4 -1

From @), k<=2 -5 B
From®, k>—5 --@® = @_’
From @, ® and ®, —5<k<—4 Wk R W
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2. Find the range of /% for which the quadratic equation
12— (2k+1)x+/k*—k—2 =0 has the following solutions.

(1) Two different negative solutions

[Sol] Let f(x)=x*—(2k+1)x+k2—Fk—2
D= (2k+1)2—4(k?—k—2)=8k+9>0 .-
2fe;~l<0 @)
)=k —k—2=F(+1)k—2)>0 -3

9
From (D, &> —5 (L) -® B
1 ~®
From @), k< — - (B @
From @), k< —1, k>2 --® _%—1_% 2 b

From @), (5) and (&), ——g—<k< —1

(2) Two different positive solutions

[Sol] [D=8k+9>0 ---(D

2;.3;1 S§ D

) =F+Dk-2)>0 B

From (1), k>—% D)
From (2), k>*% --(5)

From @), k< —1, k>2 --®

From @), (3 and &), £>2
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Quadratic Functions and Solutions of Quadratic Equations

1. Given that the quadratic equation ax?+bx+c =0 («>0) has two solutions
@ and (3, and with /(x) = ax®+ bx+c, determine the signs of (U~ for
each of the following graph of y = /(x).

(1) b

j:i‘ﬁ [Sol] D —%0 @ A0)[>]o
i ® o[>]0 @ p>Jo

(2) b b

;z—z [Sol] _EN} @ r0)<o0
\] i / @ a<0 @ B>0
a oi (4 x
(3) ] [Sol] @ —%m @ FO)I<0

@ a<0 @ Bg>0

(=
)
=Y

_—

(4) r:—li [50]]®—2i<0 @ £0)>0
"y @
; ® a<0 @ B<0

=
g

(o]

H‘

When a quadratic equation (@ >> () has one positive and one negative solution, as in ( 2 ) and
(3 ), the y-intercept must be negative, i.e. /(0)<0.

( /(0) <0 regardless of the sign of — %.)
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2. Find the range of % for which each quadratic equation has one positive and
one negative solution.

23

2—kr+3—k=0

[Sol] Let f(x) =x2—kx+3—Fk
f0)=3—k£<0

It has one positive and one negative
Therefore, k>3 ~en solution if and only if /(0)<0.

(1) z*—ke+Ei—£—2=0

[Sol] Let f(x) =x?—fx+ kR —Ff—2
fO)=F—k—2=(k+1)t—2)<0
Therefore, —1<k<2

(2) 22—(2k—1Dx+k*—FE=0

[Sol] Let f(x) =x*—(2k—1Dx+k*—F
)=k —k=klE—1)<0
Therefore, 0< £< 1
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Quadratic Functions and Solutions of Quadratic Equations

1. Find the range of % for which the quadratic equation x*> —2kx+k+2 =10
has the following solutions.

(1) Two different positive solutions

[Sol] Let f(x) =x*—2kx+k+2

§?=kt4k+2%=w+JX#-m>o~<D

E>0 @
0 =k+2>0 -

&)—
From ), k< —1, £>2 ---@ «® @
From®), £>—2 (B Z)—

From 2), @) and ®), &> 2 -2 -1 0 2 k

—

(2) Two different negative solutions

[Soll [ L _ (14 1)(k—=2)>0 @D

4 —_
k<0 @
f0)=k+2>0 @
H—
From @), k< —1, £>2 @ —@ @_,_
From @), k>—2 (&) @
From @, @ and ®, —2<k<—1 -2-1 0 2 ke

(3) One positive and one negative solution

[Sol] /(0)=Fk+2<0
k< —2
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2. Find the range of /% for which the quadratic equation
1% —2kx~+(k—1)(k—2) = 0 has two different positive solutions.

[Sol] Let f(x) =x®—2kxr+(k—1)(k—2)
%=fe2—(k—l)(fe—2)=3k—2>0 (D
E>0 @

F0)=FE=-1DkE=2)>0 B

2 1_5\
From (1), /> 3 (@) .
From @, £<1, £>2 -® @

0 2 1 2 k
From (2), @ and (), %<k<l, E>2 3 !

—4 bonsider this!}

We can solve question 2 using the root-coefficient relationships from J131D.
In order for the quadratic equation ax?+bx+c =0 (a>0) to have two
different positive solutions, ¢ and {3, the following conditions must be true:

(1) aand g are two different real roots = D= b%*—4ac >0

(ii) a+ﬁ>0©a+ﬁ=—%>O,theref0re,b<0
(iii) aﬁ>0@aﬁ’=%>0,therefore,c>0

Applying these to x? —2kx+(k—1)(k—2) = 0 in question 2 above.
Sincea=1,b= —2k c=(k—1)k—2),

(1) 4R2—4(F—1)(k—2)=4(3k—2) >0, therefore, k. >| o5 | @O

(ii) —2#<0, therefore,k>|I| =i}
(iii) (f?—l)(!e—2)>0,therefore,!e<|I|,fe>E vl F

From (1), @) and (3, %(k(l .

E<H I>Y> % 2T o) %( I} Joplo Ul :sIomsuy
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Quadratic Functions and Solutions of Quadratic Equations

1. Find the range of /& for which each quadratic equation has two different
solutions greater than 1 (¢ >1, #>1, a<p).

./_
=B+ 0 =0

[Sol] Let f(x) = x® —2kx+k+2

D ) = B TIE—) 50 D

4
From the graph, the axis
k>1 @ of symmetry > 1.

f()=1—2k+k+2=—k+3>0 ---3 <en

From the graph,

F(1)>0.
From Q), k< —1, £>2 ---@ ~®
From @), k<3 & ~@ %:
From @, @ and ®), 2< k<3
-1 1 2 3 k

(1) xX*—2kx+k+t6=0

[Sol] Let f(x) =x2—2kx+k+6

Lo pr—er6) =+ Dk—-3)>0 O

E>1 @

f)=1-2k+k+6=—k+7>0 @

From @D, £#<—2, k>3 @ ‘"? .
From @), £<7 ---(® - t%:

From @), @ and G), 3<kE<T 5 13 7k
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2. Find the range of / for which the quadratic equation x* —2kx+2k+8 =10
has two different solutions greater than 2.

[Sol] Let f(x) =x*—2kx+2k+8§

L fr—(2h+8) = (e + 22— 1)>0 @

E>2 (2

f(2)=4—4k+2k+8=—2k+12>0---

From @D, k< —2, k>4 @ *—% N
- 4)—»

From 3), k<6 (& (;_,

From @), @ and B, 4<k<6 -

3. Find the range of % for which the quadratic equation x* —kx+k+3=0
has two different solutions greater than — 3.

[Sol] Let f(x) =x*—kx+k+3
D= —4k+3)=F+2)(k—6)>0 ---O
f_e>73 (@

2
(—=3)=94+3k+E+3=4L+12>0 ---@

From D, k< —2, k>6 @

From @), £>—6 & g\:
From @), k> -3 @ ~—@ BH—

From @), ® and ®), —3<k< —2, k>6 =p =8 = & b
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Quadratic Functions and Solutions of Quadratic Equations

1. Find the range of /& for which each quadratic equation has two different
solutions less than 1 (<1, B<1, a<p).

P Lx.
=B+ 0 =0
[Sol] Let f(x) = x® —2kx+k+2

P ==k +2) =k Dlk—2)>0 D
k<1l @
fA)=1-2k+k+2=—k+3>0--@

From D, k< —1, k>2 @

From @), k<3 -
From @), @ and ®), k< —1

(1) x*—2kx+k+6=0

[Sol] Let Alx)=12—2kz+k+6
% — k2 —(b+6) = (k+2)(E—3)>0 D
k<l @

f)=1—-2k+k+6=—k+7>0---B

From @), k< —2, k>3 @ o
From @), k<7 ---® 1 @—

From @), @) and ®), k< —2
-2 13 7k
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2. Find the range of / for which the quadratic equation x* —/ex+/%&+3 = 0 has
the following solutions.

(1)

[Sol] Let f(x) = x*—kx+k+3

[Sol]

Two different solutions less than 2

D=k —4(k+3)=+2)E—6)>0 O

k
5 <2 (@)

f(2)=4—2k+k+3=—k+7>0 -3

From ), #<—2, k>6 ---@)

From @), k<4 ---B —®
From @), k<7 -® «8 .
(4 4)—
From @), ® and &), £< —2
-2 4 6 7 k
Two different solutions greater than 2
D=(k+2)k—6)>0 --@ i :%
k
T (@

f2)=—k+7>0 -3

From D), k< —2, k>6 ---@)
From @), £#>4 &

From ®), £<7 (& BH—
From @), 5) and 6), 6<k<7 @ D—
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Quadratic Functions and Solutions of Quadratic Equations

1. Given the quadratic function /(x) = ax?+bx+c (a>0), find the signs of
f () and /(%) for each of the following graphs.

fh) :’E / [Sol] /() >0,  F(k)>0

i kM x

\ / [Sol] f(W[>]0,  s[<]0

[Sol] f(h)<0, fR)<0

a B
\ h/ [Sol] f(h)<0, fR>0
>
a B
(4)\
=

[Sol] f(R)>0, JR)>0

h ok x

2. Fill in the blank box.

From the graphs above, note that /(x) crosses the r-axis in the domain /2 <x <k,
in graphs (1) and . In these cases, since /() and f(k) have opposite signs,
f(h)-f(k) <0,

Therefore, we can conclude that, when /(/2)-/(%) <0, the equation ax®+bx+c =10

has exactly one solution between /2 and /& (‘exactly one’ means ‘one and only one’).
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3. Find the range of / for which the quadratic equation x* —kx+4k—3=10
has two different solutions, exactly one of which is within the given

domain.

- 23

1 2

[Sol] Let f(x) = x®—kx+4k—3
f)=1—k+4k—3=3k—2
f(2)=4—2k+4k—3=2k+1
f(1)-£(2)=(3k—2)(2k+1)<0

_1 2
Therefore, 5 <k< 3

(1) 2<x<3

[Sol] f(2)=4—2k+4k—3=2k+]1
f(3)=9—3k+4k—3=1F+6
f(2)-f(3) = (2k+1)(k+6)<0

Therefore, —6<k< — %

(2) —2<x<-—1

[Sol] f(—2)=4+2k+4k—3=06k+1
A=1)=14k+4k—3=5k—2

f(=2)-A(—1)=(6k+1)5—2)<0

_1 2
Therefore, 6 <k< 5
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Quadratic Functions and Solutions of Quadratic Equations

1. Find the range of % for which the quadratic equation x> —kx+3k—2 =0
has two different solutions satisfying the following conditions.

(1) Exactly one solution is within 1 <x< 2,

[Sol] Let f(x) =x®—kx+3k—2 Y
f(D)=1—Fk+3k—2=2k—1 I /
f(2)=4—-2k+3%k—2=F+2 Q >
FD)-A2)=(2k—1)k+2)<0 W
Therefore, —2<k<%

(2) Exactly one solution is within —1 < x <0,

[Sol] /(—1)=1+k+3k—2=4k—1 v
\1/

S(=1)-f(0) = (4k—1)(3k—2)<0 1\@/ "

1 2
Therefore, K <k< 3

(3) One solution is within —1 <x <0, and the other solution is within
< 2

[Sol] From (1) and (2), \ ‘ /
1 1
I<k<7
w\yz

2}

—'__1
4 3
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2. Find the range of /% for which the solutions « and 3 of the quadratic equation
xr*—lkx+5k—4=0satisfy —2<a<0and 1 <B<3.

[Sol] Let f(x)=x*—fx+5k—4

f(—=2)="Tk, f(0)=D5k—4 v
f(1)=4k—3, f(3)=2k+5 \[ /
Therefore, T (o )
-2 1 3 X
(=2)-£(0) =Tk(bk—4)<0 @ \f/
f(1)-£(3) = (4k—3)(2k+5)<0 ---@
From D, 0<k<+ @ O _
5 ®
From (2), —%<k<% o@D _% 0 % %"6
3

From (3) and (@), 0<k<?

3. Find the range of % for which the solutions « and /3 of the quadratic
equation r* —(£+ 1)x+4k—5=0 satisfy —2<e< —1and 2<p3<3.

[Sol] Let f(x)=x*—(k+1)x+4k—5
f(—2)=6k+1, F(—1)=05k—3
f2)=2k-3, f3)=k+1

Therefore,
(—=2). /(=) =(6L+1)5L—3)<0 O
£(2)-£(3)=(2k—3)k+1)<0 o(2)
1 3
From@,—€<k<€ (@)
From@,—1<}g<% @
From (3) and (1), —l<k<i

6 5
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Quadratic Functions and Solutions of Quadratic Equations

1. Find the range of % for which the quadratic equation x* —2kx+/k+6 =0
has two different negative solutions.

[l et f) = 22—k bt
% B (h46) = (b +2)(k—3)>0 (D

k<O @ 7
f0)=k+6>0 B

—
e——— |
-

=

From @, k< —2,k>3 ---@ &

From @), k> —6 ---&) ~—@) @—
= {2

From (2), @) and 5), —6<k< —2 @

2. Find the range of & for which the solutions @ and 8 of the quadratic
equation x* —kxr—+3k—4 =0 satisfy —3<e<—1and 0<B3<2.

[Sol] Let f(x) =x*—kx+3k—4
f(—=3)=6k+5, f(—1)=4k—3
A0)=3k—4, (2)=F
Therefore,
A(=3)-A(—1)=(6k+5)(4k—3)<0 ---D
{f(o)'f(2)—(3/€—4)ff<0 (@)

5 3
. =2 e 2 .03
From (1), 6<f<4 ©) @
3
Fr0m®,0<!e<% REY .
From (3) and (4, 0<k<%
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3. Find the range of /% for which the quadratic equation
x*—2kx+2/* —k—3 =0 has one positive and one negative solution.

[Sol] Let f(x) = x2—2kx+2k%2—F—3
f0)=2k2—k—3=(k+1)2k—3)<0

Therefore, —1< k< 3

2 5s

( Consider this!}

Given that a quadratic equation ax?+bx+c¢ =0 (¢ >0) has solutions &
and {3, and with f(x) = ax?+ bx+c, consider the conditions for which
0<a<1and 0<B3<1. These conditions are

(i) B>0

(i) £(0)>0, A1)>0

Gi) 0<—2<1
2a

Let’s try this!
Find the range of # for which the quadratic equation x> —2kx+k+2 =10
has two different solutions within 0 <x<3.

[Soll (i) 2 =(k+1(k—2)>0

4
Therefore,k<‘-—l ,A>>| 2 | D

(ii) A0)=k+2>0

Therefore, /e > ) P

f(3)=—5k+11>0

Therefore, & < % (3
i) | 0 |<k<[3] @
From @, @, @ and @, 2<k<%

‘L"J

£

T>A>TET0 MY 17 B— (1) Z°T— (1)J9PIo Ul isomsuy

—
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Higher Degree Functions

1. Graph the following cubic function.

3 ~

y=xlx—1)(x+1)
¥ v

—2 | —6

-1 0

_1 3

2 8

0 0

B -1

2 &

1 0

2 6

(1) g=—glr—1)x+1)

y
—2 | 6
7 0
1[_3
2 8
0 0 = 5 x
1] 3
2 8
1 0
2 | —6

A function that can be written as y = ax®+bx* +cx+d (a#0) is called a cubic function.
y=x(x—1)x+1) is a cubic function, since it becomes y = x* — xr when expanded.
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23

2. Trace the graphs of the following cubic functions.

w={r+3lx 1) x—2)

3 5 Zy
o .
' A .my .
1 3 - LA
L ' . s
. ’ N4 .
: * ) o) Y .
x G
o [
% o
i .
Ll 'Yl
N e
. ) .
+ +
T
ey
L ¥ a3
..
H
.
H
i s i
: .
'
'

Note: If —3<x< —1, then 5> 0.

LS

(

For example, if you substitute
xr=—2,youget y=4>0.

)

.
(2)

gr=—{x+3 e+l w—72)

(1)

gl 8lr—I1)le—35)

. .

; :
il

[} . A . .
o

¥ — G+ *
¥ 1]

L] - ‘e . .

1 ) .

] . L]

L] L 1]

(3) y=—+2)&—1)(x—3)

:
- g "
3 .
. [ '
Y L] .
o
1) L] ’
: .
. ;
LI | r
" '
LN ’
" .
T ¥
; o
2 X
' [
L) ‘l '
v M
3
IR
e
L
oy
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Higher Degree Functions

1. Trace the graphs of the following cubic functions.

(1) y=x(x+2)(x—1) (3) y=xx—2)(x+1)

(2) =l 2Xe—1) (4) y=—xx—2)x+1)

YA Uk

(2]
1
t

_:,1 _:3 P, L1
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2. Trace the graphs of the following cubic functions.

23

5
=+ x—1)

g=1{x+2%(x—1)

b
(3)

(2)

(1) y=(Gx+2)(x—1)?

alpha  beta gamma
| |
x—7) (@>0,a<f<y). fav;
@, ] 7 r

|
= Consider the cubic function y = a(x—a)(x—)(
When y = 0, x = a, 8, 7. The graph crosses the x-axis at three points.
a
7\ B

« Consider the cubic function y = alr—a)*(x—p) (a>0, a<p).
When y = 0, x = @, 8. The graph touches the r-axis at x = &

and crosses it at x = .
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Higher Degree Functions

1. Trace the graphs of the following cubic functions.

(1Y yg=+D%x—2) (3) y=2t
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2. Trace the graph of the following cubic function.
= Ex.
=g — 37
[Sol] Let f(x) =x*—3x—2
From /(—1) =0,

£ 2 By the Factor Theorem,
f)=G+D*-xr-2) <u (x+1) is a factor.
=(x+1)%(x—2)

A
Note: If /(x) is divided by r+1 ¥
the quotient is 1% —x—2.
(Refer to the Factor Theorem on JI172.)
_rz— X _2 ."”,"““ .?:."‘\ ,':““
x+11284+0x%—32—2 o
4+ xP
— 2+ —3x
o= I2 —
=i
—2x—2
0

%

(1) y=x>—=3x+2

[Sol] Let f(x) = x*—3x+2
From /(1) =0,
) =x— D +x—2)
=(F—1%+2)

UA

el :
$~1J 40 —enTh &AL
.IS_ 1.2 r tas’ Tuu® WA
3%
e
— 2d 2
— A

0
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Higher Degree Functions

1. For each cubic function, write the letter (A)~(F) of the corresponding
sketch.

(1) y=xx+2)x—3)

(2) y=x(x+3)Nx—2)

H ' H
~~ Y i ~—
=) = 2!
S S p—

(3) y=—x(x+3)x—2)

.
3

(4) y=G+3)x—2)°

(5) y=(x—2)x+3)? - (A)

(6) yg=—{x+3*z—2)

(A) (B)
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2. For each of the two functions, write the letter (A)~(F) of the corresponding
sketch.

(1) y=x*-32—x+3 - |(BE)| (2) y=x23+2x+x - |(D)

[Sol] From the Factor Theorem, [Sol] y = x(x2+2x+1)
y=(x—1)x*—2xr—3) = x(x+1)?
=x—D—3)(x+1)

(A) (B) (&)

[\ A A

7 -1 1 x = 1\/1 \a x /0 1 X
(D)

(_Note Summary )
* The possible sketches of the cubic function y = alx—a)(x— ) x—7¥) (a <F <y) are:
When a >0 When a <0
I~/ NN,
lo s N> x aN_"p K &
* The possible sketches of the cubic function y = a(x—a&)(x—)? (@ <j3) are:
When a >0 When a <0

e i x “ \—/\ K
= The possible sketches of the cubic function y = a(x—a)? are:
When a >0 When a <0

/o X a N X
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Higher Degree Functions

1. Graph the following quartic functions.

O3 .

y=(x+3)(x+1)x—1)(x—3)
X Y
—4 105
=3 0
=2 —15
! 0
0 9
1 0
2 —13
3 0
1 105

(1} g=~EF+3G+1)Nz—1)E—3)

= d o0 T
-3 0 /N
—2 15 .
— 0 — 40

u _(9) - 60

1 i

80

2 15

3 0 ;*100

. | —105 _120

A function that can be written as y = ax® + bx® +cx® +dx+e (a#0) is called a quartic
Sunction. A quartic function is a 4th degree polynomial function.
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2. Trace the graphs of the following quartic functions.

23

y=(x+3)x+1(xr—2)x—4)

(2) y=—(x+3)x+1x—20x—4)

Note: If —3<x< —1, then y<0.

(For example, if you substitute )
xr= —2, you get y = — 24 <0.
LS

=@+ +2)x—Dx—3) (3) y=xx+4x+20xr—3)

wY
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Higher Degree Functions

Trace the graphs of the following quartic functions.

—x(x+2)%(x—3)

Y

VE(x—3)

x(x+2

Y

_1)3

(x+3)(x

¢
¥

(3)

xx+3)0x—2)?2

Y

(1)
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(4) y=xx+3)(x—2)(x—4) (6) y=—x(x+3)x—2)?
YA ; . YA
Nt : :;_ A

— 40+

(5) y=G+3)x—1Yx—3) (7) y=u+13*x—-3)

alpha  beta gamma  delta

| \ [ P
* Consider the quartic function y = a(xr—a)(x—p)Nx—y)(x—08) (a>0, a <B<y<H).
When y =0, x=a, 3, 7, 8. The graph crosses the x-axis at four points. P

+ Consider the quartic function y = a(x—a)*(x— ) x—7) (a>0, a<F<7).
When y =0, x =, 3, . The graph touches the x-axis at x =«
and crosses itat x =3, 7. a g\ Jr x

« Consider the quartic function y = a(x—a)*(x—f) (@ >0, e <p).
When y = 0, xr =, 8. The graph crosses the r-axis at + = & and at x = (3. @ (s
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Higher Degree Functions

1. For each quartic function, write the letter (A)~(F) of the corresponding
sketch.

(1) y=u+)x+2)x—1)x—4) | (B)
(2) y=+3)(x—1)x—3)? | (F)
(3) y=G+3x—1%x—3) - [(D)
(4) y=—(+4+1)x—2)(x—4) -+ (A)
(5) pg=—Ax+3PE—10(x—3) - | (E)
(6 p=—@+3)Nx—37 -1 (C)
(A) (B) (C)

7/\1\//\\& N\J-z T i % 7 \ %

(D) (E) (F)
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2. For each of the three functions, write the letter (A)~(D) of the
corresponding sketch.

(1) g=—A{a¥43)¥a—3)"

® W (B)

_ =3 3
-3 3 i
(2) y=@x+3)* ! /\/\

(©

3) (=3 U

3
) B ’ [\

(_Note Summary

* The possible sketches of the quartic function
y=alr—a)x—R)x—r)x—98) (a<P<y<d) are:

When a >0 When a <0
“7 ﬁd é‘ x

« The possmle sketches of the quartic function
y=alx—a)lr—pNr—¥)? (@<B<7) are:

When a >0 When a <0

» The possible sketches of the quartic function y = alr—a)*(x—p)? (a <p) are:
When a>0 \/\/ When a <0 P 2
A /N

» The possible sketches of the quartic function y = a(r—a)(x—8)° (& <pR) are:

When a> 0 When a <0
& B i 7}

* The possible sketches of the quartic function y = a(r—a) 4 are:

When a >0 U When a <0 i

H\I’
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Higher Degree Functions

1. Trace the graphs of the following cubic functions.

—3

g = , 42.)

=Y

(3) y=G—1)73

Sk

=y
=Y

o] 0/1
: *i“ s

> The graph of y = x*+ 1 is a translation of the graph of y = x*,
1 unit along the y-axis.

> The graph of y = (r—1)* is a translation of the graph of y = x*,
1 unit along the x-axis.
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2. Trace the graphs of the following quartic functions.

y=2x (2) y=-2x'+1

4 L YA

=y

I
=]
=Y

\H
. J-‘-“.’.‘I::;;;:

N
(1) y=2x*—1 (3) y=20x+1)*
Ve
q :
53 -1 o i J‘?

3. Complete the following using the above graphs.

(1) The graph of y = 2x*—1 is a translation of the graph of y = 2x*,

unit(s) along the —axis.

(2) The graph of y = 2(x+1)*is a translation of the graph of y = 2x*,

unit(s) along the —axis.
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Higher Degree Functions

1. Find the number of units and the direction in which the following graphs
have been translated from the graph of y = x*.

(1) y=x%+1 unit(s) along the E-axis

(2) yp=x—72 —2 units along the y-axis
(3) y=G—1)¥ 1 unit along the x-axis
(4) y=(x+2)3 — 2 units along the x-axis

2. Find the number of units and the direction in which the following graphs

have been translated from the graph of y = —2x*.
(1) y=—2x*4+3 3 units along the y-axis
(2) y=-—2x*-1 —1 unit along the y-axis

(3) y=-—-2x—3" 3 units along the x-axis

(4) y=-2x+1)" —1 unit along the x-axis
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3. Find the equation of the graph that has been translated from the graph of
the cubic function y = —x* as follows.

(1) 2 units along the x-axis y=—G-[ 2]

(2) 2 units along the y-axis y=—x°+2

(3)  —1 unit along the y-axis y=—x*—1

4. Find the equation of the graph that has been translated from the graph of
the quartic function y = 3x* as follows.

(1) 1 unit along the r-axis y=3(x—-1)*
(2)  —3 units along the x-axis y = 3(x+3)*
(3) 1 unit along the y-axis y=3x*+1
(4)  — 3 units along the y-axis y=3x*'—3

e ——
Consider this!

The graph of y = 2(x—1)*+4 is a translation of y = 2x°.
Think about how the graph has been translated.

sixe-/ ay) Suofe syun § pue ‘sixe-x ay) Juoje JIUN | IomsUy
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Higher Degree Functions

1. For each function, write the letter (A)~(F) of the corresponding sketch.

(1) y=@+Dx—1¥x—4) - | (E)
(2) y=+4dHa+Dx—1) -+ (A)
(3) y=—(+Dx—1x—4) -1 (C)

(4) y=(x+3)Nx+)x—1)xr—4)

(5) g=—(x+3)(x+1)3(x—4)

P —~ —~
= = =}
el —t p—

(6) y=—(r+3)x+1(x—4)?
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2. Sketch the following functions.

(1) y=G+Dx+Dx—1) (3¢)

/\ /.

y=x(x+4)(x+2)(x—3)

(2) y=—(x+3)(x—2)° (4) y=@+3)(x+1Dx—2)
2 _ ~1 _
=i x 3 2 x
3. Sketch the following guintic function.
y=+3Nx+Dx—1)(x—3)(x—6)

(Hint )
If y = f(x), then f(—4) <0, f(=3)=0, f(=2)>0, ..., /(1)>0

Terminology: A guintic function is a 5th degree polynomial function.
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Higher Degree Equations and Inequalities

For each function, sketch the graph and find the values of x at which y = 0.

y=x+2)(x—1)(x—3)

(2) y=(x—2)°

\
5_1"

—/ IN_ 7% =«
(r—2)3*=0
T+ x—1D(x—3)=0 x=2
r=—21 3
(1) y=+Dx—2)? (3) y=G+1)x—2)°

(x+1)(x—2)2=0 (x+1D)x—2)3=0

x=—1, 2 x=—1, 2
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(4) =02+ 1)GE—=2)

\/

N\

2+ 1(r—2) =0

[

vl

r

(5) y=G+3)x+1x—2)

/\

H"

74 2 >

(x+3Dx+1)x—2)=0

r=r—3; —1; 2

(6) y=+INx+Dx—2)(x—4)

(r+3Na+1r—2)x—4)=0

x=-3, -1, 2, 4

(7)) y=(x+Px+Dx—2)2

(x+3)(x+1(x—2)*=0

= =dy —1; 2

The solutions of the quadratic equation (x—a)(x—f3) = 0 correspond to the points where the
function y = (x—a)(xr— @) intersects the r-axis.

Similarly, the solutions of the cubic equation (r*a)(rfﬂ)(x*y) =0 correspond to the
points where the function y = (xr—a)(x—p)(x—7) intersects the x-axis.

The solutions of the quartic equation (xr—a)(x—#)(x—#)(x—8) = 0 correspond to the
points where the function y = (xr—a)(x—£)(x—y)(x— §) intersects the r-axis.
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Higher Degree Equations and Inequalities

1. Solve the following inequalities by sketching.

(x+2)xr—1)x—3)>0 (2) x(2x+3)x—3)>0
[Sol] Sketching [Sol] Sketching
y={x+20x—1}xr—3), y=x(2x+3)(x—3),
i /
2/\o__3 g
> x
- / I 3 T
Therefore, . - Therefore,
y 1s positive for
—2<x<1, x>3<ED the x-values in the _3
shaded regions. 2 <x<0, x>3
Note: For example, when substituting x = 0,
we get y = 6. Thus, we can see that y
is positive for —2 <x<1.
(1) (x+3)x+1x—2)<0 (3) x(x—=2)x+3)<0
[Sol] Sketching [Sol] Sketching
y=(x+3)x+1)x—2), y=x{x—2)x+3),

~ /| . ~ /| .
_7 _1\/2 > / N x

Therefore, Therefore,
x<—3, —1<x<2 x<—3, 0<x<2
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2. Solve the following inequalities by sketching.

S Ex.
(x+2)x—1)3—x)=0
[Sol] —(x+2)(x—1)Xx—3)=0

Sketching
p=— e+ e—1){xr—3),

Therefore, r< —2, 1<xr<3

Note: For example, when substituting
x =2, we get y = 4. Thus, we can
see that y is positive for 1 <x <3.

(1) (x+1D2—xx—4)<0

[Sol] —(x+1)(x—2)(x—4)<0
Sketching
y=—(x+1)(x—2)x—4),

L W
VA

Therefore,
—1<sx<2, x=4

(2) @E+2X1—x)(3—2)<0

[Sol] (x+2)(x—1)(x—3)<0
Sketching
y= lwr@le—1x—3]

Therefore,
x<—2, 1<x<3

(3) A—03—x)5—2x)=0

[Sol] == (&= 10z—8)x—3)=]
Sketching
y=—(x—1)x—3)x—5),

\ A
1\/3 o\ 5

Therefore,
x=<1, 3sx<5b
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Higher Degree Equations and Inequalities

L. Solve the following inequalities by sketching.

(x+2)(x?—2x—3)<0

[Sol] (x+2)(x—3)(x+1)<0
Sketching
y=(x+2)xr—3)x+1),

Therefore,

r<—2, —1<x<3

(1) (r+1)(x*—4x+3)>0

[Sol] (x+1)(x—3)x—1)>0
Sketching
g=lz+ Dlx—30x—1),

= / 1 3 <’
Therefore,

—1<x<1, x>3

2)  P—l)at—w—6)<0

[Sol] (2x—1Nx—3)(x+2)<0
Sketching
y=(2x—1)(x—3)(x+2),

/.

/\ :
N

Therefore,

x<—&-%<x<3

(3) @Q—x)Xx®—3x—4)=0

[Sol] =fa=2G—4lx+1)=0
Sketching
y=—(x—2)ax—4)x+1),

\ A
I\/Z \ T

Therefore,
xs<—1, 2<x<4
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2. Solve the following inequalities by sketching.

:

—Dx2—4x+2)>0

[Sol] Solving the equation

—dx+2=0,
=242
Sketching

y=(x—1)(x2—4x+2),

Therefore,
2—42<x<], x>2+42

N

(1) (+D2+2x-2)<0

[Sol] Solving the equation
+2x—2=0,
r=—1+43

Sketching

=] Mgtk 2r—2),

Therefore,
x<—1—-43, —1<x<—1+43

(27 B—p®—2x—1>0
[Sol] —{x—3)A—Z2x—=1>0
Solving the equation
a2 — ==,
r=1%42
Sketching
=3 —2—1);

\ 1442 3 -

1-42

Therefore,
x<1—42, 1+42<x<3

(3} G—20—8x+ Li=0

[Sol] Solving the equation
2=3x+1=0,

3+45
2

Sketching
y={x—2)(x*—3x+1),

3-45
2 -

2\/%5_ T

[Note: V5 =2.23... ]

Therefore,

3—45
2

3+45
2

sx<s2, x=
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Higher Degree Equations and Inequalities

L. Solve the following inequalities by sketching.

3

(r—2)%(x—4)<0

[Sol] Sketching
y={x— 2 r—4),

Therefore, T
x<2, 2<x<4 “=D included in
the answer.

(1) LS a—2)Ey

[Sol] Sketching
=3P lx—2),

Therefore,
x<—3, —3<x<2

(2) (x+DE2—6x+9)<0

[Sol] (x+1)(x—3)2<0
Sketching
y=(x+1)x—3)%

S .

- 1/ 3 T
Therefore, x <

(3) (x—1)&E%F+x—2)<0

[Sol] la— I*a4-2) <0
Sketching
y=(x—1)*x+2),

~S

—2/ 1 i

Therefore, x < —2
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2. Solve the following inequalities by sketching.

3
(x+3)(x—2)2<0 (2) (x+2)xP—x—6)<0
[Sol] Sketching [Sol] (x+2)*(x—3)<0
y=x+3Ix—2)% Sketching

y=(x+2)2(x—3),

o

Therefore, .
r=2is
r<—3, x=2 =0 includedin
the answer.
N Therefore, r<
(1) #*2x+3)<0 (3) (1—x)(x2—4x+3)=0
[Sol] Sketching y = x*(2x+3), [Sol] —(x—1)*x—3)=0

Sketching
y=—{x—1)*x—3),

1 3\’)5

Therefore, x < — % , x=0 Therefore, x <3
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Higher Degree Equations and Inequalities

L. Solve the following inequalities by sketching.

3

=32 >0

[Sol] Sketching y = (xr—3)?,

Therefore, x> 3

\

(1) CutlP>0

[Sol] Sketching y = (2x+1)%,

RS

Therefore, x> — 1

2

(2) (2—x)3<0

[Sol] —(x—2)¥<0
Sketching y = — (x—2)3,

-
N

Therefore, x> 2

(3) B—0?—6x+9)=0

[Sol] —(x—3)*=0
Sketching y = — (x—3)?,

-
N

Therefore, x <3
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2. Solve the following inequalities.

(x+2)(x24+3x+5)>0

[Sol] Let D be the discriminant of
the equation x?+3x+5 = 0.
AsD=9-20=—11<0,
so x4+ 3x+5>0 for all x.
Therefore, :

Since
x+2>0 ==p P+3x+5is

Thus,

x.>—2

[Reference]
The sketch is shown on
the right.

Y

always positive.

(1) x+Dx2—x+2)<0

[Sol] Let D be the discriminant of
the equation x?* —xr+2 = 0.
AsD=1-8=—-7<4,
sox’ —x+ 25 0 forall x.
Therefore, 2r+1<0

Thus, x< — i

2

(2) (A—-2x)(x?—2x+3)=0

[Sol] —(2xr—1)(x?—2x+3)=0
Let D be the discriminant

of the equation

2—2x+3=0.
AR %:1—3: —2<0,

s0 x—2x+3>0 for all x.
Therefore, —(2x—1)=0

Thus, x < %

(3) £—x*+x—1=0

[Sol] (x—1)(x®2+1)=0
x24+1>0 for all x.
Therefore, xr—1=0
Thus, x=1
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Higher Degree Equations and Inequalities

Solve the following inequalities by sketching.
(1) (I—-2x)(xt—x—2)<0 (3) (x—3)a2—x—6)>0

[Sol] —(2x—1)x—2)}x+1)<0 [Sol] {(x—3)*(x+2)>0
Sketching Sketching y = (x—3)%(x+2),

y= —2x—1Xx—2)x+1),

\ A :
AN A

Therefore, Therefore, —2<x<3, x>3

—ISIQ%, x=2

(2) (=2 x2—4x—1)=0 (4) 2—x)a?—4x+4)>0
[Sol] Solving the equation [Sol] —(x—2)3>0
P—4x—1=0, Sketching y = —(x—2)3,
=2+45
Sketching

y=(—2)x*—4x—1),

9— ,,'?/ 2 \/2 wilh & Therefore, x <2

Therefore,

2—5<x<2, x=2+75
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(5) 2x3—x2—6x<0 (6) x®—4r?+5xr—2<0
[Sol] x(2x+3)(x—2) <0 [Sol] (x—1)*(xr—2)<0
Sketching Sketching y = (x—1)%(x—2),

y=x2x+30x—2),

i~/ s
NS N

Therefore, Therefore, x <2
x< —%, 0<x<2
(_Note Summary )
* Solving the inequality alxr—a)(x—pBNx—7)>0 (&< <y),
When a>0: a<x<B, x>y When a<0: x<a, g<a<y
a 4
BN T @ AN

» Solving the inequality alr—a)(x—3)* >0 (e <p),

Whena>0: a<x<g, x>f When a<0: x<a

%
g

* Solving the inequality a(x—a)® >0,

Whena>0: x>« When a<0: x<a
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Higher Degree Equations and Inequalities

L. Solve the following inequalities by sketching.

B3 \
(x+3)x+Da—1x—4)>0 (2) (+)E=3)2+x—2)<0
[Sol] Sketching [Sol] (x+4)(xr—3)(x+2)x—1)<0
=(x+3)(x+1Dx—1)(x—4), Sketching

y=@+Hx—3)x+2)(x—1),

WA

Therefore, —4 1 3 "
- W WY

=3 —1l<x<], x>4

~1/\
—5 1

Note: For example, when substituting Therefore,
x =0, we get y = 12. Thus, we can
see that y is positive for —1 <x<1. —dsxs<—2, 1sx<3
(1) x(2x+3)x—2)(x—4)<0 (3) QCx+D1—x0?*—2x—8)<0
[Sol] Sketching [Sol] —(2x+1(xr—x—4)(x+2)<0
=gl le—=2)0F—4); Sketching

—(2x+Dlx—1Dx—4)(x+2),

Therefore,

—3 <x<0, 2<x<4 Therefore,

2
xs—2, —
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2. Solve the following inequalities by sketching.

3

(r+2)2(x—D(x—3)>0

[Sol] Sketching
=2 G—1E—3),

Therefore,
B —2, —2< 1<, ¥>3

(1) (x+3)x+1D2(x—2)<0

[Sol] Sketching
g=dx 3l L (e—=2),

Therefore,
—3<x<—1, —1<x<2

(2) G+DA—0&x—4)2=0

[Sol] —(x+D(x—1)x—4)2=0
Sketching
y=— (e HIr—Dlx—d)®,

[

Therefore,
—1<x<l1, x=4

(3) +22x—3)(*+xr—2)=0

[Sol] (x+2)H(x—3)(x—1)=0
Sketching
p={e+2Pa—3)a—1),

Therefore, x<1, x=3



KI18

KllI&8a KUMON

Higher Degree Equations and Inequalities

L. Solve the following inequalities by sketching.

3 N

(xr—D(x—3)2>0 (29 (Etdetd)tta—2)=0

[Sol] Sketching y = (x—1)(x—3)%, | [Sol] (x+2)*(x—1)=0
Sketching y = (x+2)*(x—1),

1 3 x

N
Y,

Therefore, r<1, x> 3

Therefore, x<—2, x=1

(1) (x+3)(2x—3)3<0 (3) 2—00*—222—4x+8)=0

[Sol] Sketching y = (x+3)(2x— 3)3, [Sol] —(x—2)3}(x+2)=0
Sketching y = —(xr—2)*(x+2),

Therefore, —3<x < %—

Therefore, —2<sx <2
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2. Solve the following inequalities.

(x+2)(x— 1)+ 3x+3)<0

[Sol]

Calculating the discriminant, D, of
> +3x+3=0,
D=9—-12=—3<0.

So x>+ 3x+3>0 for all x.

Therefore, Since
2
(x+2)(x—1)<0 =n FRE
is always
positive.

Thus, —2<x<1
e

(1Y AE+2)2Fhd et —E a0

[Sol] Calculating the discriminant, D, of
x2—3x+4=0,
D=9—-16=—-7<0.

So x%—3x+4>0 for all x.
Therefore,
e +2)2n+3)>0

Thus, x<s—2, x= —%

(2) (PF—x+2)x*—x—6)<0

[Sel] (x* —~a+Z)x—3)xr+2) <0
Calculating the discriminant,
D.ofa?—x4+2=10,
D=1-8=—-7<0.

So x*—x+2>0 for all x.
Therefore,

(xr—=3)x+2)<0
Thus, —2<x<3

(3) (2-303+40)<0

[Sol] —x(3x—2)(x?+4)<0
22+4>0 for all x.

Therefore,
—~4(3x—2) <l
Thus, x<0, x= —g—
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Higher Degree Equations and Inequalities

1. Solve the following inequalities by sketching.
(1) 2e+IX]l—z}zt—x—6)<0 (3) lf—a—2)(P4ar—6)>0

[Sol] —(2x+ 1)(x—1)(xr—3)Nx+2)<0 [Sol] (x—2)*(x+1)x+3)>0
Sketching Sketching
y=—Cx+Dx—1x—3)x+2), y=(x—2)2(x+1)x+3),

—3\/—1 2 x

Therefore, Therefore,
x<—2, —%<x<1, x>3 x<—3, —1<x<2, x>2
(2) (*=3xr—4)?+x—6)>0 (4) (1-2x)(x*—3x24+3xr—1)<0
[Sol] (x—4)Nx+1)x+3)x—2)>0 [Sol] —(2x—1)(x—1)*<0
Sketching Sketching
y=(r—4)(x+1)x+3)(x—2), y=—=2x—1)x—1)%

_3\/—1 2\/4 "

Therefore, Therefore,.rﬁé—;—, x=1
x<—3, —1<x<2, x>14

~—
_
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2. Solve the following inequalities by sketching.

R Ex.
(31 r—2lz—=Dle—7) >0
Sketching y = (x+3)(x+ 1)(x—2)(x— 4)(x—17),

AN [
VARV

Theretore, —=3< x< =1, 2< <4, >0

p 8

(1) 2lx+2)2xr—3)0x—3)x—5)<0

[Sol] Sketching y = x(x+2)(2x—3)(x—3)(x—5),

NN~ ]
/NS

Therefore, x < —2, 0<x< 5 3<x<5

=Y

(2) (x+DRx+50—2x)0x—2)x—4)=0

[Sol] —(x+1)(2x+5)(2x—1)(x—2Nx—4)=0
Sketching y = — (x+1)(2x+5)(2xr—1)(x—2)(x—4),

A 2N

1IN_2 4\ o
2

ey 7

Therefore, J:S—%, —ISIS%, 2=sx<4
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Higher Degree Equations and Inequalities

Solve the following inequalities.
(11 Rribllat—s—L0

[Sol] (2z+56)x—2Xr+1)<0
Sketching

y=Cx+5)(x—2)x+1),

~_ /.
_%/ *1\/2 x

Therefore,

x<—%, — ] i d

(2) 2—0)*4+x—6)=0

[Sol] —(x—2)%(x+3)=0
Sketching
y=—(xr—2)4x+3),

N

Therefore,

x<—3, x=2

(3) (XP—x—2)(x?—6x+8)<0

[Sol] (x—2)2(x+1)x—4)<0
Sketching
F=E—-2 a4,

Therefore,
—1<x<2, 2<x<4

(4) (B—xn)x—5)x*—6x+9)<0

[Sol] —(x—3)3(x—5)<0
Sketching
y=—(x—3)3(x—5),

N

Therefore,
x<3, x=5
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(rPP+xr—6)(x2+x+6)<0

[Sol] (x+3)0x—20x*+x+6)<0

Calculating the discriminant,

D, of X+ xr+6=0,

(5) (x¥*—4x+3)2>0 (7)
[Sol] (x—1)%(x—3)2>0
Sketching y = (x—1)%(x—3)?,
1 3 ™
Therefore,
¥<€l; 1<8<3, ¥58
(x#1, x#3)
(6) Cr—1)a?—3r—D?+x—6)<0
[Sol] (2x— 1N x—4)Nx+1)(x+3)x—2)<0
Sketching
=2x—1Dx—)x+Dax+3)x—2),

D=1-24=—23<0.
So x?+x+6>0 for all x.

Therefore,

(r+3)x—2)<0

Thus, —3sax<2

/
Y

Therefore, x< —3, 1-‘%1‘\% 2=sx<4
- Consider this! '
—xx—1x—2)>0 QD

You can solve (1) in the following way:
Multiplying both sides by —1,

Notice the direction of
(x—1x—2)<0 =D the inequality sign.
From the sketch of y = x(x—1)(x—2),

<[] [1]<r<[2]

y=1‘(1—])(1‘:2}

Z T '0 19pIO UI :SI2MSUY
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Graph the following fractional functions.

T
X Y
-3 _%
—9 __%
—1 =1
_% -
*% —3
0
+ z
> 2
1 1
2 | %
3] 3

(1) !——%
X Y
—3 ?
—9 5
—] 1
f% 2
f% 3
0
5 | -3
5| -2
1 =1
=1
="
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1_2
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1. Complete the following, using the graph of y = Lr

YA

.

H“

Find the value of y for each of the following values of x.

L

When xr =10, y= 10 When x =1, yi
_ . D -
When x =100, y= 100 When x = 10 Y

When = 1000, y= ﬁ When _r:ﬁ, _1,:

From the graph of y = %,

* As x gets further away from zero, the graph gets closer to the x-axis.
However, it never crosses the x-axis.

* As x approaches zero, the graph gets closer to the y-axis.

However, it never crosses the y-axis.
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2. Complete the following, using the graph of y = — %
Uz
J" 1
ol , o

Find the value of y for each of the following values of x.

1
When x =10, y= ~ 10 When r=1, y=
_ _| - L _ 1 ol ==
When x =100, y= 100 When xr = 100 Y= 10

When xr = 1000, y= —mlw When,r:ﬁ, g/=

From the graph of y = — %,
« As x gets further away from zero, the graph gets closer to the x-axis.

However, it never crosses the x-axis.

+ As x approaches zero, the graph gets closer to the y-axis.

However, it never crosses the y-axis.

Generally, a line which a graph approaches indefinitely without crossing is called an
asymptolte of the graph. The asymptotes of y = % and y = — lr are y = 0 (the r-axis) and
©=0 (the y-axis), '
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Graph the following fractional functions.

- A
X Y /
—3 7%

—9 _%

1

0

1
? 1
o 0

1 =1

2 =3

-4

1
(2) v=713
X Y
-5 _%
—4 7%
=3 —1

5 5
—2
_é 9
= 1

0 3

1 % Asymptotes:x=—2,y:|I|

K123
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(3) y=——7+2 T
e y YA
o | & |
3
—1 % 54
0 1
: 1
= 0 2
2
3 1
1 ¢ \ I
: o| \ |1 5 x
3 0 |
E 4
2 3
5
j ? Asymptotes:x=‘ : t/:‘ 2 ‘
L !
(4) y=——-+1 - 1
=3 3
~ «’f A
_ 4
1 ? ]
0 7
1 2
T |
5 '______..‘—-
3 4 1 //_
2 I E T
L1 -2
2| -1
3 0
1
4 > ;
5 £ y=| 1|
From guestions ( 1 )~( 4 ),
the asymptotes of y = _rli) =D =g
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The asymptotes of the graph of y = % +q (k#0) are x=p, y =q.

Find the asymptotes of the following fractional functions, find the intercepts,

and draw the graphs.

* Asymptotes: x=1, y=2 ¢ Asymptotes: x =2, y= —1

* Intercepts: .
, =—1, * Intercepts:
x-axis: (—1, 0)=p zv:henx L g

0 x-axis: (5, 0)
. 5 When x =0,
y-axis: (0, —2)=n =z y-axis: (0’ _%)
¢ Graph
(Draw the asymptotes first.) * Graph

YA UA
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— k.
(2) ¥=—737 2

« Asymptotes: x=—1, y=—2
* Intercepts:
x-axis: (1, 0)

y-axis: (0, 2)

¢ Graph

T
(3) y= — il

* Asymptotes: x =2, y=1

¢ Intercepts:
x-axis: (5, 0)

y-axis: (0, %)

¢ Graph
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Find the asymptotes of the following fractional functions, find the intercepts,
and draw the graphs.

_axtl &
T 1 () =7
T2 = Y=
* Asymptotes: x=2, y=1 Noe + Asymptotes: x = —1, y =1
¢ Intercepts:
r-axis: (—1, 0) * Intercepts:
1 (0, 0)
y-axis: (O, —7>
» Graph * Graph
YA YA
5+
1] il
T 5 =
1 2 ™ & — 5 —
1
-7

Note: In order to identify the asymptotes easily, you can rewrite each function as follows:

O .5 (x—2)+3 - 3'
b

ot %2



g =il .
(2) y=-— (3) y=-_77

e - _ 2

y=1 x 2 ot x+1
+ Asymptotes: x =0, y=1 * Asymptotes: x = —1, y = —2
* Intercepts: ¢ Intercepts:
x-axis: (1, 0) (0, 0)

¢ Graph ¢ Graph

.

axr+b

To find the r-intercept of y = po—

, solve the equation ax+ b = 0 (i.e. the numerator = 0).

Jr
For example, given y = ;_é , solving x+1 =0 we find r = — 1, which is the x-intercept.
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Find the asymptotes of the following fractional functions, find the intercepts,

and draw the graphs.

= 2x+2
Y21 !
14 3 2r—1)2x+2
7 e 2r—1
3
N
¢ Asymptotes: x = e =1

5 s U=
9 Y

* Intercepts:
r-axis: (—1, 0)
y-axis: (0, —2)

* Graph

YA

|
l/__
Do
~Y

(1) ‘y:ﬂ

2x—3
.
A PR
i - S
* Asymptotes: x = 9 U= 1
* Intercepts:
x-axis: (3, 0)
y-axis: (0, —2)
¢ Graph
YA _—=2x+6
1 Y="2x-3
E
N >
o] 1T 3 5 T
——.____\—1

Note: In order to identify the asymptotes easily, you can rewrite each function as follows:

L P2 (@x—1)%3 3

P =gd ™ Bgp—] ~T"3

a—1
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(2) yzzfis

6
2x+3

y=2-

* Asymptotes: x = — % yy=2

* Intercepts:

(0, 0)

* Graph

4 YA

¥ w3

oF

o B g
(3) v=—11
_ 4
4 l+2r+l
NP SU
. Asymptotes.x——f,y——l

¢ Intercepts:

(The x-intercept is a fraction.)

x-axis: ( % y 0)

y-axis: (0, 3)

¢ Graph
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For each fractional function, find the equations of the asymptotes, then draw
them on the graph. (If the asymptote is the x or y-axis, there is no need to draw

it again.) Then, state how each graph has been translated from y = Lx

(1) y=—1 (2) y=-1+2
x

Asymptotes: x =2, y =10 Asymptotes: x =0, y =2

Y

4]
+

2
r——— 1
_:5::;. et >

o
e
Y

Translation: Translation:

unit(s) along the x-axis unit(s) along the y-axis



AP s, b
(3) v +2 (4) vy porr i

Asymptotes: x =1, y=2 Asymptotes: x = —2, y=—1

=Y

o H

i
5
2..
—J
T

Translation: Translation:

unit(s) along the x-axis unit(s) along the xr-axis
unit(s) along the y-axis unit(s) along the y-axis

s ; . k
Note: Given a fractional function y = =7 +q (k#0), the graph’s asymptotes are x = p

and y = g. This graph has been translated from y = %, / units along the r-axis and

¢ units along the y-axis.
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For each fractional function, find the equations of the asymptotes, then draw
them on the graph. Then, state how each graph has been translated from

Y=o
_ 1 . _ 1
(1) V=575 (2) 2):+1
1
2(1*)
Asymptotes: Asymptotes: x =0, y=1

r=[1].s=[1]

Translation: Translation:

unit(s) along the x-axis unit(s) along the y-axis



.. 2x—3
Y=tz 4 1=9—

+1

1
=—_1|1 -
2(1+) 2(x—2)
Asymptotes: x=—1, y=—1 Asymptotes: x =2, y=1

.f,{ 4

5
1
—_— ]
8]

Translation: Translation:

unit(s) along the x-axis unit(s) along the x-axis
unit(s) along the y-axis unit(s) along the y-axis
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1. State how each of the following graphs has been translated from y = %

2

"]

(1) y=

[Sol] Translation: unit(s) along the r-axis

(2) ‘y:i+3
P

[Sol] Translation: 3 units along the y-axis

— 2 —
(3) u A 1

[Sol] Translation: — 3 units along the x-axis,

and —1 unit along the y-axis

2. State how each of the following graphs has been translated from y = %

1 1
(1) y= =
=2 1] noL

[Sol] Translation: 1 unit along the x-axis

(2) U:Z—Z =

L - —~ 5x
[Sol] Translation: —2 units along the y-axis

1

— _ 1
P T a2 )

[Sol] Translation: —2 units along the x-axis,

(3)

and 1 unit along the y-axis
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3. Given the function y = %, state the equation of the graph described in each

translation.
(1) 3 units along the y-axis

el
[Sol] y=--+3

(2)  —1 unit along the r-axis
_ 1
[Sol]l y = T+1

(3) 2 units along the x-axis, and — 1 unit along the y-axis

1

[SOI] y= m -1
(4)  —3 units along the x-axis, and 2 units along the y-axis
_ 1
[Sol] y = 3 57 +2
4. Given the function y = — % state the equation of the graph described in

each translation.
(1) —1 unit along the y-axis

[Soll y = —%—1

(2) 3 units along the r-axis
2

[Solly = — s

(3) 1 unit along the x-axis, and — 3 units along the y-axis

[SOIJ y= —ﬁ—;’b
(4)  —2 units along the x-axis, and 1 unit along the y-axis
[Soll y = — _2_ +1

x+2
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1. For each function, write the letter (A)~(F) of the corresponding sketch.

(1) y=-2+1 @] ) oy=1-E [ (®)
; 2 - q__2
(2) y=—2 [ (5) y=-1-—= (B)
—14_ 2 » ; - _ 2 ..
(3) y=1+—23 (6) g=—1+—2x (D)
(A) (B) (@]
UA i/ A UM
— = L = =
~No r — |O X 0 I
\ '

(D) CE) (F)

\A y v 7 YA

y
_
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2. Write the letters (A)~(F) of the functions that satisfy each condition
(1)~(3)

(1) The graphs that have been translated from y = % are | (A) [, | (O

(2) The graphs that have been translated from y = — — are - - -

(3) The graphs that have been translated from y = —— are - -
1

(A) v=7—3

(B) ¥=7—=2~ 7—2
© r= 5T =t
D) 1=

(E) u:rzl—l—i

() y= TS gy 1

2r+4 2x+2)
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Given the fractional function /(x) =1+ po— find the maximum and
minimum values for each given domain. Also state the range.

(1) Ao When —2<x<],
51 i 3
I f=2=|q | rw=[0]
] N\ From the graph:
i | | el
------------ 3
e s | 2 = -
e ) . Maximum value: (when x = 20
- o] 1“\‘2 5 o 4 -
l‘-l Minimum value: El (when xr = )
: 3
T Range: <)~
k e [0] <] 3
(2) YA ! When —1<x<2,
51 E 2
I A(=1)=| 3 |, f(2) has no value
Il “\ Note: When x = 2, f(x) is undefined.
I e
el | N From the graph: .
-1 0] 1\z2 5 7
| ‘ Maximum value: K} (when xr = )
Minimum value: does not exist
1 2
sl

Range: /(x)<| 3
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(3) n When 0<x<3 (but with x%2),
i 1
=5 |, 3=
] From the graph:
L O B TP P 5
e N Maximum value: does not exist
LN ¥ Minimum value: ‘ does not exist ’
1
Range: f(x)<| 5 |, f(x)= EI
(4) YA

When 2 <x<5,

1

f(2) has no value, /(5)= %
From the graph:
o 1%z = -“-“-:-;x Maximum value: | does not exist ‘
“:: Minimum value: % (when xr= )

Range: f(x)= %

When 3<x <6,

/@=[2]. fo=|
k._ From the graph:

e mmm—————
-~

T
7

—
‘o
]

o}

-

o Maximum value: E (when x = )
% (when x = ‘Z’)
3

Minimum value:

-
o

Range: | 5 | </t0<[ 2]
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For each fractional function, draw the graph, then state the range that satisfies
the given domain.

[Sol] f(x)=1+ % A

¢ Asymptotes:

1
1
i

1

[}

]

1

1

+ 1

L}

\

4
3 \
« Intercepts; Ni;::::: Ny

reaxis: (1, 0) LT

P — ! é ' é >

o 1%2] 3 5 X
y/-axis: (0 i) T4
« 2 ? 2 “
* Range: 1 :.
4 -5l E
/=2 ] /5=|5 |

From the graph, % < f(,r)g\Z’

7 % % ‘7 I9pIO Ul SIaMSUY
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(1) fo)= xerZ (—5<xr<—3)

2

[Sol] f(r)=*l+x+2

* Asymptotes: “‘.
x = _2’ y=-—1 “\

* Intercepts: T

0, 0 ' '*Si —3l-2 o~ ~=--.

-------- 1"._____:_1-,i
| + 3
¢ Range: ‘\ .

f(=5)=—

m|Ul

From the graph, —3< f(x)< —

w|en

i UA
(2) flx)="- (0<x<3) ]

2 /
x+41 i

[Sol] f(x)=1—

 Asymptotes: =0 1

--------

x=—1, y=1 R
* Intercepts: !
x-axis: (1, 0)
y-axis: (0, —1)

* Range:
f0)= =1, /(8)=

From the graph, —1< f(x) < %
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For each fractional function, draw the graph and find the range.

3

f)—= 2;;35 (2<x<6, but with xr+#3)
_ 1

[Sol] fx) =2+ ===

* Asymptotes:
F=3. § =2

* Intercepts:

x-axis: (%, O)
y-axis: (0, %)

* Range:

r@=[1], 76

From the graph, /(x)

~|m

e

€

‘1 I9PIO UT :SIOMSUY
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(1) f(r)=2"r+3 (—2<xy<2, but withr#—1)
i)
_ 1
[Sol] f(x) —2+—I+1

* Asymptotes:
x=-1, y=2

* Intercepts:

Xx-axis: (—%, 0) T

y-axis: (0, 3)

———
-

¢ Range:

[F%]

From the graph, f(x)<1, f(x)

_ —2x+H

(2) f) P

* Asymptotes:
x=3, y=-—2

> 1
3

(1<x<6, but with x#3)

Mo ——————

=Y

I R ;/ !
e Intercepts: 2.1
A

x-axis: (%, 0)

y-axis: (0, —%) 8
* Range:
T
) ==, /6) 5

From the graph, f(x)<— % , flx)=— %
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1. For each fractional function, draw the graph and find the range.
23 ~

. 2x 3
f(x)= 9y 3 5 )
3 -
2xr—3 ]

(x=0, but with x+#

UA

[Sol] f(x)=1+

* Asymptotes: ]
8 o 0 B 1

-

r=—,y=1 1
2 0

* Intercepts:
(0, 0)
* Range:
f0)=0
From the graph, /(x)<0, f(x)>1

l\:lm

(r= —4, but with x# —%)

I

(1) /(o 2513

5

[SO]] f(I) = l_m

* Asymptotes:

-
-----

|

¢ Intercepts:
x-axis: (1, 0)

y-axis: (0, —%)

* Range:
A—4)=2
From the graph, f(x)<1, f(ax)=2
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2. Given the fractional function /(x) = 2+

each given domain.

From the graph,
T <r@=s

(2) —2<x<?2 (butwithx#1)
[Sol] f(—2)=%, f2)=3

From the graph,

3

flx)= 3

, f(x)=3

(3) x=2

[Sol] /(2) =3
From the graph,
2<f(x)<3

(4) x=-—2 (butwithx#1)
[Sol] /(—2) = >
From the graph,
f(x)<%, S(x)>2

xr—1"

U

find the range that satisfies

Y

-H\F
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1. Graph the following fractional functions.

(1) ‘y:x-l—i
x

_1l_1 A L
x| =4 =2 =1|=5|-F| 0 | 1| 2| 4
L _1|_ 1] 4| o] — 1|1
o el Il R Rt 421515
15| _,|_5|_1 17 (5 | , |5 |17
Y174 | 2 2| 4 4 | 2 2 | 4

From the graph of y = x+ %,

» As x gets further away from zero, the graph gets closer to the line y = x.
However, it never crosses the line y = x.
* As x approaches zero, it gets closer to the y-axis.

However, it never crosses the y-axis.



(2) yz—r—%
1—4—2—1*é*%0 %% 1 2 | 4
P VA T P - A V) A7 5 55| 17
Y4 | 2 2 | 4 4|2 2| 4
J
0 5
y=-x
.._./_._ .
y=-x-—

2. Fill in the blank boxes.

The asymptotes of y = x+ % are: 1 =0, y= x. (Refer to side a.)

The asymptotes of y = *x*% are: 1=[ 0 l, y= { —x ]
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1. Graph the following fractional functions.

N
(l)y—xx
L|_ 4 1 | I
vl 4| =2 |-l |- O | T2 ]2 4
D €57 DU T P B T i €5} _15) 30, 315
U N ) 2 | 4 4|2 2 | 4

From the graph of y = x— %,

¢ As x gets further away from zero, the graph gets closer to the line y = x.
However, it never crosses the line y = x.
¢ As x approaches zero, it gets closer to the y-axis.

However, it never crosses the y-axis.



r.:u|:.o v =

2. Fill in the blank boxes.

The asymptotes of y = x— % are: 1 =0, y=x. (Refer to side a.)

The asymptotes of y = *er% are:x:’ 0 | y:‘ — |

The asymptotes of the graph y = ax+ % are: x =10, y = ar.
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The asymptotes of the graph y = ax+ % are: x =0, y = ax.

Find the asymptotes for each fractional function, and draw the graph.

— L
(1) y—2x+r

Asymptotes:
- ’ 0

,J/=\ 2x ‘

— 12
(2) g=xt P

Asymptotes:
x=0, y=x
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—9._ 1
(3) y=2x ;

Asymptotes:
x=0, y=2x

(4) y:—)c—G-i
*x

Asymptotes:
x=0, y=—x
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1. For each fractional function, find the equations of the asymptotes and draw
them on the graph.

e o 1
(1) _ty—erI (3) y=x 1+x—l
Asymptotes: .r=‘ 0 ,y=‘ x ‘ Asymptotes:x=1, y=x—1
.UJV YA \/
19 11
1 =I (0] 1 :I

A A

(2) y:r+l+i:(r+i)+] (4) y:x+L:(r—1+ 1)4—1
b V2 r— xr—1

Asymptotes: x =0, y=x+1 Asymptotes: x =1, y=x

UK S \-/

2. Complete the following using the above graphs:

e ( 2)isa translation of (1), unit(s) along the y-axis.
e (3 )isatranslation of ( 1 ), unit(s) along the r-axis.
e (4 )isa translation of ( 1), unit(s) along the x-axis, and

unit(s) along the y-axis.
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3. For each fractional function, find the equations of the asymptotes and draw
them on the graph.

_ 1 _ _ 1
(1) y==x 7 (3) y=x+1 TR
Asymptotes: x =0, y=x Asymptotes: x=—1, y=x+1
yA
5 —2/-1 . <,
T of 1 T

(2) g/=x—1—%=<x—i>—l (4) _U=I—1—#

3 J=—2
e e L
—(r 2 x—2)+1
Asymptotes: x =0, y=x—1 Asymptotes: x =2, y=x—1
YA YA
]
oY1 2 =%

-1

4. Complete the following using the above graphs:

* (2 )is atranslation of ( 1), unit(s) along the y-axis.

* (3 )isa translation of ( 1), unit(s) along the r-axis.

e (4)is a translation of ( 1), unit(s) along the r-axis, and

unit(s) along the y-axis.
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Given the fractional function /(x) = x+

and find the maximum value.

Y4

54

4
i1

110

3 3

From the graph:

F3)=3+

10

Maximum value: f(3) = 5

1. Given the function /(x) = x— % (1<x<4), draw the graph and find the

minimum value.

2
: 1

[Sol] /(1) =1

o s B A
A= s

From the graph:
Minimum value: £(1) = —1
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2. Given the function f(x) = x+ % (—3Sr<si— % ), draw the graph and find

the minimum value.

YA \‘ /,f [Sol] f( —3)=—3+ %3 _ %
1 - ) AN N
+ t % 3 > 2
=5 -3 (0] x
| B From the graph:
} 1 1 9
| i Minimum value: f(— ?) = — 5
B\ Y PR 1
)i 2o
,” 1+-5 2
’ ]
hd |
T ——
~— Consider this! ' %
‘We can find the minimum value of the function yA ”
on side a,fbc)=.1r+L (iéxg?,), "I'g/’
xr 2 &
D — -
using the arithmetic mean and the geometric mean. 1B
Given two numbers, x and % (where x>0 and ’ L%

A
x
then from the relationship between the arithmetic

>0),

mean and the geometric mean,

1 [ 1 _
x+?>2 I‘? —El =D

Therefore, the minimum value is /(1) = .

When x = %, i.e. when x = 1, the

inequality sign becomes an equal sign.

onJI197.

=gbh =D

+
When a >0, 5>>0, then azb

When a = b, the inequality
sign becomes an equal sign.

The relationship between the arithmetic mean and the geometric mean can be found

7 ‘7 sIamsuy
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1. For each function, write the letter (A)~(F) of the corresponding sketch.

L : N ;
(1) y*1+_r_1 (© (4) y=1 P (D)
(2) y:x—1+% | (F) (5) _f/:x+1+i - (A)
x—1 &
(3) y=1—— (®] 6 y=2-1-L - [B)
(A) (B) (®)
;ﬂ\/ A A
- ) " -
0 X 4 x 0 (s
(D) (E) (F)
A Ui UA V
0 > 0 ; o "
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2. Given the fractional function /(x) = 2;5;_11 (—2<x=<1, but with x# —1),
draw the graph and find the range.
[Sol] f(x)=2-—— 4

el

(52

* Asymptotes:
x=-—1, y=2

-

__________

* Intercepts:

. 1
x-axns.( R 0) et

y-axis: (0, 1)

%]

Y

S
o

» Range:

f(=2)=3, f(1)=2

2

From the graph, f(a)< % , fx)=3

/—(Let’s try this! }

Find the relationship between the graph of YA

y=x+ % and the graphs of y =x and y = %

From the graph, we can see that the

y-coordinate of y = r+ —i— is the sum

of the y-coordinate of y = and

1
X

the y-coordinate of y = x.
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Fractional Equations and Inequalities

N

Graph the following functions, and find their common points.

2 _
.{/71_1 Y -I+1

v
5..

2
[Sol] Let - —Ft L, ) Multiply both sides of the

equation by x. However,
12+ x—2=0 (where x#0) x =0 must be excluded, as

(x+ 2)(3(*) = the denominator of%

would be zero, and the

r=—2, equation would be

undefined.
Therefore, the common points are:

(=2, -, 1][2)

Z T °T ‘1 1eplo Ul :SIamsuy

Kl4l
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Graph the following functions, and find their common points.

ek
=8 gy

2=~ E—2F—a)
(where x#3)
#—=Brtd =10
(x—4)x—1)=0
r=4,1

Therefore, the common points are:

4, 1), (1, —%)

[Sol] Let

2
(2) .f/:%%, y=5
2
i  g=2rd [Soll y= Lt — ;4 2
”:5 \/ I/ X X
N s — palbl,

1r?—5x+4 =0 (where x#0)

x—4x—1)=0

;._l’ 1:4,1

Therefore, the common points are:

4, 5, 1, 5
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Fractional Equations and Inequalities

. o 2xtl
1. For the function y = 1

(1) Draw the graph.
4

)

(2) Find the common points of the function with each of the following lines.

Qy=2—1 @ y=x+5
[Sol] Let ij‘jll =71, [Sol] Let % o
2x+1=x*—1 2x+1=(x+5)(x+1)
(where x# —1) (where x# —1)
x2—=2x—2=0 2+4x+4=0
r=1%43 (x+2)2=0

L=

Therefore, the common points are: Therefore, the common point is:

(1+43, ¥3), (1—43, —43) (=2, 3)
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2. For the function y = 255 :
x—3

(1) Draw the graph.

UA

N
IEZERN\
07 ‘ /'3

r\:lm

(2) Find the common points of the function with each of the following lines.
Qy=—x+3 @y=—x+4

[Sol] Let 21:35 ———— [Sol] From the graph,
& the common point:
dr—F={—xrt+3Nxr—3)

(where x#3)

‘ does not exist

—4x+4=0
fp—B= 0
xr=2

Therefore, the common point is:

2, D
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Fractional Equations and Inequalities

Find the number of common points between the given functions.

Yr— L
Yy I_la

N\
N

\’\0:

1

4

[Sol] Let = —xtk, _
il Exclude x =1 since at that
r=—(x—k)x—1) (where xr#1) ) value the denominator is 0.
x—kx+k=0

Calculating the discriminant, D, of this equation,
D=k —4dk=k(k—4)

Therefore:

* When D> 0, i.e. when £ <0, >4,

the number of common points is E

e When D=0, i.e. when £ =0, 4,

the number of common points is .

* When D<0, i.e. when 0 <k <4,
the number of common points is E

0 ‘T g IOpIO UT :SIDMSUY
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(1) _UZZI_? y=x+k

=3
YA
[Soll Let 2= = r+£, -
x N
2x—T7=(x+k)(x—3) —
(where x#3) R /
2+ (k—Bx—3k+7=0 CIRE | AN
] 2
Calculating the discriminant, D, ] Y Gyl
y="—
of this equation, B 51
D= (k=52 4(=3k+T7)=(k+3)(k—1) =p—~=p

Therefore:

e When D> 0, i.e. when A< —3, &> 1,
the number of common points is 2.

e When D=0, i.e. when 2= —3, 1,
the number of common points is 1.

* When D<0, i.e. when —3<k<1,
the number of common points is 0.
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Fractional Equations and Inequalities

1. Solve the following fractional equations.

xt+4 _ x
x+2 3

[Sol] Multiplying both sides of the equation by 3(x+2),
3x+4)=x(x+2) (where x# —2)
X—x—~12=1
(xr—4)x+3)=0
r=4,—3

(1) x+5 =4

[Sol] Multiplying both sides of the equation by 2(x—1),
2(xr+5)=x(x—1) (where xr#1)
¥=3x—10=0
(x—5)x+2)=0
x=5, —2

[Sol] Multiplying both sides of the equation by (x—1)(x+2),
20r+2)=x(x—1) (where x#1, x# —2)
T —gx—d=0
(xr—4)x+1)=0
x=4, —1
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2. Solve the following fractional equation.

1 2 _ _x
xr—1 x+1 xr—1

[Sol] Multiplying both sides of (x—1)(x+1) is the least common
the equation by (x—1)(x+ 1), multiple, LCM, of the denominator.
x+1—2x—1)=x(x+1) (where xr#1, x#—1)
¥4 25—3=0
(x+3)x—1)=0
r=—3 1

Since the denominator

r=1lisinvalid. =B ;5

Therefore, x= —3

x+1+l_2

(1) r—1  xr+3  r—1

[Sol] Multiplying both sides of (x—1)(x+3) is the least common
the equation by (r—D(x+ 3), multiple, LCM, of the denominator.

(x+D(x+3)+xr—1=2(x+3) (where x#1, x# —3)
A 3r—4=0
(r+4x—1)=0
x=—4,1
x=11is invalid.

Therefore, x = —4

Note: When solving fractional equations, we must always check each solution and exclude
any that make a denominator in the original equation equal to zero.
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Fractional Equations and Inequalities

Solve the following fractional equations.

3 X sl
R Ry
[Sol] Multiplying both sides of the equation by (x—2)(x+1),
3x+1)—xlx—2)=(x+1)? (where x#2, x# —1)
2 —35—2=0
2r+Dx—2)=0
=il
5

x = 2 is invalid.

2

r=

Therefore, x= — %

sl T w2 x—2

[Sol] Multiplying both sides of the equation by (x+1)(x—2),
(x—3)x—2)+x(x+1)=3(x+1) (wherex#—1, x+#2)
2r2—=Tx+3=0
Ba—INx—8) =0

x=L, 3

2
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2 _ 12
r—3 x+1  (x—=3)x+1

(3)

[Sol] Multiplying both sides of the equation by (r—3)(x+1),
xlxr+1)—2(x—3)=12 (where x#3, x# —1)
2=x—6=0
(xr—3)x+2)=0
x=3, —2

x =3 is invalid.

Therefore, x = —2

¥ _ 2 _
(4) ?2—3x+2 x—2 :

& _ 2 _
(r—2)x—1) x—2
Multiplying both sides of the equation by (xr—2)(x—1),

r—2r—1)=(x—2)x—1) (where x#2, x#1)
¥*=2r=0

x(xr—2)=0

x=0, 2

x = 2 is invalid.

[Sol] 1

Therefore, x =10
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Fractional Equations and Inequalities

Solve the following inequalities by drawing the graphs.

The values of x satisfying the

i i — —=p inequality % <x—1,are
o 3 £y SF
shaded on the graph.

; 2 Solving the original inequality
[Sol] Solving e 1 == BE owaten

2=(x—1)(x—2) (where x#2)
2=3x=0

x(x—3)=0

=0, 3

From the graph,
[0]<s<[2] «=[3]

¢ ‘7 “( 19pIO0 Ul [SIOMSUY
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i) —2 _glg

x+1 2
o B0
[Sol] Solving P 2): 1

4=x(xr+1)—2(x+1) (where x#—1)
2—x—6=0
(x—3)x+2)=0
x=3,—2

From the graph,
—2<x<—1, x>3

(2) xti?r+l

[Sol] Solving

1
x+1=(+1)x—1) (where x#1)
(xr—2)x+1)=0
x=2,—1

R
o

From the graph,
x<—1, 1<x=<2

Note: It is also possible to solve the inequalities above by rearranging them as

1 2
(1) 9 x—l—x_H >0
x+1
(2) ‘H_l_.):—l <0

then sketching the LHS of each inequality.
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Fractional Equations and Inequalities

K 147

Solve the following inequalities by drawing the graphs.

1
+1<—
z+l i—1

(1)

[Sol] Solving x+1 = 1

(where x#1)

P
1

(el Jg—1)
=2

r==x

2

From the graph,

e

w
+

x<—42, 1<x<+2

s

[Sol] Solving x =

—
iz

xxr—2)=1 (where xr#2) y

»2=2xr—1=0

=il P

From the graph,

3

1-V2<x<2, x>1+42




K 147b

A\

v 1, <=fT)

[Sol]

For @,

solving —1 = 7I__31'r .
—x+1=7—3x (where x#1)
r=3

From the graph,
1<x<3 @

For @,

solving

T—3x _
xr—1 =1
7—3x=x—1 (where x#1)

xr=2

From the graph,
<1, r=2 @B

From @ and 5, the solution to (1 is:
2=x<3

s 4
y= x—1 " it r=1
w |\
y=1
‘ L NE y
-5 of 1 2\u 50X
=1 y=-1
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Fractional Equations and Inequalities

1. Solve the following inequality, using the method shown in the example.

(e Dx=2)

x
[Sol] Rewriting, r—1— % <),

Jc—léi
x

Solving x—1 = %,
x(x—1)=2 (where x#0)
2—=x—2=0
(x—2)x+1)=0
r=2,—1

From the graph,
r=-—1, 0<x=<2

x

[Sol] Rewriting, x+2— % =),

JerZ“"’i
x

= |eo

Solving x+2 =

E

24+2xr—3=0 (where x#0)
(x+3)x—1)=0
=r—3,, .l

From the graph,
—3=<x<0, x=1
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2. Solve the following inequality, using the method shown in the example.

o3

(xr+1)(x—2) <0
x

[Sol] Multiply both sides o Here, we multiply by x? rather than x, as
of the inequality by 2 x% is positive for all x (except x = 0).

2+ 1x—2)<0 (where x#0)

From the graph,
= —1, 0€e<2

(1) W;O

[Sol] Multiply both sides of the inequality by x?,
xxr+3)(x—1)=0 (where x#0)

From the graph,
—3=sx<0, x=1
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Fractional Equations and Inequalities

Solve the following inequalities.

23 %

5 2

.,
x+2 x—1

BB e
wrd w1 0

Sr—1)—2(x+2)
(x+2)(x—1)

( 3(5)(_ 3) ) =( The square of the
x+2)xr—1 denominator is

Multiplying both sides by (x+2)%(x—1)%, =&B (x+20(x=1)°
3x—3Nx+2)x—1)=0 (where x%=—2, x#1)

[Sol]

=0

From the graph,
—2<x<], x=3

—3 L 0

20xr+1)—(x—2) <0
(x—2)(x+1)

xr+4
(x—2Nzx+1)

Multiplying both sides by (x—2)%(x+1)?,
(x+D(x—2)(x+1)<0 (where x#2, x# —1)

<0

From the graph,
x<—4, —1<x<2
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1 2
T2 * x—4

(2) =0

r—44+2(x+2)
(x+20x—14)

3x
(x+2)x—4)

Multiplying both sides by (x+2)(x—4)?,
3x(x+2)x—4)=0 (where x# —2, x¥4)

=()

[Sol]

=0

From the graph,
—2<x=<0, x>14

; 1 1 2
¥) Tt E<GFDG=5

1 12
Bl Vg el Y
T—h+a41—2
(x+1)(x—5)
2xr—3)
[ Tie—8)
Multiplying both sides by (x+1)%(x—5)2,

20r—3)x+1)xr—5)<0 (where x# —1, r#5)

<0

<0

From the graph,
x<—1, 3=sx<5
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Fractional Equations and Inequalities

1. Find the value of the constant 4 for which the graph of y = Bt

po— touches
the line y = —x+# (i.e. so that the two graphs have exactly one common
point).

[Sol] Let 2;:“11 = i

2xr+1=(—x+k)x—1) (where r+#1)
22+ (1—Ex+k+1=0
Calculating the discriminant, D, of this equation,
D=(1—-FkP—4k+1)=k?—6k—3=0
Therefore, k=3%243

2. Solve the fractional equation.
L I 4
g—1 w3 FHdn—8

R 4
ol %13 Graa—1)

Multiplying both sides by (x+3)(x—1),
x(x+3)—2(x—1)=4 (where x* —3, x#1)

?+r—2=0
(x+2)(x—1)=0
r=-—2,1

x =1 is invalid.

Therefore, x = —2
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3. Solve the fractional inequality.

2
£—1
2
x—1
xx—1)—2
r—1
(x+1D(x—2)
xr—1
(x+1D(x—2)x—1)<0 (where x#1)

RS

[Sol] x— <0

<0

<0

From the graph,
xrs—1, 1<x<2

[Fromthegraphofy:,randy:I—il,xé—l, 1<x=<2 ]

~{ Let’s try this! ) -
(r+1D(x—2)
x

Looking at the inequality on K148, <0, we can solve it

using an alternative method.

[Sol] (i) When x<0 Note that when multiplying both

N 5 sides by a negative number, the
Multiplying both sides by r, direction of the inequality sign is

(x+1)(x—2)=0 reversed.

r=<-—1, x=2

Since x <0, Ié

(ii) When x>0 Note that when multiplying both
sides by a positive number, the
direction of the inequality sign
(x+1(x—2)<0 does not change.

—1l<r<?

Since x>0, | 0 |<x=<2
From ( i ) and (ii), Ié, E<x€2

0°‘T— ‘07— Ioplo Ul :SIamsuy

Multiplying both sides by x, <en
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Graphs of Irrational Functions

Graph the following irrational functions.

3

y=Ax
x|=2|-1l0o ] 1|2 |3|4|5|6|7]|8]|09
y 0 | 1 |42|43] 2 |45 46|47 |2/2] 3

Domain: x=0

Range: y=0

Note: When x <0, y is undefined.

(1) y=—+x
v|=2(=1] 0| 1|2 |3 |4 |5 ]|6]|7|8]|09
y 0 | —1|—+2|—+3| =2 |—+5|-46|—47|-242| —3

okl | | 13 | | 10

5__{\

Range: y<0

[Reference] 2 =1.41..., ¥3 =1.73..., ¥5 =2.23..., {7 =2.64...



(2) y=2Jx

x| —2|-1]| 0 2 | 3 516|789

y 0 2V2|243 245|246 |2/T|442| 6
A

6 | 7
8|47 | 15
2 | 2

pleo | ©

Domain: x= III
Range: y= E
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Graphs of Irrational Functions

Graph the following irrational functions.

(1) y=Ax+2
x| —4|-3|-2|-1l0 | 1|2 |3|4|5]|6]|7
y 0 | 1 |V2|+43| 2 |J5|46|47|2/2| 3

Domain: x= —2

Range: y= IIl

[5) 5 1 1 | 10 °x

(2) y=+4x—2

\ A y

Domain:
Range:

[Reference] ¥2 =1.41..., ¥3 =1.73..., 45 =2.23..., {7 =2.64...
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(3) y=Ax+2+1

Domin

. Range: y=1

(4)
/ Domain:

% Range: |y=—1
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Graphs of Irrational Functions

Graph the following irrational functions.

(1)

y=—+x+2

UA

KUMON

K153

Domain: x= EI

Range: y<0

Domain: | x=2

Range: | y<0
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(3) y=—A+x+2-1

YA

Range: y=<—1

\ R TRy Dornain:
10T Range:
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Graphs of Irrational Functions

Graph the following irrational functions.

(1) y=+4—x
x| —9|—-8|—-7|—-6|—-5|—4|-3|—-2|—-1] 0 |1 | 2
v| 3 [242| A7 | V6|45 2 |43 A2 1|0
YA
5
Domain: x<0
Range: y=0
ST
(2) p=o—ntl
O UA
ssndi ) - e——
m‘“m\

—T |
‘\?\ \\ Range:

-10 1 | -5 0 X
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(3) y=+4—x—2 +2

Range: | y=2

HV

(4) y=—+A—x+2 -1

-10 ~5 >x Range: |y=-—1
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Graphs of Irrational Functions

1. Graph the following irrational functions.

(1) y=—Ax
(2) y=+4—x
(3) y=—A+—1x
L]
P T s
-5 5 >I
(3) (1)

2. Complete the following using the above graphs.

K 155

y=+x and y= —+ x are symmetric with respect to the m

(1) y=+Axandy=+—x are symmetric with respect to the .

(2) y=+—xand y= —+ —x are symmetric with respect to the .

(3) y=— Y and 4= —+ —x are symmetric with respect to the m.



3. Graph the following irrational functions.
(1) y=—+4x—1-2
(2) y=A—(x+1) +2

(3) y=—+—(x+1) =2
y=Axr—-1+2

YA A
= /

(2)

(3)

4. Complete the following using the above graphs.
(1) y=+xr—1+2and y= —+vx—1 —2 are symmetric

with respect to the m

(2) y=+x—1+2and y=+—(x+1) +2 are symmetric

with respect to the .

(3) y=+—(x+1)+2and y= —+—(x+1) — 2 are symmetric

with respect to the .

(4) y=—+x—1—2and y= —+ —(x+1) —2 are symmetric

with respect to the .
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Graphs of Irrational Functions

1. Graph the following irrational functions.

(1) y=Ax+2
(2) y=+4xr—3

(3) y=+x+2-3

77 N A b

2. Complete the following using the above graphs.

(1) y=+x+2isatranslation of y =+ x, unit(s) along the y-axis.
(2) y=+x—3 isatranslation of y=+x, unit(s) along the r-axis.

(3) y=+x+2 —3isa translation of y = Jx, unit(s) along the
x-axis, and unit(s) along the y-axis.
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3. Graph the following irrational functions.
(1) y=+—x-3
(2) y=+4—(x+2)

(3) g=x—{x—1) +2

HV

4. Complete the following using the above graphs.

(1) y=+—x—3isatranslation of y = ¥ —x, unit(s) along the

y-axis.
(2) y=+—(xr+2) is a translation of y =+ —x, unit(s) along the
xX-axis.

(3) y=+—(x—1) +2is a translation of y=+—x, unit(s) along the

x-axis, and unit(s) along the y-axis.
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Graphs of Irrational Functions

1. Graph the following irrational functions.
(1) y=A+2x +2

(2) y=+22—2+4=42x—1) +4
(3) y=+2x+3-3= 2(1-0— > )—3

YA i

=]

N

——1-3

2. Complete the following using the above graphs.
(1) y=+2x+2is atranslation of y =+ 2x , unit(s) along the y-axis.

(2) y=4+2xr—2+4 is atranslation of y =+ 2x, 1 unit along the x-axis,
and IE unit(s) along the y-axis.

(3) y=+2xr+3—3isatranslationof y =+ 2x ,| — % unit(s) along the

x-axis, and unit(s) along the y-axis.
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3. Graph the following irrational functions.
(1) y=—A4xr +2

(2) y=—ddx—12 +2=—44z—[ 8 D+2
(3) y=—Vdrt16 —1=—Va(x+4) —1

4. Complete the following using the above graphs.

(1) y= —+4x +2is atranslation of y = —+ 4x , unit(s) along the
y-axis.

(2) y=—+4x—12 +2isatranslation of y = —+ 4x , unit(s) along
the r-axis, and unit(s) along the y-axis.

(3) y=—+4x+16 —1 is a translation of y = —+ 4x , unit(s) along
the x-axis, and unit(s) along the y-axis.

Note: An irrational function of the form y = Vk(x—p) +g is a translation of y = Vkx,

p units along the x-axis, and ¢ units along the y-axis.

An irrational function of the form y = —+k(x =) +q is a translation of y = — vk,
b units along the x-axis, and ¢ units along the y-axis.
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Graphs of Irrational Functions

1. Describe how the following functions have been translated from y =+ —x.
(1) y=A—x+1 —2=+4—(x—1) =2

1 unit along the x-axis, and unit(s) along the y-axis

(2) y=4—x—3 =4—=(x+3)

—3 units along the x-axis

(3) y=+—x+24+3=4—(x—2)+3

2 units along the x-axis, and 3 units along the y-axis

2. Describe how the following functions have been translated from y = « 5x.
(1) y=+5x—10 +5=45(x—2) +5

2 units along the x-axis, and 5 units along the y-axis

(2) y=+5x-10

—10 units along the y-axis

(@) §=ABFFE —3= 5@+%J—3

== % units along the x-axis, and —3 units along the y-axis
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3. Find the equations of the curves obtained when y = ¥x is translated as
follows:

(1) 3 units along the y-axis

y=+x +3
(2)  —2 units along the r-axis
y=+x+2

(3) 2 units along the x-axis, and — 3 units along the y-axis

y=+x—2-3

4. Find the equations of the curves obtained when y =+ — 3x is translated as
follows:

(1) —1 unit along the y-axis
y=+—3x —1

(2) 1 unit along the x-axis

y=+-3—-1D=+-3x+3

Bl — 4 units along the x-axis, and b units along the y-axis

g

y= —3(x+%) +5=4—3x—1 +5
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Graphs of Irrational Functions

Graph each irrational function, and find the maximum and minimum values
within the given domain.

P Ex.
fla)=Ax+2 —1 (—1<r<4)

Y [Sol]
| Ll f(=D=+T-1=0
“““““ - From the graph:
1 > Maximum value: /(4) =6 —1

Minimum value: /(—1)=10

(1) flr)=—+x+3 +1 (1<x<bh)

7S [Sol]
1 ? S =—{T+1=~1
fB)=—48 +1=—2/2 +1

From the graph:

:3\;._. o - . Maximum value:
YN 1 AT 7 i Minimum value:
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(2) fx)=+5—x —2 (—1<x<4)

/N E 1 [Sol]
RN A=) =+6~-2
S@)=+41-2=-1

From the graph:

Maximum value:
S(=1)=16—2

Minimum value:

S = -]

(3) flx)=—45—2xr+2 (—2<xr<])

P73 UG WS N [Sol]
f=2)=—49 +2=~1
f()=—+3+2

|
2 ;
it
[ye)

O~ o
+—

L G

i H

| :

Ay I i

= ;

T i
pRap——— ]

T
|
|
by

From the graph:

Maximum value:

BN wis B F)==i3+2

: - Il : Minimum value:
'Ay=—$52—21+2‘_ ‘ f(=2)=-1

\ Lo
A |
vo|w

=




K l160a

KUMON

Graphs of Irrational Functions

K 160

1. For each function, write the letter (A)~(F) of the corresponding sketch.

-1 (B)

| (E)

[ (A)

(1) y=Ax—1-2 (D) (4) y=—A—x+14+2
(2) y=—+x—1+42 (€| (5) y=—+2xr—2-1
(3) y=A2x+2+1 1P (6) y=A—x—1-2
(A) (B) (C)
AY AY Ay
// \ &
N X 5] x 0 ~
(D) (E) (F)
Al Al Al
//
o/ % 0 0 e

/ =¥
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2. Find the equation of the function obtained when y = « 2x is translated

1 unit along the r-axis, and — 2 units along the y-axis.

[Solly=+2(x—1) —2=4+2x—2 —2

3. Graph the irrational function /(x) = —+ —x+2 +1(—4<x=<1), then
find the maximum and minimum values within the given domain.
7. SO T [Sol]
L f-9=—J6+1

fA1)=0

From the graph:

Maximum value:

I S=0
Minimum value:
f(—=H=—46+1

(Note Summary )

* Given an irrational function of the form y = Vk(x—p) +aq,
the domain and range of the function are as follows:
When £ >0, Domain: x= p, Range: y=¢
When £ <0, Domain: x< p, Range: y=¢

* An irrational function of the form y = V&{(x— ) +¢ is a translation of y = Jkx,
b units along the r-axis, and ¢ units along the y-axis.

¢ The graphs of some common irrational functions are shown below.

Oy=Axr, @y=—Ax, @y=V—x, Qy=—-r
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Irrational Equations and Inequalities

Graph y =+ x+2 and y = x, and find the common points.
=4
UA
y=Ax+2
V2]
-5 —25, 5 T

[Sol] Let yx+2 =x
Squaring both sides,
x+2=1x%
PPl
(xr—2)x+1)=0

= gy il The graphs of y = x and
N 4=+ x+2 do not have a
From the graph, x = isan "D ommon point at x = —1.

extraneous solution. (See the footnote.)

Therefore, the common point is ( IZ‘, %

7 ‘7 ‘1 — loplo ul [SIomMSuy

The x-coordinate of the point of intersection between y = x and y = —+4x+2 (shown on the
dashed curve of the graph) is x = —1.
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Graph each pair of functions, then find the common points.

(1) _.;r=«f1_', y=xr—2

[Sol]

g2 Letdx =2—2
7= Squaring both sides,

r={(x—2)?

—> P—5r+4=0
2 =
e (x—4)x—1)=0
_______________ r=4, 1

From the graph, x =1 is an
extraneous solution.

Therefore, the common point is

(4, 2).
(2) y=+43—x, y=-—x+1
[Sol]
Let/3—x = —x+1

Squaring both sides,
d—i=l—g+1F
Pr—g—=1)
(x—=2)(x+1)=0
r=2, —1

From the graph, r = 2 is an

extraneous solution.
Therefore, the common point is
(-1, 2).
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Irrational Equations and Inequalities

In each question, draw the graph and use it to solve the irrational equation.

4—x=x—2

[Sol] Squaring both sides,
d—gp={x—2)"
=3xr=0
xx—3)=0
x=0, 3

From the graph, x=01is - / |

an extraneous solution.

Therefore, x =3

Note: When drawing the graph, first find the x and y-intercepts.

(1) —Ax+3=x+1

[Sol] Squaring both sides,
x+3=(x+1)2
224 x—2=0
(x+2)zx—1)=0
r=-2,1
From the graph, x =1 1is

an extraneous solution.

Therefore, x = —2
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(2) «xr—2 =x—2 (There are two solutions.)

[Sol] Squaring both sides,

w— 2= {x—0)F
=5x+6=0
(xr—3)x—2)=0
T=3s 2

From the graph, both
solutions apply.
Therefore, x =3, 2

B) —H#a—=d=g+l

[Sol] Squaring both sides,
5—x={r+1)?
2 3x—4=0
(x+4H)x—1)=0
xr=—4,1
From the graph, r =1 is
an extraneous solution.

Therefore, x = —4

i

h

~
~-
.
i
_____
——
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Irrational Equations and Inequalities

In each question, draw the graph and use it to solve the irrational equation.

(1) A2x+d=x+1

[Sol] Squaring both sides,
2x+5 =(x+1)%
2t =4

r=x2

From the graph, x = —2 is
an extraneous solution.

Therefore, x = 2

(7Y w2xk3=—2r13

[Sol] Squaring both sides,
243 =3P
Ay —14x+6=0

202 —Tx+3=0
2xr—D(x—3)=0
= 1 5

From the graph, x =3 is

an extraneous solution.

Therefore, x = 1

2
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(3) =21 = —%(x—z)

[Sol] Squaring both sides,

. _ Ix—2)
2x+1= 1

2+4r=0

xlx+4)=0

=0, —4
From the graph, both
solutions apply.
Therefore, x =0, —4

(4) —A3x—2=x—2

[Sol] Squaring both sides,

3x—2 ={x—8)
2=Tx+6=0
(x—6)x—1)=0
xr=6,1

From the graph, x = 6 is
an extraneous solution.

Therefore, x =1
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Irrational Equations and Inequalities

Solve the irrational equation ¥5—2x = —xr+1, using the following
methods.
[Sol] Squaring both sides,
5—2xr=(—x+1)?
=
r==x2
[Sol 1] From the graph, x =2 is an
extraneous solution.

Therefore, x = —2
[Sol 2] Substituting into the original equation,
(i) When x = 2, the left hand side, LHS = 1,
the right hand side, RHS = — 1
Therefore, x = 2 is an extraneous solution. = St
LHS #RHS
(ii) When x = — 2, the left hand side, LHS = 3,
the right hand side, RHS = 3
From (i) and (ii), x=—2

Solve the following irrational equations by using the second method, [Sol 2],
shown in the example.
(1) x+1=+45—2x
[Sol] Squaring both sides,
(x+1)2=5—x
S —a=
(x+4)x—1)=0
x=—4,1
Substituting into the original equation,
(i) Whenr= —4,LHS= —3,RHS =3
Therefore, x = — 4 is an extraneous solution.
(ii) Whenx=1,LHS=2, RHS=2
From (i) and (ii), a=1
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(2) x—1=421+6

[Sol] Squaring both sides,

(x—1)2=2x+6
—dr—5=0
(x—5)x+1)=0
=0y =1

Substituting into the original equation,

(i) Whenx=5LHS=4, RHS=14

(ii) Whenx= —1,LHS= —2, RHS=2
Therefore, r = — 1 is an extraneous solution.

From (i) and (ii), x=5

(3) 7+3= x;

[Sol] Squaring both sides,

(x+5)?
9

?4+r—2=0
(r+2)(x—1)=0
r=-2,1

xr+3=

Substituting into the original equation,
(i) Whenx= —2,LHS=1,RHS =1
(ii) Whenxr=1,LHS =2, RHS =2
From (i) and (ii), a=—2, 1

Note: When solving irrational equations we must always check our solutions using either
method () or (@),

(1) The solution must correspond to the common point on the graph.

(2) When substituting into the original equation, we must show that LHS = RHS.
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Irrational Equations and Inequalities

Solve the following irrational inequalities using the graphs.

V2x+1>x—1

[Sol] Let ¥ 2x+1 =x—1 =D First, solve the equation.

Squaring both sides, UA y=x-1
2x+1=(x—1)* | ==
?—4r=0 L
x(x—4)=0 Z\CL
x=0,4 _1

From the graph, xr = ( is IR

an extraneous solution. | e
Thus, x =4
For these values of x, the graph of

Therefore, — % <y<4 @D y=+2x+1 lies above the graph of
di=e=ll,

(1) «xtd<—ptl

[Sol] Let ¥ x+3 = —x+3
Squaring both sides,
r+3=(—a+3)°
X=Tx+6=0
(x—6)xz—1)=0
r=6, 1
From the graph, x =6 is

an extraneous solution.
Thus, r=1
Therefore, —3<x<1
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(2) Ax—1<x—3

[Sol] Let Vx—1=x—-3

Squaring both sides,
g~ =lg—=30
at—F 10 =10
(xr—5)x—2)=0
x=5, 2

From the graph, r =2 is

an extraneous solution.

Thus, x =5

Therefore, x> 5

(3) 45—2x>—x+1

[Sol] Let ¥5—2r = —x+1
Squaring both sides,
5—2x=(—x+1)?
=4
xr==2
From the graph, r =2 is
an extraneous solution.
Thus, r= —2
Therefore, —2<x < %
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Irrational Equations and Inequalities

Solve the following irrational inequalities using the graphs.

(1) +b5—xr <3—=x

[Sol] Let V5—x =3—x
Squaring both sides,
h—=x={8—x)?
P —br+d=(
(xr—4)x—1)=0
r=4,1
From the graph, x =4 is

an extraneous solution.
Thus, xr=1
Therefore, x <1

(2) Vr+3 >'”;’3

[Sol] Let \z+3 = #

Squaring both sides,

2
r+3= L—ZS)

i
(x+3)x—1)=0
g=r—3 1
From the graph,
—3<x<1
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(3) I+l >EEE

F+2
2

Squaring both sides,

(x+2)2
4

P—4r=0
x—4)=0
=10, 4
From the graph,
0<x<4

[Sol] Let v2x+1 =

2x+1=

(4) +2r+1 <J“2“2

[Sol] From the graph in question (3 ),

—%Sx<0, x>4

KL




K167

KIl67a KUMON

Irrational Equations and Inequalities

Solve the following irrational inequalities using the graphs.

V2xr+1<dx +1

[Sol] Let y2x+1 =+x +1 A
Squaring both sides,
2r+1=x+2Jx +1
5= Oz

Squaring both sides again, ~

y=+2x+1

s
v
e ———————

r2=4x -
xx—4)=0 sy
xr=0, 4 h
From the graph,
0<r<4

~T]
B

L

r
1

-
~~.
-
-

rof—

-~
-
i,
-
-
.
-
-
-
-
-
-

(1) J2x¥1I>Axr+1

[Sol] From the graph in the example,
x>4
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(2) Ax—1<+45—1x

[Sol] Let x —1=+45—x
Squaring both sides,
¥=3x +1=5~3

2r—4=2Jx
1—2=4x
Squaring both sides again, <
—dx+4=1x 6 =45z
at—Brt =1 el
(= -1 =0 1

+ + b . >
=, 1 ol 1 s %
5 f’
N\
\\

From the graph, xr =1 is an

-
-
-

L= S

extraneous solution.  _---=77
Thus, r =4
Therefore, 0= x <4

-
~ao
~-
~——
——
-
-
o

(3) Jxr—1>45—x

[Sol] From the graph in question ( 2),
4<x<5
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Irrational Equations and Inequalities

1. Solve the irrational inequality Vr<x<+2r+8 using the following method.

(1) Solve ¥ x <x using the graph.

[Sol] Let ¥ x = x A y=x
Squaring both sides,
x:l'z I !y:~‘2_r+8
242 |
xx—1)=0 | —
I i 4
=0 1 11+ i
—— : >
From the graph, -4, N 405 x
x>1 e A T

(2) Solve x<+2x+8 using the graph.

[Sol] Let x =4 2x+8

Squaring both sides,
x2=2x+8
P—2—8=1
(r—4)x+2)=0
r=4, —2

From the graph,
—4=<x<4

(3) Use the results of (1) and (2) to find the solution of the original
inequality.

[Sol] 1<x<4
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2. Solve the irrational inequality v 6 —x <x <+ Z2x+8 using the method
followed on side a.

[Sol]
(i) m<1 UA y=x
Letvb6—x =ux

Squaring both sides,
6—xr=x?
(x+3)x—2)=0
F=r=3 2

From the graph,
2<r<6

(ii) x<+42x+8

Let r=+2r+8

Squaring both sides,
2 =2xr+8
Fr—2r—8=10
(x—4)(x+2)=0
F=4; —2

From the graph,
—4<y<4

From (i) and (ii), the solution of the original inequality is:
2<x<4
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Irrational Equations and Inequalities

-3

Using the graph, find the number of real solutions of the irrational
equation:

J2rtd =1tk 4

L 2@ @

[Sol] Squaring both sides,
2x+4=xt42kx+k?
24+ 20k—1Dx+k2—4=0

When the line is at (1),

there are no common points.

When the line is at 2),
it touches the curve.

From 2 = (b—1)?— (*—4) = —26+5 =0,

4
S
r 2
When the line is at (3), y = x+/ passes through point (—2, 0).
From 0= —2+4k, =D Substitutex= —2andy=0into y=x+Fk.
k=2
When the line is at @), there is 1 common point.
Therefore:
When k> —- there is/are Izl real solution(s).

5
2 b
When &= ,i, there is/are real solution(s).

2
5 . Lo
When 2</i < o there is/are real solution(s).

When £ <2, there is/are real solution(s).

1 °Z °T *0 JOpIO Ul :SIaMSUY
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1. Using the graph and the method shown on side &, find the number of real
solutions of the irrational equation:

Jr—1=x+k

[Sol] Squaring both sides,
x—1=x?+2kxr+k?
2+ QCk—1Dx+kE+1=0

When the line is at (1),
there are no common points.

,_
7

When the line is at (2),

it touches the curve. /

From D= (2k—1)?—4(k*+1)

Y4

N

=—4p—3=1
e, B
=g
When the line is at (3), y = x+/# passes through point (1, 0).
From 0 =1+#k,

= —

When the line is at (4), there is 1 common point.

Therefore:
When k> — %, there are 0 real solutions.
When k= — i, there is 1 real solution.

4
When —1<k<——-, there are 2 real solutions.

|

When £< —1, there is 1 real solution.
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Irrational Equations and Inequalities

1. Solve the following irrational equations.
(1) 3—x=—x+1

[Sol] Squaring both sides,
3—g={—xt+1)®

P—x—2=0
(x—2)x+1)=0
r=2, —1

Alternative Solution
From the graph, x =2 Squaring both sides, 3—xr=(—x+1)?

is an extraneous solution. Therefore, r =2, —1

Substituting into the original equation:

(i)Whenx=2,LHS=1,RHS= —1
Therefore, r = 2 is an extraneous solution.

(ii) Whenxr= —1,LHS =2, RHS =2

From (i) and (ii), x=—1

Therefore, x = —1

(2) —A2x+5=2x—1

i
[Sol] Squaring both sides, g 1
2r+5=(2r—1)? i
2x2—3r—2=10 s N\ 91
(2x+1)(x—2)=0 \
g — é , 2 y=—+2x+5
From the graph, r =2 Alternative Solution
is an extraneous solution. Squaring both sides, 2 +5 = (2r—1)*
. _ 1 Therefore, 1 = — o 2
Therefore, x = — 5

Substituting into the original equation:
(i) Whenr=—-,LHS = —2,RHS = —2

(ii) When x=2,LHS = —3,RHS =3

Therefore, x = 2 is an extraneous solution.

From ( i)and(ii),x=—%
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2. Solve the irrational inequality v 2x+4 > 2I2+ 1 .
[Sol] Let ¥27 ¥4 = 212—“ ik
Squaring both sides,
2
o= —(ZII 1

A2 —4x—15=0
(2r—5)(2x+3)=0

-2 _3
2" 2
From the graph, r = — % Is an extraneous solution.
Thus, x = 3
Therefore, —2=x < %

~
w

y=A42x+4

~-n
-—
-
i
~——

~{ Consider this! ’

Solve the irrational inequality v x+3 < %

[Sol] Let 4z 3 = 2=

x

Squaring both sides,
r+3= iz
b
i Jat—d.=10

(x—1)(x2+4x+4)=0
(x—Dx+2)2=0
xr=1, —2

From the graph,

x = —2 is an extraneous solution.

Therefore, EI s

[ “( JOPIO UT :SIaMSUY



K171
KIl7la KUMON

Exponential Functions

1. Simplify the following expressions.

aXat=a, d+at=a*, (a®)=a" ]

(1) a’xa’=a’ (7)  (a*6%)° = a'b"®

(2) a"+a*=a (8) (—3a°h?)?=—27a’b®
(3) @*+d'=-5 (9) (—2a*b%)* = 16a"b™
(4) a*+a*=1 (10) (%>3=g—2

(5) (@)=a® a (5] =&

(6) (ab)'=a'd’ (12) (— 235532)5:_3224%5;?

—{ Definition of a’ and a "

1. Using a” X a"= a"*", then when m =0,

we find ¢° X " = @". Thus, «* = 1.

2. Using @”+a"= a" ", then when m =0,

—

we find 1 -a"=a " Thus, a "=

an
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—( Laws of Exponents I }————

When a#0, b0,

1
a’"= an

=1

am >< an — a}n+w am% aii — am—rﬂ

(am)n = g (ab)m = q"h”

2. Evaluate the following expressions.

(1) 2-2:%:% (1)
(2) 3-4:5 (5)
(3) 10°=1 (6)

3. Calculate the following expressions.

(1) (39 =1 (5)

(2) 43=2*l—¢4 (6)
D .

(3) 42=olF=L (1)

(4) 24x28=27=128 (8)

3 r—5=r—3:L
27X 2 2 3
38-32=33=27

271+274=2°=8

PG =g =50

Note: ‘Exponent’ is another word for ‘power’ or ‘index’. Functions containing exponents are

usually called exponential functions, so the word ‘exponent’ is used here.
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Exponential Functions

—( Laws of Exponents [ }————

When a0, b0,

1
a"=1 a’"=—=

a
am >< an —3 am+n am+dn —3 am—n
(am)n = g™ (ab)m — ambm

1. Use the laws of exponents | to simplify the following expressions.
(1) a°+a5=aE|=L5

a

(2) a®*Xa3*+ta=a’

%) a_1°+a_3><a'4:af—3:l3
a

(4) a5><a*'.7x(a2)3:a4

5) aox(a2)4><a—12:a—q:L‘l
a

(6) (a*)PXa*Xa?=1

(1) @)+ =at= %
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2. Using the laws of exponents 1 on side a, calculate the following expressions.

—1;r2:~3=L
(1) 3'+3 3 97

(2) 23x22:21=02=4

(3) Sy =2"=4
93)-1=9-3— L

(4) (2% 2 3

(5) 4x278=2¢x270=22=1

(6) 8'X1672:64=22x2"3+20=2"2=

1
1

1

02y-2 _ -2 -4 1
(7] (3X2%) 3722 144

(8) (—3)2x(273x3%)1=2"=8
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Exponential Functions

1. Evaluate the following expressions.

(1)

(4)

(6)

(8)

20=8

(—2)*=16

2°=32

(—2)°=64

27=128

(—2)* =256

3+ =8l

KUMON

(97

(10)

(11)

(12)

(13)

(14)

(15)

(16)

K173

(—3)°=—243

3¢ =729

(—4)}=—64

4* = 256

5% =125

(—5)" =625

6% =216

(=7)=—343
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2. Evaluate the following expressions.

szz y—8=—1 J

(1) 425=5 (10) ¥32=2
(2) 271=3 (11 ¥Y64=2
(3) ¥-27=-3 (12) ¥-128 = -2
(4) Yod=4 (13) ¥-243=-3
(5) #125=5 (14) Y256 =4
(6) ¥216=6 (15) ¥—64=—4
(7) Y16=2 (16) ¥—125=—5
(8) ¥81=3 (17) ¥=32=-2
(9) ¥625=5 (18) —%32=-2

Note: The number that, when raised to the power of n, is equal to a is called the #" root of a.

For example, %8 is the 37 root of 8, ¥ —8 is the 3* root of —8, ¥ & is the »#" root of a.
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Exponential Functions

1. Complete the following questions.

(L)

(2)

(3)

(4)

(6)

V16 =4

The square roots of 16 are

+4

25=5

The square roots of 25 are

+5

Vi6=2

The 4* roots of 16 are

+2

KUMON

(7)

(8)

(9)

(10)

(11)

(12)

The cube root of 8 is

2 .

The cube root of — 8 is

The 5" root of 32 is
2 .

The 5" root of — 32 is

K174

The number of n" roots
When # is an even number (square roots, 4" roots...):

(i)

(ii)

n

When a > 0, there are two real »" roots Ya and —¥a .

When @ <0, there are no real #" roots.

When # is an odd number (cube roots, 5" roots...):

There is only one real #™ root.

However, if we include complex numbers, there are three cube roots, four fourth roots, etc.
(See K180.)
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—( Laws of Exponents II )

When @ >0, b>0 and m, » and p are positive integers:

Vo' =Wa) Wa'=Na"  Wa="{a
n

e el a _ |a
Eﬁ*m % H b

2. Evaluate the following expressions.

(1) 31000=10

(2) ¥8000=20

(3) 40.01=0.1

(4) #%0.0001 =0.1

(5) ¥22=2¢=16

(6) ¥2°=22=4

(7) #4512 =58=125

(8) ¥st=21=16
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Exponential Functions

—( Laws of Exponents II )

When @ >0, >0 and m, » and p are positive integers:
Ya"=Wa) " =Na"  ANa="Va

n n ” % a
Gﬁ_% %_n ?

Evaluate the following expressions.

(1) Y25=45
(2)  416° =64

1 1
(3) 5 T3 T Ty

(7)  ¥(—2)t=2

(8) (—¥3)0=-—27
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(9) Y 2P=1yom =924

3

(10) 4¥26=%26=2

(11) 4¥729=%729=3

(12) Y64 =64 =2

ﬁ
~
=N
=
L )
|l
Il
w
03|
I
oo|.—

ﬁ
H
w
=
Lo
<|=
Il
|
|

(16) ¥V8 =98 ={¥8 =,/[ 2|

(17) {¥16 =16 =316 =¥4
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Exponential Functions

1. Evaluate the following expressions.

(1) V8X42=447=4
(2) ¥Zx¥T=¥5=]2 |
(3) ¥2x¥18=%2%.33 =6
(4) Yax¥g=¥25=2

(5) ¥2sx¥16=%25.2¢=8

Y400 _ 420 _ Y30 _

3
(8) YZ-¥To=—1 -, /[L-_

K176

Note: ¥—16 = —¥16, ¥—32 = —¥32 = -2
i P n—

When # is an odd number, Vv—a = —YVa (where @ > 0).
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2. Simplify the following expressions. Assume a > 0.

(1) & x¥a =¥z —a

(2) Yo x¥-a2 = x(~{at)= —{o° = —a*

3
(3) W+3—a:_1/§_%:_3,‘%7:_ﬁ__

(4) ¥2¢* x¥V1a=7%8a* =2a

(5) if——2a_4+3—16a—_*2“ /fga /“’—:—

(8) A¥16a’=%4da
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Exponential Functions

2

If (@")" = a™, then when m = % and » = 3, we have (a3 )3 = 42,
2 2
This shows us that 27 is the cube root of 2. Therefore, 23 = ¥ a”.

Laws of Exponents III )

When @ > 0, m is an integer, and # is a positive integer,
1
=Yg (av=%a)

a

1. Rewrite the following expressions.

R T P e B, e ik
(1) a*=1a (6) Ya=a?
(2) av=Ya (7) =t
(3) v ={a’ (8) Y& =at
(4) a%:% (9) %:x*%

(5) a%:4 3 (10) %:x
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2. Evaluate the following expressions.

(1)

97 =(32)7 =3
4T =2=8

327 = (25)%F =24 =16
gt=t=p2=1
9T = () T=3"= o

(6)

(7)

* (—64)F

= (—29)F =[(—292]%
= (219)7 =24 =16
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Exponential Functions

Evaluate the following expressions.

BY 3 1.3 5 3 1.3,
52 50T =0T Rt ) PT+2T=2T"7=2"1= ]

(2) 34:3"=3"=3

(4) (—3)°X64 T=(26)F=022=

(6) 4



14°X 155X 6% _ 2°.7°.58.36.2%2.32 27

(10) 107x215 ~ 27.57.35.7% 5
- l ,L=7‘ i=—£
(11) (—8)3x81 1 254 3 3

Bo|—

EAR 3_3 wg2=
(12) (4) X 2167 = —-x 6* =54

(13) (2%+2’%)2= (22)E’+2.2%.2*%+(2*%)E| =2+2+% = %

[—

(15) (BT+5 I)(5T—5T)=(5T)°—(5 )2 =5— L
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Exponential Functions

Simplify each expression, writing the answer in exponential form.

(1) 14 *a
T
(2) %=a

(4) aﬂia-a%:a%
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(9) a¥a =(a-a%)?

1
(11) Ezaﬁ-a’l =a
a
3
(12) i,—z;= a%-a’z =a
ava _%

(16)
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Exponential Functions

Simplify the following expressions.

(1) ¥36 x¥48 =%25.32 =12

(2) ¥16 =20 =%2°5=2 2:%

(3) GFV2)e=(2)2=4

(4) 32 %=y t=23=21

(5) (64~1)T =[(2°) %]%:2—32%
(6) S%XS’%XS’%=8%*%%:8*%2(23)*%221=i

—_
-]
S
0o
)
X
L
[~
l
(w7}
o=
|
Y
|eo
B i e
o] —
Il
oo
ws|—
(¥6)
]
SN}
|~
L
=
L
o]~
oo
=
Il
SN}
i
[J%]
=
Il
]



3
(10) 4[E:a%'a'_i‘:a_ﬁ et
5a4 10/a3
7
(11) iﬁ=a-a§'aé=a“‘7 (=Ya’)
a

~( Consider this! }

If we let x be the cube root of 8, then 1% = 8.

Therefore, r* —8§ =10
(x=2)(*+2x+4)=0

Thus, x—2=0or 2?2+ 2x+4=0

Fromr—2=0,r=2

Therefore, the cube roots of 8 are: 2, —1++37, —1—+37

Challenge!

Find the cube roots of —1 as above:
-1 =10
(x+Dx2—x+1)=0

+43i | | 1-43i
The cube roots of —1 are: ’ 1+431i 1—-43i

L

Let’s find all the cube roots of 8 (including complex numbers).

From 22+ 2r+4=0,r= —1+y3; =ep From the Quadratic Formula

‘T — sIamsuy
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Graphs of Exponential Functions

Graph each of the following exponential functions.

3

x ‘y g 1 5
sl %
_ 1
2 1
_3 AT | sedeedesseded bl oo e
2 4
— 1
1 7
—L 2
2 2
0 1
1
L 47 —1 R
1 9 -5 j o] b "L
3 | 242
2 4 Note: The asymptote of y = 27 is the r-axis, since
for all values of x, y >0, and the graph
3 approaches (but does not cross) the r-axis.
(1) y=3
=27
X Y
_, I
_3 43
2 9
1
—1 T
_ L 43
2 3
0 1
1 i3
> 3
1 3 >
3 5L
= | 343 :
2 9

The asymptote of the graph of y = 3" is the —axis.



% y
-3 8
—2 4
3
—5 | 242
—1 2
f% J2
0 1
g 2
p) 2
1| 3
3 42
5 4
2
3| %
()
Y 3
X ¥
—=2 9
-3 | 3/3
—1 3
_% J3
0 1
1 V3
2 3
1| 3
3 43
2 9
2 | @

The asymptote of the graph of y =

the —axis.

The asymptote of the graph of y =

the —axis.

TRy
oa‘p—n
S
4
-
w
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Graphs of Exponential Functions

1. Trace the graph of each exponential function.

(1) gyg=2* (2) y=3"

2. Complete the following using the above graphs.

r

When x <0, the graph of y = 2" is above y = 3

(1) When x=0, the graphs of y = 2" and y = 3" both pass through point

(0, ), =sn 2=3=1
(2)  When x>0, the graph of y = 2" is | below | ;= 3"
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3. Trace the graph of each exponential function.

(1) y:@) (2) y:(%)

; YA ; ! v : YA

mmmhmmmmg==2C.

4. Complete the following using the above graphs.

(1. 1Y
(1) Whenx<0,thegraphotg—(2)1sy—(B).

(2) When x =0, the graphs of y = (%) and y = (L) both pass through

3
point (0, )- ( ) (%)0

(3) Whenr>0thegraphof{=( i above !/:(%)"

( Note Summary

R . When0<a<l Whena>1
When ¢ > 0 and @+ 1, a function of the

form y = @" is called an exponential u U
function of x, where «a is the base.

The graph of y = a" passes through point 1 1

(0, 1), and the r-axis is the asymptote. 0 > 0
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Graphs of Exponential Functions

Graph the following exponential functions.

(l) ‘U:2r+1

(2) y:(%)”




4) (3)

> The graphs of y = 2""! and y = 2- 2" are the same. “&D f?i iilpl(];)
=1 ¥
> The graphs of y = ( ﬁ ) and y = 2- (%) are the same. <&p (Sg? i; a{f’?i)
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Graphs of Exponential Functions

1. Graph the following exponential functions.

(2)

2. Complete the following using the above graphs.

The graphs of y = 2" and y = — 2" are symmetric with respect to the

x-axis.

(1) The graphs of y = (L) and y = —(L) are symmetric with respect to

2 2
the -axis.
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3. For each function, write the letter (A)~(D) of the corresponding graph.

(1)

ps

4. Complete the following using the above graphs.

Consider this!

The graphs of y = (%) and y = 2" are symmetric with respect to the

y-axis.

—

The graphs of y = —( ) and y = — 2" are symmetric with respect to

the E-axis.

The graphs of y = —2" and y = 2" are symmetric with respect to the

-axis.

oo

Since y = <L> can be transformed as follows: y = (L) =@ yr=27

2 2

we see that it is symmetric to ¥ = 2" with respect to the E—axis.

i 1amsuy
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Graphs of Exponential Functions

Graph the following exponential functions.

(1) yg=2"

The graph of y = 2!
is a translation of y = 27,

1 unit along the x-axis.

The graph of y = 2*"1

is a translation of y = 27,

unit(s) along the x-axis.
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(3) y=2"+1

The graphof y=2"+11sa
translation of y = 27,

unit(s) along the y-axis.

The graph of y=2""2+1

is a translation of y = 2",

EI unit(s) along the r-axis,
and unit(s) along the

y-axis.

Note: The graph of y =a" " +g (where & >0 and @+ 1) is a translation of y = a", p units
along the r-axis, and ¢ units along the y-axis.
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Graphs of Exponential Functions

1. In each question, complete the statement describing how the graph of the
given exponential function has been translated from y = 3".

(1) y=3"* [Sol] unit(s) along the x-axis

(2) y=3.3 [Sol] Since y = 33" = 312+,
unit(s) along the x-axis
(3) y= 35 [Sol] Since y = i — gl

unit(s) along the r-axis

(4) y=3"+1 [Sol] unit(s) along the r-axis, and
unit(s) along the y-axis

2. In each question, state how the graph of the given exponential function has

been translated from y = <i> ,

2
(1) y= ( é ),1—-_ [Sol] 2 units along the x-axis
(2) y= (%) -2 [Sol] —2 units along the y-axis

r X K==
— AT i i I i — L
(3) y=2 (2) [Sol] Since y =2 (2> (2) ,

1 unit along the x-axis

42
(4) y= <L> +2 [Sol] —2 units along the x-axis, and
2 units along the y-axis
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3. Find the functions whose graphs have been translated from y = 27 in the
following ways.

(1) 1 unit along the x-axis [Sol] y= e
(2) —2 units along the y-axis [Sol] y=2*—2
(3) 2 units along the x-axis, and [Sol] y=2""2—1

— 1 unit along the y-axis

(4)  —1 unit along the r-axis, and [Sol] y=2"*142

2 units along the y-axis

4. Find the functions whose graphs have been translated from y = (%) in the
following ways.

(1) 1 unit along the y-axis [Sol] y= (%) +1

1 x+1
(2)  —1 unit along the r-axis [Sol] y= (?)

1 x—1
(3) 1 unit along the x-axis, and [Sol] y= (—3—) +3

3 units along the y-axis

1 x+3

(4)  — 3 units along the r-axis, and [Sol] y= (—3—) -1

— 1 unit along the y-axis



K187

KI|87a KUMON

Graphs of Exponential Functions

1. Compare the following numbers.

¥128, Y16
4 Rewrite both numbers
[Sol] ¥128 = ¥27 =27, Y16 = {2* =27 &b so that their bases are
the same, i.e. 2.
. 4 7 )
Comparing the exponents, 7 3 When the base is greater than 1,
. ~ ) the numbers are in the same
Therefore, 27 < 2% order as the exponents.
Thus, V16 <3128 [Reference] -
o 4 T x
7 3
(1) ¥e4, 916 (2) ¥3, %9, ¥27
6 1
[Sol] ¥64 =¥ 2 =27 [Sol] 3 =37
4 1
V16 =24 =25 Y9 =432 =37
Comparing the exponents, 27 =438 = 375
% < % Comparing the exponents,
i 6 128
Therefore, 275 < 57 3 < 7 <3 2
Thus, Y16 <764 Therefore, 37 <37 <37

Thus, ¥3 <¥27 <49

Given the exponential function y = & with @ > 1, then as r increases, y increases.
Therefore, p < g <> a" <a’. (This means p < ¢ if and only if &" <a".)
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2. Compare the following numbers.

3

1oL
4° 4 2

Sol 1 _ ( 1 )2 1 ( 1 )% Rewrite both numbers so that their
Boll =\7/) y2 7\

-
bases are the same, i.e. PR

When the base is less than 1, the
numbers are in the reverse order
of the exponents.

Comparing the exponents, ; <2 )

1 2
Therefore, (%) ¥og (%)
[Reference] A

Ths,I<£ ()

Alternative Method ( )

i

ol b

Rewrite -~ = 2% and / 19t
4 A 2 1
Comparing the exponents —2 < — 5

o e L
Therefore, q < 5

Comparing the exponents,

14 gl

3 B

o=

Therefore, (%)

Thus,%< 3/% Thus, 17<053<052

1

. 1
3 3 >33
>( 3 ) Therefore, ( 5 > 5 > 5

1
7

Given the exponential function y = a", with 0 <« <1, then as x increases, y decreases.
Therefore, p < g<>a">a". (This means p < g if and only if ¢’ >a".)
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Graphs of Exponential Functions

1. Compare the following numbers.
Y19, 916
[Sol] Y49 =72 =77, §16 =Y2 =25 =23

Comparing the bases, 2 <7 ) Since the exponents are equal

and positive, the numbers are

2 2
Therefore, 23 <73 in the same order as the bases.

Thus, Y16 <349

[Reference]
J
(1) %25, %27 (2) %36, %81, %125
2 2
[Sol] §75 = 52 =55 =57 [Sol] ¥36 = 6% =63

357 =39 =31 =31 %81 = %3t =312 =37

3 1
Comparing the bases, 3 <5 Y125 = Y52 =59 =57
Therefore, 3% < 5% Comparing the bases, 3 <5<6
Thus, 427 <¥25 Therefore, 3% <53 <673

Thus, ¥81 <¥125 < %36

Given the exponential functions y = «" and y = 4", when ¢ >0, >0 and p >0,
a<b<>a"<b" (This means @ <5 if and only if a" <b".)
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2. Compare the following numbers.

'-

V2, ¥3, V6

[Sol] (T P=20=0, A5 F=2%=0, 5 =6
Therefore, (%)6 < (ﬁ)ﬁ < (%)6 Since the exponents are equal
o, 5 <17 <3 > Fe s

Y

(1) +3, ¥5, ¥7
[Sol] (¥3)¢=3%=27, (5)°=52=25, (7 )¢=17
Therefore, (¥7 )6 <(¥5)8<(¥3)°
Thus, ¥7 <¥5 <43
Alternative Solution

Rewrite fractional exponents using the LCM.
V3 =37 =38 =(3%)F =27%
Y5 =57 =5% = (52)F =257
V7 =77

Thus, 7 <¥5<43

(2) 2, ¥3, V5
[Sol] (W2)2=28=64, (¥3)2=3'=81, (¥5)2=5%=125
Therefore, (42 )2 <(¥3)2<(¥5)12
Thus,ﬁ<ﬁ<ﬁ

Alternative Solution

1
V2 =27 =27 =641
3 L 4 1
3 =S8 =01E=81E
4 1 3 L
5 =bT =5T'=]125T

Thus, 2 <¥3 < %5
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Graphs of Exponential Functions

Graph each exponential function and find the maximum and minimum values.

Ax)=27 (1<x<3) (1) flx)=-—-3" (0=<x<2)

o

s=t=d==t==t_t

=Y

.

From the graph: From the graph:
Maximum value: /(3) =2%=8 Maximum value: £(0)= —3"= —1

Minimum value: /(1) =2 Minimum value: f(2) = — 3= —9




3
i UA UA
1
\ 10 104
1
) i
\
\
1
|
1
1
\
1
' 51 5
-—-t4
i
i
:7\:5‘.____ = [
Ao % i e
| N
]
-1-3
L}
I
1
-5t 1 o7
I
I
1
I
I
1
1
L ¥ -
1
~10t i -104
1
From the graph: From the graph:
Maximum value: Maximum value:
1V? (1) = _1
J(=2) 5 7 3
Minimum value: Minimum value:

FO=5 S(=D= (%)1 =-3
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Graphs of Exponential Functions

KUMON

1. For each function, write the letter (A)~(F) of the corresponding sketch.

(1) g=2" - | (E) (4)

iy _FLR
(2) y=2-2 (5) _y—(f)
(3) y= 22[ (F) (6) y= —<%> (B)
(A) (B) (C)
U UA A
— oL >
(D) (E) (F)
1 ik A
1
| A R _ 2 -
0 i 0 T
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2. State how each function has been translated from y = 3".

(1) y=3-3

[Sol] y=3""!

Therefore, the graph is translated —1 unit along the x-axis.

[Sol] y=3""

Therefore, the graph is translated 1 unit along the x-axis.

3. Compare the following numbers.

2

1

1Y°? 3
(—), ¥4, 0.25, —

2

=2
so (1) =22 47 =2% 035 =27, Lot

Comparing the exponents,
1 2
—2L—"9" Ly K2
Therefore,
272<2T<2T <22
Thus,

0.25< | L<¥yi< -l
. _2_ 2

Let’s try this! )

Alternative Solution

ﬂ=4%=2%=(%>

g5 L (LY [T _(1)}

05=4=(3) - |7 =(7)
Comparing the exponents,

o 8 e e

=2 < 3 < 5 <2
Therefore,

Rl S Wk, W i

(=) () >()>()
Thus,

(Jm)_2>iﬂi> /L5025
2 Az

How thick, in mm, will a newspaper page be if we fold it 10 times?

(The thickness of a newspaper page is 0.071mm, and 2*° = 1024.)

WU F() L7 Hemsuy
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Exponential Equations and Inequalities

Solve the following equations, and mark each solution on the graph.

2'=16

[Sol] Let y = 2°

When y = 16,
16=2"
24 =0F

Therefore, r = 4

(1) 3°=27
[Sol] Let y=3*
When y = 27,
2=
3P¥=3

Therefore, x = 3




(Sl Lary = %)
When y = L1
I/ 16"
IS

Therefore, x =4

Alternative Solution

Fh=1
—xr=—4
xr=41
or— 1
(3] 2 3
[Sol] Let y = 2°
When y = %,
L._ o
3~ 2
2*3 :21
Therefore, x = —3

IA
_j1 ¥
v=(z)
-l%\iﬁ &
of 1 = 4x
4
1
—:—*—.‘———.4
=3 0
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Exponential Equations and Inequalities

1. Solve the following equations.

9t =27

Rewrite with

e Lx.

(-

[Sol] 3**=3° <=m base 3. Rewrite with
2x=3 [Sol] 272" =2° @B 0o
3 —2=3
2
f— LX:
(1) =3 @ (&) =9
nN2xr _ 93
[SO]]Z =2 [SOI] 37*31-=32
2xr=3 — =0
_ 3
xX=o x=-——%
(2) 4=48 (4) (%>=ﬁ
3
2 — 97
[Sol] 2% =22 [Sol] 372 = 37
3
ZI=_ — =i
; 2x 5

In the term &*, a is called the base.
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2. Solve the following equations.

&3

81 - 2I+]

[Sol] 23* =271
3x=x+1
2x=1

1

M=

2

(1) 9*=31

[Sol] 32 =3""!
2x=x—1

x=—1

(2) 2¥#=16""1

[Bel] 23t=gew-L
2r=4(x—1)
2r=14

x=2

@ (L) =e

[Sol] 3 @2 =3%
—{p—P) =%
3xr=2

x=£
3

(1) &Hiwkl

[Sol] 2 %= paivea
—2x=3(1—x)
x=3

(5) (0.1)y=10"""!

[Sol] 107 =10""!

g —rgpada]
2r=-—1
_ 1

= ——

2
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Exponential Equations and Inequalities

Solve the following equations.

9"=343
Rewrite with

3
[Sol] 3% =37 em base 3.

(%]

2r=

e oo

o @-9

[Sol] 2% =27

— = —

-

4

K193
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(4) & 1=4%2
[Sol] 230+ =%

3u+1>:%
Jx= *%
x=—%

(6) 103 1=0.01

[Sol] 10* t=10"*

3r—1=—2

3x=-—1
=1

H=

[Sol] 2* 1= L 9\ 9\ "4*1
. son (3) =(5)
s = = ==l
A — 2r=1
-
((Hint )

2 3
Rewrite so that both sides have the same base, either 3 or 5.
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Exponential Equations and Inequalities

Solve the following equations.

g8l 3.2t~ 2=

[Sol]
2(2)?+3-2:—2 =0
Let 2°= X (where X>0)
2X*+3X—2=0
e2x—-1)(x+2)=0

- .
X= 5 s 2
Since X>0, X= —21s
an extraneous solution.

Therefore,
1
X=—=
2 ) Since X = 27,
1
2 2
r=—1

Note: X = —2 corresponds to 2* = — 2,
which has no solution.

(1) 4"=2"1—=8=0

[Sol] 22—2.2—8=0
(F)E—~2-2"—8=10
Let 2°= X (where X>0)
X?—2X—8=0
(X—4)(X+2)=0
X=4, -2

Since X>0, X= —21s
an extraneous solution.

Therefore,
X=1
2'=4

x=2
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(2) 4°—3-2"14+8=0 (3] 3¥42-3=1

[Sol] 2% —6-2"4+8=0 [Sol] 3:3%+2-3"—1=0

(22—-6:2"4+8=0

Let 2= X (where X>0)
X?—6X+8=0
(X—4)(X—2)=0
X=4, 2

Since X > 0, both solutions
apply.
Therefore,
When X =1
2'=4
r=2
When X =2
2’=2
r=1

Therefore, x =2, 1

3(39%+2.-3—1=0

Let 3*= X (where X>0)
3X?+2X-1=0
BX-1D(X+1) =0

X:?, -1

Since X>0, X= —11is
an extraneous solution.

Therefore,
ey L

X=3
r_ 1

8 3
x=—1
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Exponential Equations and Inequalities

1. Solve the following equations.

(1) 9°—2.3"1=27 (2) 9¥—3"1=
[Sol] 32*—6-3"—27=0 [Sol] 327 = 37+
(3)2—6-3"—27=0 22 =x+1
Let 3* = X (where X>0) 2r2—x—1=0
X2—6X—27=0 2xr+1Dx—1)=0
(X—9)(X+3)=0 x=_%, I
X=9, —3

Since X>0, X= —31is
an extraneous solution.
Therefore,

X=9

3F=9

x=2
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2. Solve the following equations.

2 +2/ =6
Pt

2. 2r=38

Let 2 = X (where X>0)
27=Y (where Y>0)

mmww+w=6

Substituting,
X+Y=6 ---O
{XY=8 @
From @) and @),

X=2 (X=1
Y=4 Y=g

{X =2
‘When
Y —
2F=2 =1
ov = 4 therefore, y=2
{X =4
‘When
Y=2
{21 =4 {x =2
therefore,
2h=2 y=1

xr= r=2
Al y=2 |y=1

3 —3'=6
‘D gr=g7

[Sol] (3"—3"=6
3.3=27

Let 3* = X (where X>0)
3'=Y (where Y>0)

Substituting,
X—Y=6 @
Xy=27 @

From (1) and @,

X=—3 [X=0
Y==9 |¥Y=3

Since X>0, Y>0

X=—-3 ' ]
Y=—9 1s an extraneous solution.
X=9
When y=3

F—4 x=2
30 =3 therefore, =1
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Exponential Equations and Inequalities

1. Solve the following inequalities.

K196

i

[Sol] 3%'<3?
253
3

I‘(?

Since the bases are equal and
greater than 1, the exponents follow
the same order as the original terms.

(1) 3 LLPY

[Sol] 3¥ 43
2r—1%<3
<2

(2) >33

3
[Sol] 3% >3%
2h

x>

(e ro|w

(3) 4=

[SO]] 22(1+2) > 231’
2xr+2)=3x
x<s4

W ss(L)

[Sol] 3"¥=<3™"

r+3<—x
2xr<—3
3
<9
T=T7
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2. Solve the following inequalities.
&3

1Y, 1

(1)<

2r 3
[Sol] ( 1 ) 2 (i) Since the bases are equal and less than

2 & 1, the exponents are in the reverse order
2¢>3 of the original terms.
I>%
l 2r 1 1 x+1
(1) (3) <k (3) (7) >0.125
L 4x l 3 (L)H—l (L)S
[Sol] (3) <(3) [Sol] 5 > 5
dx>3 r+l1=3
3 L2
x> 1
o @ e @
3 2 3 -
2\ —r+1 1 1-a 1 —%
[Sol] (?) > ) soll () <(+
r<—x+1 1 e g
2r<1 .
=g
xsé% X=73
Alternative Solution
371+r<?%
) G

N

x

<Z
3

3
3
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K197

Exponential Equations and Inequalities

Solve the following inequalities.

s o il

[Sol]

2(2)%+3.2"—2<0

Let 2*= X (where X>0)
FRE L3R -24T
(X+2)2x—1}<0

. 1
2<X<5

Since X >0,

1
0<X< 5

re 1
0<2°< 5

Fxi—1

(1} 1*—=g"*'—8>=1Q

[Sol] 227—2-2"—8>0
(B0P—2 .2 —8 50
Let 2= X (where X>0)
X*—2X—8310
(X+2)(X=4)>0
X<—2,X>4

Since X >0,
X>4
2°>4
x>2
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(2) 4°—3.27148<0

[Sol] 2% —6-2"+8<0
(2)2—6.2"+8<0
Let 2° = X (where X>0)
X*—FX 4840
(X—2)(X—4)<0
2<X<4

2LPFE Y
1<x<2

(3) 3#142.3=1

[Sol] 3:3%4+2.-3'—1=0
3(392+2-3"—1=0
Let 3*= X (where X>0)
3IX2+2X—-1=0
(X+1DBX-1=0

N

1
— e
X 1, X 3

Since X >0,

1
3
1
3

\%

X

3=+

x=—1
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Exponential Equations and Inequalities

KUMON

K198

1. For each function, find the maximum and minimum values within the

given domain.

y=32" (—1<r<l)
[Sol] Let 2* = X, and thus, y = 3X
Determining the range of values of X

When x = —l,X:%

Whenx=1, X=2

Therefore, % < X<?

From the graph of y = 3X:

The maximum value, when X = 2, i.e. when xr = 1, is 6. “&D condition

7S
] Jy=3X
h____
1
|
I
|
1
|
i
i
3t |
244 1
A I
— =
gL 2 X
l’ 2
I

(Draw the graph using
X on the horizontal axis.)

Write the

for x.
The minimum value, when X = % i.e. when xr = —1,is R
(1) y=2"+1 (—1l=x=<l) UA =
7} I— Y=X+1
[Sol] Let 2= X, and thus, y = X+1 :
Determining the range of values of X: Fanl i
Pt
Whenx:—l,X:% // i i X
P BT T '
Whenx=1, X=2 | 2

Therefore, % < X<2

From the graph of y = X +1:

(Draw the graph using
X on the horizontal axis.)

The maximum value, when X =2, i.e. when x =1, is 3.

The minimum value, when X = 1 i.e. when x = —1, is %

2 L]
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2. For each function, find the maximum
given domain.

and minimum values within the

y=2% (—1<x<1)

[Sol] Let 2" = X, and thus, y = X*

Determining the range of values o

1

Whenx=—1, X= 3

When x=1, X=2

Therefore, % s X<?

From the graph of y = X?:

The maximum value, when X = 2,

The minimum value, when X =

2

N

y=X*

1

fX:

1
| 2
(Draw the graph using

X on the horizontal axis.)

i.e. when x =1, is 4.

,l.e.whenx= —1,1s %

(1) y=32—4 (—1<x<l)

[Sol] Let 2*= X, and thus, y = 3X?—14

Determining the range of values of X:

When.a= 1, ¥= ;
Whenx=1, X=2

Therefore, % <SX<?2

From the graph of y = 3X*—4:

The maximum value, when X =2, i.e.

The minimum value, when X =

5o 1

y=3X*—4

[ ] S

bq\l'

"6..—_;;: |

(Draw the graph using
X on the horizontal axis.)

when x =1, is 8.

13

e.whenx = —1,is — 1"




K199

K199a KUMON

Exponential Equations and Inequalities

For each function, find the maximum and minimum values within the given domain.

3

p=2——1 (~1=3<2)

[Sol] y=(29)2—2-2"—1 L
Let 2= X (where X>0) J=(x=12=2% T
y=X*=-2X—-1=(X—-1)*-2 \
Determining the range of values of X: \
When r= —1, X=% 3
g
When xr=2, X=4

Therefore, 1 sX</4 _

2 (Draw the graph using
From the graph: X on the horizontal axis.)
The maximum value, when X=4, ==p 4—1)2-2=7
ie.whenxr=2,is 7.

The minimum value, when X =1, i.e. when x =0, is — 2.

(1) y=2¥—4.2"+1 (—1<x<2)

[Sol] g=12"1—d=2F+1
Let 2°= X (where X>>0)
y=X?—4X+1=(X—2)2—3 &
l\

Determining the range of values of X:

1
;;:(X—Z)Q—s\‘
\:

Whenx:—l,X:% o\/ ;
,3 __I

Whenxr=2, X=4

1
Therefore, - < X<14 ,
2 (Draw the graph using
X on the horizontal axis.)

From the graph:
The maximum value, when X =14, i.e.
The minimum value, when X =2, i.e. when x =1, is —3.

when x = 2, is 1.



(2) y=4"+2""1—1 (—1<rx<l)
[SOI] .i'/: (21)2_.'2 ‘2'(_1 "" a ‘U:(X_,_l)!_z
Let 2 = X (where X>>0) ' '

-~

y=X"+2X—1=(X+1?-2 L

Determining the range of values of X:

1

1y
1
1

1
\
4
“ \

Y

Whenae= ~1, X:%

[

\‘\ "\
Whenr=1, X=2 e

Therefore 1 <x<? (Draw the graph using
2

X on the horizontal axis.)
From the graph:

The maximum value, when X =2, i.e. when x =1, is 7.

The minimum value, when X = 1

: - 1L
2,1.e.wllenx— 1,154.

y=—3"4+2.34+4 (—1<x=<])

[Sol] y= —(392+2-3"+4

Let 3* = X (where X>0)
y=—X*+2X+4=—(X—1)*+5

Determining the range of values of X:

When r= —1, X=%

1
1
1
1
I
I

Whenx=1, X=3

(Draw the graph using
Therefore, % s X<3J

X on the horizontal axis.)

From the graph:

The maximum value, when X= 1, i.e. when x =0, is 5.

The minimum value, when X = 3, i.e. when x =1, is 1.
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Exponential Equations and Inequalities

1. Solve the following exponential equations and inequalities.

(17 41=3847

[SO]] 22(.1‘+1J — 2%

20x+1)=

oo ro|-a

I=

(2) 22(_2,1*1_8:0

[Sol] (2)?—2-2"—8=0

Let 2" = X (where X>0)
X?—-2X—-8=0
(X—4)(X+2)=0
X—=, =2

Since X>0, X— —2isan

extraneous solution.

Therefore,
X=4
2'=4

x=2

(3) (%)3 (%)4
(33"

2L p—1
i ==

" Alternative Solution

2-2x > 9-i+l
—Zr—x+l
e |
et |

(4] S —=F"—540

[Sol] 3% —3-3*—=b4 >0

(3)7 —3-3*—513D

Let 3* = X (where X>0)
X “—3X—5130
(X+6)(X—9)>0
X<—6, X>9

Since X >0,
X>9
F>9
x>2
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2. For the following function, find the maximum and minimum values within

the given domain.
y=—F+2+4 (—2<2<1)

[Sol] y= —(29)2+2.-2"+4
Let 2"= X (where X>0) P
= =X AR A= (X —145 Ao
Determining the range of values of X: L i o \
Whenx=—2,X=% ‘ ,"O!'\i : "‘ X
H 1 L
Whenx=1, X=2 Pt \

Therefore, % sX<?
(Draw the graph using
X on the horizontal axis.)

From the graph:
The maximum value, when X =1, i.c. when x =0, is 5.

The minimum value, when X = 2, i.e. when x =1, is 4.



