Jla KUMON

Expansion of Polynomial Products

—{ Formula )

When m and » are positive integers:
a"Xa' =a""
(@) =a"
(ab)" = a"b"

Note: These formulas are often called the properties of powers or the laws of indices.

Expand the following expressions.

( 1 ) ((13)4:0'3'4:“12

(2) (—2a%c®?=(—2)a**b"3c** = —8a’bc’

(3) 3a%63X5a*b?*=3-54*"36%*% =15a°b°

1 : 1\ 1
(4) 4ab( 2(162) = 4ab[( 2) a”b”] = 4ab(4a2b4>

= —4‘%55“2;‘)1” = —a’b’®



_3 . _2 22:fi 424)__135
(5) 4ab( 3515) 4ab(9ab 3ab

(6) a7+a5:a—? 2

12
(7) @)3+@®)=a2+a2=";

Lr=1
(8) da*h=3ab?= ‘ég;ﬁ — %2
(9) % a4b4X(—3azb)+%a5b7’: %g‘;bd‘-(—Ba«?b). a54b7 _ _%
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Expansion of Polynomial Products

Expand the following expressions.

(1) 3Sxy(2yz+4xz) We can expand brackets as follows:
= (31\@!)(2;!/2)%-(31;;)(412) alb+c)=ab+ac
— ﬁxyzz | lzxzyz This is called the distributive law.

(2) —5yz(—2xz+3xy)
= (—5yz)—2xz)+{(—5y2)(3xy)
=10xyz?—15xy’z

(3) 4x2z(—3y°z+x2?)
= (4x22)(— 3y%2)+ (4x%2)(x2?)
= —12x%y?z2 +4x°23

(4) —2abclab+bc+ca)
= (—2abc)ab)+(—2abc)(bc)+(—2abc)(ca)
= —2a’b’c—2ab’c’—2a’bc?
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(5) 9gzz(§x2y gxz?‘)

= (9yzz)(§xzy) + (9_1/23)( gxzz)

=6x’y’z—5xy’z’
. if @ 3
( b ) 8ab ( 2 Sagbg)

= (8ab4)<%>+(8ab4)< ﬁ)
—402b =32

1
3%y

= (ﬁ)(gﬁgﬁ) - ( Sxﬁyz)( —42%?)

=3xy—%

(8) 7 (923 —4x2y%)

(9) (a3+2z’721—36r)+%

= (a3 +2b%x—3cx) X %
2x

— (%)(as) + (;—I)(.?bzx) +(%)( —3cx)
4
__a ,__ dac
2 +ab 9
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Expansion of Polynomial Products

Expand the following expressions.

(1) (a+b)a—b)
=a2—b2

(2) (—x—2p)(—x+2y)
=[(—x)—241(—x)+2y]
=(—1x)2—(2y)?
= x?—4y?

(34 T—mp=3F
= (—x)t—=2[—ux) 2+ 2%
=x?+4x+4

(4) 2(3a°+4)2
= 2(94° + 2443+ 16)
= 18a’+48a’ + 32

(5) —H—a1-30)°
= —2(a?—6ab+9b?)
= —2a’+12ab—18b?

J3

Note: Key formulas from level I :
(a+b)?=a?+2ab+b?
(a—b)2=a?—2ab+b?
(a+b)a—b)=a*—b*



(7) 3(x—2)x+3)
=3(x*+1—6)
=3x?+3x—18

(8) —53x+4)2xr—1)
= —5(6x%2+5x—4)
= —30x%—25x+20

(9) (a+3b)a+5b)—(a+4b)?
= (a?+8ab+15h%) —(a®+ 8ab+ 16h?)
= a?+8ab+ 156% — a®— 8ab—16H?
= —p?

(10) Ba—7)X2a+1)+(5a—3)3a+4)
=(6a2—11la—T7)+(15a2+11a—12)
=6a?—11a—7+154*+11a—12
=2la’—19
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Expansion of Polynomial Products

1. Expand the following expressions. Write the intermediate steps.

(a+b+c)?
) Treat (@ + b)and ¢ as separate terms.
=a+b)+c]?
) Expand, treating (z+6) as a single unit.
=(a+b)*+2clat+b)+c?

) Expand all (@ +5) terms.
=a’+2ab+b%+2ac+2bc+c?

=a?+b*+c%+2ab+2ac+2bc

) Rearrange the terms as shown.

J4

(1) (2¢a—3b+c)?
=[(2a—3b)+c]?
= (2a—3b)2+2c(2a—3b)+c?
= 4a?—12ab+9b%*+ dac—6bc+ 2
=4a’*+9b%+c?—12ab+4ac—6bc

(23 Bw—Zy—e)
=[(3x—2y}—2z]?
=(Bx—2y)—223x— 21 +2°
=0r2—12xy+dy* —6xz+ dyz+ 22
=0x?+4y*+ 22— 12xy—6xz+4yz

(37 (E*+a—3
=% Fa—3]"
=2 +x)*—6(x®+2)+9
= Pt 2t — 6t — B9
=x'+2x*—5x*—6x+9
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This formula is normally
(a+b+c)P= a®+b2+c2+2ab+2bc+2cq || "ED Written in this way

(cyclical order).

2. Expand using the above formula.

(1) (2a—3b—c)?
=(2a)* +(—=3b)2+(—c)2+2(2a)(—3b)+2(—3b)(—c)+2(—)(2a)
=4a*+9b*+c?*—12ab+6bc—4ca

(2) (2x—3y+42)? =4x*+9y*+16z>—12xy—24y=z+16zx

(3) (2x+3y+52)°2=4x?+9y*+252°+12xy +30yz +20zx

(4) (P —2x=32=x"+4x2+9—4x*+12x— 622

=x*—4x*—-2x?+12x+9

(5) 2x*—3x+4)2=4x*+9x2+16— 122 —24x+ 16x2
=4x*—12x3+25x%—24x+ 16
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Expansion of Polynomial Products

This formula is called the
e o s P D
(a+b)a—b)=a b difference of two squares.

Expand the following expressions.

| Ex. ]

(a+b+cXatb—0c) )
Treat (a+ b) and ¢ as separate terms.
=[(e+b)+clllat+b)—c]

) Expand, treating (@ + 5) as a single unit.
=(a+b)?—c?

=a’+2ab+b%—?

(1) (a+2b+3c)a+2b—3c)
=[(a+2b6)+3cll(a+26)—3c]
=g+ 25 —(3c)*
=a’+4ab+4b?—9c?

(2) (a—3b+5ec)a—3b—5¢)
= [(a—3b)+5cll(a—3b)—5c]
= (a—3b)?—(5¢)?
=a’—6ab+9b*—25¢?

(3) (a—4b—2c)a—4b+2c)
=[(a—4b)—2cll(a—4b)+2c]
=(a—4b6)2—(2¢)?
=a’—8ab+16b%*—4c?
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(4) (a+4b—2c)a—4b—2c)

[(( a—2¢ )+4bll( a—2¢c )—4b]
(a—2c )*—( 4b )?
a’—4ac+4c?—16b?

(5) (a+3b+5c)a—3b+5¢c)
=[(a+5c)+3b][(a+5c)— 3b]
=(a+5c)?—(3b)?
=a’+10ac+25¢*>—9b*?

(6) (a+b—c)a—b+c)
=le+( b—¢c )la—( b—c )]
=a’—( b—c )?
=a’—b?+2bc—c?

(7) (at+b+ec+d)at+tb—c—d)
=[(a+b)+(c+d)l(a+b)—( e+d )]
=(a+b)?*—( c+d )?
=a’+2ab+b*—c?*—2cd—d?

(8) (a—b+c+d)atb+c—d)
=[(a+c)—(b—dDllla+c)+(b—d)]
={g+ec)*—{b—d)?
=a’+2ac+c’—b*+2bd—d?
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Expansion of Polynomial Products

Formula

(x+a)x+b) =1+ (e+b)x+ab

Expand the following expressions.

e EX. | —
(x+y+3a)x+y+5a)

= [(x+y)+3all(x+ y)+5al

= (x+¢)?+8alx+y)+ 154*

= r?+ 2xy+ y?* +8ar+8ay+15a*

) Treat (x+ y) as a single unit.

(1) (x+2y+3a)x+2y+4a)
= [(x+2y) + 3all(x+2y) + 4al
= (x+2y)2 +Talx+2y) + 1242
=x’+4xy+4y*+T7ax+lday +12a°

(2) (a—4b—c)(2a+2b—c)
=[(2a—c)—4b1[(2a—c)+2b]
=(2a—c)*—2b(2a—c)—8b?
=4a’*—4ac+c’—4ab+2bc—8b*
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(3) [5(atb)—213(at+b)+5]
= 15(a+b6)2+25(a+8)—6(a+5)—10

=15(a+6)*+[ 19 |(a+b)—10

= 15a’+30ab +15b%>+19a+ 196 —10

(4) [2(a—b)+3cll3(a—b)—5c]
=6(a—b)?—cla—b)—15c2
=6a’—12ab+6b*—ac+bc—15¢?

B (et o+3)at1)atl)
=(2+5r+] 6 D?+50+] 4 )
=[(?+50)+] 6 |IG?+50)+] 4 ]

={x?+5x)2+10(x%+5x)+24
=x*+10x*+ 2522+ 1022+ 50x+ 24
=x*+10x®+35x%+50x + 24

(6) (r+Da+5)x+2)(x+4)
=(x*+6x+5)(x®>+6x+8)
=[(x?+6x)+ 51 (x*+6x)+8]
= {2 +6x)2+13(x* +6x)+40
= g4 +1223 + 362+ 1322+ 78240
=x'+12x> +49x*+78x+ 40
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Expansion of Polynomial Products

p,

\KForm_ula,f
|— (a+b6)?= a®+3a%b+3ab?+4?

Expand the following expressions.

(1) (a+1P=a*+3-a*>1+3-a-1%2+13
=a’+3a’+3a+1

(2) (a+2)P=a*+6a’+12a+8

(3) (a+5)P=a’*+15a’*+75a+125

(4) (@Cx+12=QCx)*+3-2x)?*-1+3-2x-12+13

=8x®+12x%+6x+1

(5) (x+2y)3=x*+6x’y+12xy?+8y?
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(@a—b6)° = a®—3a%b+3ab®>— b

(6) (@—1B3=a*—3-¢%-1+3-a-12—18
=a’—3a’+3a—1

(7) (@a—3)P=a’—9a’+27a—27

(8) (2a—1)*=(2a)*—3-(2a)*-1+3+22-1*—1°

=8a’—12a’+6a—1

(9) (2r—3)>=8x*—36x%+54x—27

(10) (x—3y)*=x*—9xy+27xy*—27y°
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Expansion of Polynomial Products

( Formulas )
(a+b)®= a®+3a®b+ 3ab?+ b®
(a—b6)* = a®—3a?b+ 3ab®—b°

Expand the following expressions.

(1) (a+4)P=a’*+12a’*+48a+64

(2) (2a—0b6)32=2a)®—3-(2a)*-6+3-2a-b2—53
=8a’—12a’b+6ab’—b?

(3) (Ba+2b)3=(3a)*+3-(3a0)%-2b+3-3a-(2b)2+(2b)°
=27a’*+54a’b + 36ab® + 8b°

N Col e R R e L
=x%+3x*+3x%+1

(5) (222—3)*=(212)%*—3-(2x%%-34+3-(24%)-32—33
=8x®—36x*+54x>—27

J3
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(6) (—a—1¥=[—(a+1)P=—(a+1)3
= —(a*+3a*+3a+1)
=—a’*—3a’—3a—1

(7) (=2a—b0=[—(Q2a+b)*=—(2a+b)?
= —[(2a)+3-(2a)2-b+3-2a- b+ b*]
= —(8a*+12a*b+6ab*+b*)
= —8a’—12a’b—6ab’—b®

(8) (—at3)=l—{s*—B} = —(a2—3)}
= —[(x?)3—3-(x?)2-3+3-x%-32—33%]
= — (Pl 4 Tl
= —x%+9x*—27x%+27

I e am J ,,(L)z (L)B
(9) <a+3>a+34 3+3a 5 +3

0 (e[ o)

= —[(2a}3+3-(2a)2-,L—I—B-Za-(%)z—l—(%)s]

3
Z 1
_ (g3 2 & L
(8«:2 +4a +3.cz+ 27)
2 1

= —8a3—4a2—§a—2—7
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Expansion of Polynomial Products

Expand as shown in the examples.
(k1P —1P
= [ L0~ 1P

= (z2—1)*

=28 —3x*+3x2—1

) Expand (xr+1)(xr—1) first.

Note: This is easier than expanding (xr+1)* and (xr—1)3.

(1) (x+2)3x—2)3

o I o 3
=(r2— ondJ8a.
=x®—12x*+48x*—64

(2) (a+3)(a—3)
= [(a+3)a—3)P*
= (@*—9)?
= a®—27a‘+243a’— 729

(34 et Z) le—lgl?
=[(x+2y)(x—29)P
= (x?—44%)3
=x*—12x'y*+48x’y* —64y°
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LEx.

(x+1)x+2)(x+3)
=(x?+3x+2)(x+3)
=¥+ 3024+ 3224+ 9x+2x+6
=xr*+6x2+11x+6

) Expand (x+1)(x+2) first.

&,

(4) (+Dx+3)x+5)
=(x?+4x+3)(x+5)
=3 +5x2+4x2+20x+3x+15
=x3+9x*+23x+15

(B) Ce—1le—ENr—3)
=(*—35+-2)(&—3)
= 33 —3a* =324+ 9+ 2x—6
=x%—6x2+11x—6

(6) (xr+2)(x—3)x+4)
=(r?—x—6)(x+4)
=13+ 4P —x?—4x—6x—24
=x3+3x*—10x—24

(7)) (+DE+2)(x+4)
= (22 +3r+2)(x+4)
=x34+4x*+ 322+ 12x+2x+8
=x’+T7x*+14x+8

From this, we find

Formula

(x+a)x+b)x+c)=x2+(a+b+c)x®+(ab+ bc+ca)x+abc
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Expansion of Polynomial Products

Expand the following expressions.

3
(1) (S(z—l-—l—) — DTt Gt g

(4)

!
3 27

Use the formulas
ond8a.

(254 10(2x—1) =[x+ 1)2x—1)I°
= ({p>—1)"
=64x°*—48x*+12x2—1

J10
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(5) (2a—3b+c)? =4a’?+9b*+c’>—12ab—6bc+4ca
Use the formula

2 —3xr—4)2=4x*+49x —12x x—16x
(6) 2xF—3 A2 =4r*+9x2+16—122°+24 1612
=4x*—12x3—T7x*+24x+16

(7) Eef43r—A)2:%=3r+d)= 228 Br—DI[2s>—=(3x—41)]
= 4x*—(3x—4)?
=4x*—9x?+24x—16

(8) @Crf—x+3)C2r*+xr—3)=[22%=(x=23)1[2x%+ (x—3)]
=4xt—(x—3)?
=4x*—x+6x—9
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Factorisation |

G T ——
. Formula

|—xz+(a—|—b)~r+ab =(x+a)x+b)

Factorise the following expressions. (Review of Level I)

(1) 22+8r+15=(x+5)(x+3)
(2) x*+10x+21=(x+7(x+3)
(3) a*—Ta+10=(a—5)a—2)
(4) a*+3ab—106* = (a+5b)a—2b)

First take out
(5) 1222+24x—96=12( x*’+2x—8 )
=12(x+4)(x—2)

(6) ar®*—2axr—8a=alx®*—2xr—8)
=alx—4)(x+2)
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8 Ex.
(E+p—3e+y)—10
=[(x+y)—5ll(x+y)+2
=(x+y—5)x+y+2)

| ) Treat (x+y) as a single unit.

(7) (x+y)?+8x+y)+15
=[(x+g)+51[{x+ gy +3]
=(x+y+5)x+y+3)

(8) (x+yi—(x+y—12
=[(x+y)—41ll(x+y)+3]
=(x+y—4(x+y+3)

(9) Rx+y?+T7a2x+y)+104°
=[(2x+y) +5all(2x+ )+ 2a]
=(2x+y+5a)2x+y+2a)

() (e—8)P—(x—3)—i42
=[(x—3)—TI[{x—3)+6]
=(x—10)(x+3)

(11) (x—524+(x—5)—12
=[(x—5)+4][(x—5)—3]
=(x—1)(x—8)
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Factorisation |

Factorise the following expressions.

(1) (x+g)é—=b5x+p+6=1x+y)—3lx+y —2]
=(x+y—3x+y—2)

(2) (+p?—2(x+yp)—15=[(x+ ) —5I{x+y) +3]
=(x+y—5) x+y+3)

(3) (+?*+3x+y)—18=[(x+y)+6I[(x+y)—3]
=(x+y+6)(x+y—3)

(4) (x+y)*—7x+p+10=[(x+y)—5(x+y)—2]
=(x+y—5)x+y—2)

(5) (x+2)=9x+2)+20=[(x+2)—51[(x+2)—4]
=(x—3x—2)
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(6) (r—yl+da(x—y)+32:=[(x—gp)+3zl[(z—p)+=]
=(x—y+32)x—y+2)

(7) +y?—2zx+y)—1522=[(x+y)—5zl[(x+y)+32]
=(x+y—>5z)x+y+32z)

(8) (a+b)P+6cla+b)+5ct=[(a+6b)+5cl(a+b)+c]
=(a+b+5c)a+b+c)

(9) (a+b6)2—Tcla+b)+10c?2=[(a+b)—5cll(a+b)—2c]
=(a+b—5c)a+b—2c)

(10) (a—2b)2—=9cla—2b)+20c? =[(a—2b)—5cll(a—2b)—4c]
=(a—2b—5c)(a—2b—4c)
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Factorisation |

Factorise the following expressions.

J13

2x2+5xr—12=(2x—3)(x+4)

2
1

>,

If you can do this mentally, it is not
necessary to write this step.

2x%+7x+5=Q2x+5)(x+1)

2 5

15
6x24+29r—5=(06x—1)(x+5)

6 —1

<
102 —T7xr—12=06x+4)2x—3)

5 4

-
6x2—17x+5=@Bx—1)2x—5)

3 —1
2 —5

3x2—13x+4=0@x—1)(x—4)

3 o
1<y

Further notes on question ( 1)

—Looking at 2x%, write the
factors of 2 on the left.

4

—Looking at + 5, write the
factors of 5 on the right.

2 6]

T
—Looking at + 7x, check these
numbers multiply to give +7.

2 5 —» 5X1
1><1—b2><l

i

—It is often necessary to try
different combinations of
factors and signs.

—Read off the answer directly.

2 5 gives (2xr+5)
<

1 gives (x+1)
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(6)

(7)

(8)

(9

(10)

5x24+16x+3=0Bx+1)(x+3)

-y

5x%—2xy—3y* = Bx+3y)x—y)

6
1

2x2+xy—6y% = Qax—3y)(x+2y)

4

4x*—13xr—12={UAx+3)(ax—4)

| <

6x2—xy—12y* = Bx+4y)2x—3y)

S

1
&

3y
—y

—3y
2y

3
—4

4y
_3y

You can check in two ways,
(1) multiply out each cross
5 1 —» 1

1 >< 3 —» 15

16

(ii) expand your final answer

(5xr+1){xr+3)=5x+16x+3
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Factorisation |

Factorise the following expressions.

J 14

2x+y)2+T7x+y)+5=[2x+y)+5ll(x+y)+1] =n
=2x+2y+5)x+y+1)

4 5
>< =&p Itis not always necessary to write this step.
1 1

Treat (x+ ) as
a single unit.

(1) 2+ +5+y)+3=12(x+y) +31(x+y) +1]
=2x+2y+3I(x+y+1)
2 3
1<

(2) 2x+pi+x+yp—3=12(x+y)+3l{x+y)—1]
=Q2x+2y+3)(x+y—1)
2 3
PO

(3) 2x+?—9x+y)—5=12x+y+11(x+y) —5]
=Qx+2y+1)(x+y—>5)
2 >< 1
1 —5

(4) 3x+y?—13x+y)+4=1[3x+y)—1l(x+y)—4]
=@Bx+3y—1)(x+y—4)

3 =]

1 —4
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(5) 2x+ylR+3x+y)+1=[2x+y)+11(x+g)+1]
=Qx+2y+1(x+y+1)

(6) 2(x+y)?+Talx+y)+52>=[2(x+y)+5all(x+y)+al
=Q2x+2y+sa)Xx+y+a)

2 ba

1 >< a

(7) 3x—y?+2ax—y)—5a2=[3x—y)+5all(x—y)—al
=@Bx—3y+5a)x—y—a)
3 5a

1 —

(8) Tx+y?2+13alx+y)—2a2 =[T(x+y)—all(x+y)+ 2al
=(Tx+Ty—a)x+y+2a)

7 >< —da

1 2a
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Factorisation |

( Formulas )

at+2ab+b*=(a+b)?
a’?—2ab+b*={(a—b)?

Factorise the following expressions.

(1) 9x*—12x+4=3x—2)?

(2) x*H+4xy+4y2=(x+2y)?

(3) 4x2+12xy+9y? = (2x+3y)?

(4) —3ar’+12axy—12ay? = —3a( x’—4xy+4y’ )

= —3alx—2y)*

() —x+4xr—4=—(x2—4x+4)=—(x—2)?

Take out the
common factor — 1.
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LEx.

(x+y)?+6(x+y)+9
=[(x+y)+3]°
={r+y+3)?

) Treat (x+y) as a single unit.

(6) (x+yi?+dlx+y)+4
=[(x+y)+217
=(x+y+2)°

(7) (x+p?+8x+y)+16
=[(x+y)+4)?
=(x+y+4)?

(8) (x+y?—10x+y)+25
=[(x+y)—5]?
=(x+y—>5)*

(9) (r—y?—6alx—y)+9a°
= [(x—y)— 3al?
=(x—y—3a)*

(10} {=tiy)*—Dela-Ry)+2?
=[(x+2y)—z]?
=(x+2y—2)*
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Factorisation |

J1é

Factorise the following expressions.

124 2x(a+b6)+(a+b)?
=[x+(a+b)]?
= (xr+a+b)?

) Treat (a+6) as a single unit.

(1) x*—2x(a—b)+(a—0b)?
=[x—(a—b)]?
=(x—a+b)?

(2) x*4+4x(y+z)+4(y+2)?
=[x+2(y+2)]?
= (x+2y+22)?

(3) a*+6alb—c)+9(b—c)?
=[a+3(b—0c)]?
=(a+3b—3c)?

(4) a®>—8alb+c)+16(b+c)?

=[a—4(b+)]?
=(a—4b—4c)?

Use the formulas:

a*+2ab+b%=(a+b)?
a®—2ab+b*=(a—b)?

(5) @?—6a(26—3c)+9(2b—3¢c)?

= [a—3(2b—3c}]*
=(a—6b+9c)?
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(6) x2+6x(x+3y)+9(x+3y)?
=[x+ 3(x+3y)1?
= (x+3x+9y)?
= (4x+9y)’

(7) (x+2yp)2—2y(x+2y)+4?
=[(x+2y)—y]?
=(x+2y—y)?
=(x+y)’

(8) (Br—2y)?+8y(3xr—2y)+ 1642
=[(3x—2y) +4y]?
= (3x—2y+4y)?
=(3x+2y)?

(9) +aiP—20x+a)y+a)+(y+a)?
=[(x+a)—(y+a)?
=(x+a—y—a)?
=(x—y)’

(10) (a+6)2+6(a+b)(2a+b)+9(2a+b)?
=[(a+b)+3(2a+b)]?
=(a+b+6a+3b)?
=(Ta+4b)?
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Factorisation |

Formula
This formula is called the
A S - |
rg b (@+b)a dﬁerence of two squares.

Factorise the following expressions.

(1) 9a*—46*=(3a+2b)3a—2b)

The first step is
to take out the
common factor 5,

(2) 5x2—20=5( x*—4 )
= 5(x +2)(x—2)

(3) dar®—9ay?=oaldx*—9y?)
= a(2x+3y)(2x—3y)

(4) (x+p)i—4=[x+yp+21x+y—2]
=(x+y+2)x+y—2)

(5) (x+pyi—-222=[x+p+2l{x+y) —2z]
=(x+y+z)x+y—2)

JI17
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(6) x—lag+b)e=[z+latbllzr—lat+b)]
=(x+a+b)x—a—0b)

(7) 9—G—29)?=[3+x—2I3—(x—2y)]
=@B+x—2y)3—x+2y)

(8) x2—(a—b)2=[x+(a—b)lx—(a—b)]
=(x+a—b)x—a+b)

(9) 4a®—(a—b)¥=[2a+(a—6)2a—(a—b)]
=(2a+a—56)2a—a+b)
=(3a—b)a+b)

(10) (a+b+c)?—b2=[a+b+c)+bllla+b+c)—b]
=(a+b+c+b)atb+c—b)
=(a+2b+c)a+c)
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Factorisation |

Factorise the following expressions.

3
(a+6)*—(c+d)? ) Treat (a+56) and (c+d) as
= [(a+6)+(c+dll(a+b)—(c+a)] ¢ singleunis

=(a+b+c+d)at+b—c—d)

(1) (a+b)?*=(c—a)? Use the formula for the
=[(a+b)+(c—d)lla+b}—(c—d)] difference of two squares:
=(a+b+c—d)a+b—c+d) a®—b*=(a+b)a—b)

(2) (a—b)?—(c—d)?
=[(a—b)+(c—d)lla—b)—(c—d)]
=(a—b+c—d)a—b—c+d)

(33 (@—hiF—letd)®
=[la—b)+(c+d)l(a—b)—(c+d)]
=(a—b+c+d)a—b—c—d)

(4) (x—p)?—(a—0b)?
=[(x—y)+a—b)l(x—y)—(a—b)]
=(x—y+a—b)x—y—a+b)

(5) Bxt+2P—[+37
=T@r+2)+a+3)[(Br+2—+3)]
= (3x+2+4+a+3)3r+2—x—3)
=(4x+5)(2x—1)
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L Ex.

(3a+2b6)2—5h2
=[(3a+2b6)+b1[(3a+2b)—b]
=(3a+3b)(3a+b)

) Factorise completely.
= 3(a+b)(3a+b)

8

(B} (B Bh ) e—{Qt8h)

= [(3a+2b)+(2a+3b)(3a+2b) —(2a+3b)]
(3a+2b+2a+3b)(3a+2b—2a—3b)
(5a+5b)(a—b) — Make sure that your
=5(a+b)la—>b) answer is factorised

completely.
(7) (2a—36)2—(3a—2b)?
[(2a—3b)+(3a—2b))[(2a—3b) —(3a—2b)]
(2a—3b+3a—2b)(2a—3b—3a+2b)
(5a—5b6)(—a—b)
—5(a—b)a+b)

T

(8) (x+2y)?%—(2x+y)?
=[(x+2y)+QLx+(x+2y)—2Cx+y)]
=(x+2y+2x+y(x+2y—2x—y)
=3x+3y)(—x+y)

—3(x+y)x—y)

(8 (Ba—4)F—(2a—1)%
[((3a—4)+(2a—1D)][(3a—4)—(2a—1)]
(3a—4+2a—1)3a—4—2a+1)
(ba—5)(a—3)

=5(a—1)a—3)

(10) (2x—5)2—9
= [Zx—bi+3l[(2x=b1—=3]
=2e— 3+ 3 2s—5—3)
=(2x—2)(2x—8)
=4(x—1)(x—4)



J19a KUMON

Factorisation |

Factorise the following expressions.

4_y4

I Ex.
x
= (x2)?—(y?)?
= (@2 + ) ¥ —y?)
= (

Factorise completely.
24+ ) x+y)x—y) )

) Treat x* and y* as single units.

(1) x*—16
= (x?)2—42
=(xr?+4)(x?—4)
=(x?+4)(x+2)(x—2)

(2) 16x*—y!
= (4x%)2—(y%)?
= (da?y2) Az —g*)
=[x’ +y)2x+y)2x—y)

(3) 28—y

14)2_(y4)2

)t — Y

= (22— (*)?]

=(xt+ )+ ) (2 —y?)
=(x'+y )+ y)H)(x+yx—y)

=
=

(43 g1
— (I4)271
=(x*+1x*—1)
=1 [l ) =—1]
= (4102 +1)(x2—1)
= (x*+1)(x?* + D+ 1)(ax—1)

J19
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(5} x*—Bx*—36
=( x*—9 )x*+4)
=(x+3)(x—3)Nx?+4)

(6) x*—8x2—9
=(x2—-9)(x%+1)
=(x+3)(x—3)x2+1)

(7) x*—6x%+8
={x*—4)(x?-2)
=(x+2)(x—2)(x*—2)

It is possible to write this as
(x+ 20 x—2)0x+V2)x—+2).

However, this is not normally done
unless solving an equation.

(8) 2x*+x%2-3
=222+ 3)(x?—1)
=2x?*+3(x+1)x—1)

(9) ax*—3ax*—4a
=yg{a* —Ba® —4)
= a(xr?—4)x?+1)
=alx+2)(x—2)(x%+1)
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Factorisation |

KUMON

Factorise the following expressions.

x=2x2+1
=(x2—1)?

= [(x+ 1)(z— 1]
=(x+1)3(x—1)?

) Factorise inside the brackets.

r*—8x%+16
= (x?—4)?
=[(x+2)(x—2)]?
= (x+2)*(x—2)?

LT

=18 48]
= (x> —9})?
=[(x+3)(x—3)]?
=(x+3)%(x—3)?

(2

e
= (22— 2)?
=[x+ y)x—y]?
=(x+y)i(x—y)’

(4) x°—8x%+16x

= x(x*—8x2+16)
=x(x*—4)*

= l(x+20x—2)]°

= x(x+2)(x—2)*
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(5] xt—uat
= (x?)2 —(a?)?
= (12 +a?)(x? — a?)
=@x*+a’)x+a)x—a)

(6) x"—162°
= x3(x*—16)
= 3 [(x?F—4?]
=232+ 4)(x%2—4)
=x*(x?+4)Nx+2)(x—2)

(7} 2*—8x%%+163"
= —4y°)?
=[(x+2y)(x—2y)]12
= (x+2y)(x—2y)*

(_ Note Summary )

e For 1. (x+y)?—=3x+y)—10=
and 2. (a+6)?—(c+d)?=
treat (x+y), (a+6) and (¢ +d) as single units.
* To factorise
(x4 =3(x+y)—10,
the following methods can be used:
Method (i) Letxr+y= A,
and substitute to get
A*—3A—10
Method (ii) Underline or circle the (x+ y) terms
(x+ )2 =3+ —10
(@+pr-3(@+tp-—10

and treat these as single units.
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J2la KUMON

Factorisation Il

Factorise the following expressions.

-3
xla—=2b)+yla—2b)=(a—2b)x+y)

2a(x+y)+4(x+y) =2(x+y)a+2) =p ;[;il:gr?gt(;kfj)r_eateSt common

(1) x(2a—b)—y(2a—b)=QRa—b)x—y)

(2) 3xla+1)+6(a+1)=3a+1)(x+2)
(3) 4a(x+3)+6(x+3)=2(x+3)2a+3)

(4) 3a(x—3)+3(x—3)=3x—3Na+1)

(5) 3xla—2)—6(a—2)=3a—2)(x—2)
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alx—3)+b3 1) Write (3—x) as —(xr—3),
— a(x— 3) . b(r— 3) then factorise.

=(x—3)@a—b)

(6) 2(x—2)+a(2—x)
=2(—2)—alx—2)
=(x—2)2—a)

(= —(x—2)(a—2)]

(7) xla—b)—2(b—a)
=x(a—b)+2(a—0b)
=(a—b)(x+2)

(8) b5x(2a—b)+2y(b—2a)
= 5x(2a—b)—2y(2a—b)
=(2a—b)5x—2y)

(9) 3ab(2x—y)—5a*(y—2x)
= 3ab(2x—y)+5a2(2x—y)
=a(2x—y)(3b+5a)

(= ax—y)5a+3b))

(10) 2b6(x—2y)—4a(2y—x)
=2b6(x—2y)+dalx—2y)
=2(x—2y)(b+2a)

[=2(x—2y)(2a+b)]
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Factorisation Il

Factorise the following expressions.

b (S 2(9
#la=2+y(2—a) )(z—a>=—(a—2)
:_Iz(a—Z)_yz(a_2)

= (g—2)(x? _-""2) ) Factorise (x2 — y?).
=(a—2)x+y)(x—y)

(1) 9x%(a—b)+4(b—a)
=9x%a—b)—4(a—b)
=(a—b6)(9x2—4)
=(a—b)3x+2)(3x—2)

(2) x%(a—b)+16(b—a)
=1%(a—b)—16(a—b)
=(a—b)(x*—16)
=(a—b)(x+4)x—14)

(3) 4x2(x—2y)+9422y—x)
= 4x*(x—24) — 9% (x—2y)
= (x—2y)4x*—9y?)
= (x—2y)2x+3y)(2x—3y)

(4) a%(x—2y)+4b%(2y—x)
=a?(x—2y) —46%(x—2y)
= (x—2y)a?—4b6%)
= (x—2y)a+2b)a—2b)

(5) —a*By—x)—9(x—3y)
= a*(x—3y)—9(xr—3y)
= (xr—3y)a*—9)
=(x—3y)a+3)a—3)
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s Ex.

=x¥a—b)+xla—b)—2(a—b)
=(g—b)(*+tx—2)
=(a—b)(x+2)(x—1)

8

la=b)txla—b)+2b—a) )(b—a]=—(a—b)

(6) xHa—b)+x(b—a)+2(b—a)
=3%a—b)—xla—b)—2(a—b)
=(a—b6)(x*—x—2)
=(a—b)x—2)(x+1)

(7) x¥a—b)—6xla—b)—9(b—a)
=x%(a—b)—6x(a—b)+9a—b)
=(a—b)(x*—6x+9)
=(a—b)(x—3)?

(8) 2x*a—0b)+x(b—a)+6(b—a)
=2x%a—b)—x(a—b)—6(a—b)
=(a—b)(2x2—x—6)
=(a—b)2x+3)(x—2)

(9) (@—b)x?=5)+(b—a)3x+5)
(g—plx*=5)=lg— b 3E+5)
(@—b)(£%~5~Bx—5)
(@—8)(x?—3x—10)
=(a—b)x—5)x+2)

(10) (a—b)2x>+9)—(b—a)(Tx—6)
=(a—0)2x*+9)+(a—b)Tx—6)
={ag—6)2x*+9+7x—6)
={a—b)2x*+Tx+3)
=(a—b)2x+1)(x+3)

Use the formula:
a’®—2ab+b%=(a—b)?
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Factorisation Il

Factorise the following expressions.

Z(Q_b)i(b_d)z ) (b—a)=(a—b)*
= 2(a—b)+(a—b)?

=(a—b)2+(a—b)] Note: (b—a)? =[—(a—b)]*
=_12 _b?.
= (z—B) O +a—b) e

=(a—b)?
The answer can also be
written (a—b)(a— b+ 2).

The sign of the term does not change.

(1) 3(a—b)+(b—a)?
=3(a—b)+(a—b)?
=(a—b)[3+(a—b)]
=(a—b)3+a—>b)

(2) 3la—b)—(b—n)?
=3(a—b)—(a—b)*
=(a—b)3—(a—0b)]
=(a—b)3—a+b)

(3) (—x)*+3Gx—yp)
=llp—gi44Slm—yg)
=(xr—ylx—y)+3l
=(x—y)Nx—y+3)

J23

[ Why the sign does not change. ]

If we compare
(b—a)?=b*—2ba+a®
(a—b)2=a’—2ab+b?

both give the same result.
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(d.) H2y—ax)e+dalr—2y)
= 2(x—2¢)? +4alx—2y)
= 2(xr—2y)(x—2y) + 24l
= 2x—2y)x—2y+2a)

(56) al2y—x)2+2a*(x—2y)
=alx—2y)2+2a%(x—2y)
= alx—2y)[(x—2y) + 24]
=alx—2y)(x—2y+2a)

(6) x(36—2a)?—2x*(2a—36)
= x(2a—3b6)*—2x%(2a— 3b)
= x(2a—3b)[(2a—3b) —2x]
= x(2a—3b)(2a—3b—2x)

(7)) 2tx—y)—(g—x)?
=2x—y)—(x—y)?
=(x—pl2—(x—y)]
=(x—y)2—x+y)

(8) 2flx—3p)+al3y—zx)*
= 2a%(x— 3y) + alx— 3y)?
=alx—3y2a+ (x—3y)]
=a(x—3y)2a+x—3y)
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Factorisation Il

Factorise the following expressions.

= xylx—y)+3ylx—y)?
= ylx—ylx+3(x—y)]

= y(x—y)4x—3y)

o s 2
=g+ 34y =) )(Au—x)zzu—_u)z

(1) 2xlr—y)—3(y—ax)*
=2 E—yl—3E—y)?
= (xr—yl2x—3(x—y)]
= (x—y)(2x—3x+3y)
=(x—y)(—x+3y)

[=—(x—y)(x—3y)]

(2) 2 2p—ax) 2% e—2y)
x(x—2y)2+2x3(x—2y)
rar—2mlia—2n+2xz]
= x(x—2y)(x—2y+2x)
= x(x—2y)(3x—2y)

(3) 4x?(x—3y)—2x(3y—x)?
=dr¥(z—3y)—2xlx—3p)*
= 2x(x—3y)[2x— (x—3y)]
= 2x{x—3y)(2x—x+3y)
= 2x(x—3y)(x+3y)

(4) xylx—2y)+3y(2y—x)*
= xylx—2y)+ 3y(x—2y)?
= ylx—2plx+3(x—2y)]
= ylx—2y)(x+ 3x—6y)
= y(x—2y)(dx—6y)
= 2y(x—2y)(2x—3y)

J24
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(5) 2a*(a—3b)+a(3b—a)?
= 2a*(a—3b)+ala—3b)?
=ala—3b)[2a+(a—3b)]
=ala—3b6)(2a+a—3b)
= ala—3b)(3a—3b)
=3ala—3b)(a—b)

(B G@—bP35—5—E—a) a—3
=(g—bYBx—5by)—l@a—bllx—y)
(@a—6)[(3x—5y)—(x—y)]
(@a—b)*(3xr—5y—x+y)
(@a—b)?(2x—4y)
=2(a—b)(x—2y)

(7)) 3?yla—p—by™lr—2)"
= 3x%ylx—y) — bxy*(x—y)?
= 3xylxr—plx—2y(x—y)]
=3xy(x—y)x—2xy+2y?)

(8) Baxy*(2y—3x)—15x2(3x—2y)?
= 5xy*(2y—3x)— 15232y — 3x)?
= 5x(2y—3x)[y? — 3x(2y — 3x)]
= 5x(2y— 3x)(y2 — 6xy + 9x?)
=5x(2y —3x)(y—3x)?

(= —5x(3x—2y)(3x—y)?]
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Factorisation Il

Factorise the following expressions.

2(1__U)2j~(§/_.r)3 ) (y—x)g = _(I_y)a
=2—y?(x—y)

=x—y2— -yl

=(x—y)22—x+y)

Note: (y—x)*=[—(ax—)P=(—1PGx—y)?=—(—y)?

The sign of the term changes.

(1) (x—p+3(y—x)8
=(g—g)%=3(z—p)
=x—NH1-3x—yl
=(x—py)(1—3x+3y)

(2) xla—b)2+2y(b—a)?
= x(a—b)* —2y(a—b)?
=(a—b6)[x—2yla—b)]
=(a—b)*(x—2ay+2by)

(3) 4a*(x—3)*—2(3—x)3
=4a*(x—3)*+2(x—3)*
=2(x—3)[2a%+(x—3)]
=2x—3)*2a’+x—3)

(4) xPylx—3y)*+xy*By—x)®
= 22y(x—3y)* —xy*(x—3y)°
= ry(x—3 P lx—ylx—3)]
= xy(x—3y)*(x—xy+3y*

J25
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(5) 6xy*(By—ux)—3x*x—3y)?
= 6x24%(3y—x)—32%(3y —1)?
=3x(3y—x)N2¢% — 2(3y—x)]
=3x(3y—x)2y% —3xy+2x?)
=3xBy—x)2y—x)y—x)

[= —3x(x—3y)(x—2y)Nx—p)]

(BY Briylr—*—10%g—x)*
=bx2y(x—y)*—10xy*(x—y)?
= bxylx— o) lx(x—y) — 24°]
= b5xy(x—y)*(x® —xy—2¢%)
=bxy(x—y)(x—2y)x+y)

(7)) 282G—21)%+ 6" Ry—)
= 22} 2y — 1)+ 6x2(2y—x)
= 2x(2y — 0)x(2y —x)+ 34%]
= 2x(2y—x)(3y® + 2xy—x?)
=2xQ2y—a)By —x)y+x)

(= 2x(x—2y)x—3y)ax+y)]

(Note Summary )

A. 1. When the power is an even number, the sign of the term remains the same:
(b—a)=(a—0b)?, (b—a)=(a—b)*
2. When the power is an odd number, the sign of the term changes:
(b—a)=—(a—b), (b—a)®=—(a—0b)}
B. There is often a choice in how to rewrite:
1 alx—=3y)*—b(3y—2)° = alx— 3y)* + b(x —3y)*
2. alx—3y)*— b(3y—x)* = a3y —x)* — b(3y—x)*

Either way is correct.
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Factorisation Il

Factorise the following expressions.

ax+tay+bx+by ax and ay have @ in common.
e el _-"j) iy o Q’) bx and by have b in common.

= (+y)a+b)

(1) axr—ay+bx—by
=alx—y)+blx—y)
=(x—y)a+b)

(2) ax+tay—bx—by
=alx+y)—blx+y)
=(x+y)a—>b)

(3) axr—ay—bx+by
=alx—y)—blx—y)
=(x—y)la—>b)

(4) ab+ac+bd+cd
=alb+c)+db+c)
=(b+c)a+d)

(5) ab—ac+bd—cd
=alb—c)+db—c)
=(b—c)a+d)

Note: In the example, we could get the same result by grouping the expression into
x and y terms.
ar+ay+bx+by=xla+b)+yla+b)= (a+b)x+y)
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(6) ab+cd—ac—bd
=ab—ac—bd+cd
=alb—c)—d(b—c)
=(b—c)a—d)

(7) ab+cd+bc+ad
=ab+ad+bc+cd

=alb+d)+c(b+d)
=(b+d)a+c)

(8) ab+cd—bd—ac
=ab—bd—ac+cd
=bla—d)—cla—d)
=(a—d)(b—c)

(9) ab—cd+bd—ac
=ab+bd—ac—cd

=bla+d)—cla+d)
=(a+d)b—c)

(10) ab—cd—bd+ac
=ab—bd+ac—cd
=bla—d)+cla—d)
=(a—d)b+c)
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Factorisation Il

Factorise the following expressions.

(1) a*+xy+artay
=a’+axr+ay+xy
=ala+x)+yla+x)
=(a+x)a+y)

(2) @*—xytaxr—ay
=uldgr—ay—ry
=ala+x)—yla+x)
=(a+x)a—y)

(3) a*—xy—axtay
=p?—gE-tay—%y
=ala—x)+yla—1x)
=(a—x)a+y)

(4) 2ax+3by+3bx+2ay
= 2ax+2ay+3bx+3by
= 2alx+y)+3b6(x+y)
=(x+y)(2a+3b)

(5) 2ax—3by+3bx—2ay
= 2ax—2ay+3bx—3by
= 2a(x—y)+3b(x—y)
=(x—y)(2a+3b)

J27
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(6) a*+2ax+ab+2bx
=ala+2x)+bla+2x)
=(a+2x)a+b)

(7) a*+2ax—ab—2bx
= ala+ 2x)— bla+2x)
=(a+2x)a—0>)

(8) 2ar—ab—a’*+2bx
= YaxOhy—at—ub
=2x(a+b)—ala+b)
=(a+b)2x—a)

(9) 3ax+2bx+3ay+2by
= 3ax+3ay+2bx+2by
=3alx+y)+2b6(x+y)
=(x+y)3a+2b)

(10) 2ax—3by—6bx+ay
=Z2ax+tay—6bx—3by
=a(2x+y)—3b62x+y)
=(2x+y)a—3b)
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Factorisation Il

Factorise the following expressions.

3 2
1+ 4xr +2x+8 ) x* and 4x? have x? in common.

2r and 8 have 2 in common.

=r2(x+4)+2(x+4)
= (x+4)x2+2)

(1) x®—4x2+2x—8
=12 (x—4)+2(x—4)
=(x—4)(x?+2)

(2] 24— 21—8
=x}(x+4)—2(x+4)
=(x+4)(x*—2)

(3) x—2xr—4x%+8
= y(x2—2)—4(x*—2)
=(x*—2)x—4)

(4) F*+x*+x+1
=xx+1)+x+1)
=(x+1)(x*+1)

(5) ¥*—x*+x—1
= x—1)+{x—1)
=(x—1Xx%*+1)

J28
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(6) x*—2x%+x—2
=x¥x—2)+(x—2)
=(x—2)(x?+1)

(7) x+x2—4xr—14
=x2(x+1)—4(x+1)
= (x+1)(x%2—4)
=(x+1)(ax+2)(x—2)

(8) x*—x—x2+1
=1(x?*—-1)—(x?—1)
=x?2-1Dx-1)
= (x+1)(x—1)?

(9) Izyz_xz_kyz_l
=222 -1+ 1)
= (2 —1)(x?+1)
=(y+Dy—1)(x*+1)

(10) 22y?—22—y*+1
Hyt—1)—{g*—1)
2

=~ Lt —1)

Remember to
factorise completely.

(
(y+1D(y—1D(x+1)(x—1)
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Factorisation Il

Factorise the following expressions.

(1) x*—axy—x+ty
=x(x—y)—(x—y)
=(x—y)x—1)

W20 RSP
=xrXx+y)— i (x+y)
= (r+y)x?—y?)
=(x+ty)x+ty)x—y)
=(x+y)i(x—y)

(3) xy+l+x+y
=xytx+yt+l
=x(y+1D++1)
=(y+1(x+1)

(4) 2Py+ylet+riz+y®
= phpbatapt Fiate
=21 y+2)+ 2y +2)
=(y+2z)x*+y?)

(5 ]=m—ar4y
=],
=xXx—1)—(x—1)
=(x—D(x?-1)
=(x—Dx+1)x—1)
=(x—1%x+1)
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LEx.

A+ 2ab+b*+ar+bx
@t +2ab+ 0% =(a+b)?
=(a+b)?+x(a+b)

=(a+b)(a+b)+x]
=(a+b)at+b+x)

8

(6) a*—2ab+b%—ax+bx
=(a—b6)?—x(a—b)
=(a—b)lla—b)—x]
=(a—b)a—b—x)

(71 ab=nc—b2+2hc—¢&
= glb—i)—(b*—2be+1c?)
=alb—c)—(b—c)?
=(b—clla—(b—c)]
=(Mb—c)a—b+c)

(8) a?—b*—ac+bc
(@+b)a—b)—cla—b)
(@—b)l(a+b)—cl
(a—b)a+b—c)

(9) ab+ac—5%—2bc—c?
=aqlb+ec)—(b*+2bc+c?)
=alb+c)—(b+c)?
=(b+cla—(b+c)]
=(b+c)a—b—c)
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Factorisation Il

Factorise the following expressions.

(1) x(2y—x)2+2x%(x—2y)
= x(x—2y)2+2x*(x—2y)
= x(x—2p(x—2y)+2x]
= x(x—2y)x—2y+2x)
= x(x—2y)3x—2y)

(2) xylE—2p)+39(2—x)?
= xy{x—2y)+ 3y(x—2y)?
= y(x—2)[x+3(x—21)]
= ylx—2y)(x+3x—6y)
= ylx—2y)(dx—6g)
= 2y(x—2y)(2x—3y)

(3) (a—26)3x—5y)+(2b—a)x—y)
= (a—2b)(3x—5y)—(a—2b)(x—y)
=(a—2b6)[(3x—5y)—(x—y)]
=(a—26X3x—5y—x+y)
=(a—2b)2x—4y)
= 2(a—2b)(x—2y)

(4) 4dxy*(3y—x)—2x3x—3y)?
= 4xy?(3y—x)— 2223y —x)?
= 2x(3y— ) 24— x(3y—x)]
=203y —x)(2y%— 3xy+2?%)
=2xBy—x)2y—x)(y—x)
[= —2x(x—3y)a—2y)x—y)]

(5) bxy*(2y—3x)—15x%(3x—2y)*
= Sy 2y—3r)—152* 2y —3x)*
= 5x(2y— 3x)[y* — 3x(2y — 3x)]
= 5x(2y— 3x)(y* — 6xy+9x?)
=5x(2y—3x)(y—3x)*

[= —5x(3x—2y)3x—y)?]
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(6 Zxy—det—2xztiye
= 2y —xz+2yz—227)
= 2xly—2)+22(y—2)]
=2y—2)x+2z)

(7) 6—9x%4+12y—18x%y
=3(2—3x*+4y—62%y)
= 3[(2—3x%)+ 2y(2— 3x?)]
— 32— 3x2)(1+2y)

(8) ar?y?*—ari—ay*+a
=a(x?yt—xt—yi+1)
=glz*(y*—1)—(g*—1)]
=a(y’—1)(?—1)
=aly+Dy—Dx+1)(x—1)

( Note Summary )

A. Group like terms to get common factors.
For example, for ax+ay+bx+by,
a can be taken from axr+ay to give alx+y)
and b can be taken from bx+ by to give b(x+y).

Then we can see that (x+ ) is the common factor.

B. We can group using a and b:
ar+ay+br+by=alx+y)+blx+y) = (x+ylatb)
or using x and y:
axtay+bx+by=xtat+b)+ylatb)=(a+b)x+y)

Either way is correct.
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Factorisation Il

Factorise the following expressions.

-3
xla—=2b)+yla—2b)=(a—2b)x+y)

2a(x+y)+4(x+y) =2(x+y)a+2) =p ;[;il:gr?gt(;kfj)r_eateSt common

(1) x(2a—b)—y(2a—b)=QRa—b)x—y)

(2) 3xla+1)+6(a+1)=3a+1)(x+2)
(3) 4a(x+3)+6(x+3)=2(x+3)2a+3)

(4) 3a(x—3)+3(x—3)=3x—3Na+1)

(5) 3xla—2)—6(a—2)=3a—2)(x—2)
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alx—3)+b3 1) Write (3—x) as —(xr—3),
— a(x— 3) . b(r— 3) then factorise.

=(x—3)@a—b)

(6) 2(x—2)+a(2—x)
=2(—2)—alx—2)
=(x—2)2—a)

(= —(x—2)(a—2)]

(7) xla—b)—2(b—a)
=x(a—b)+2(a—0b)
=(a—b)(x+2)

(8) b5x(2a—b)+2y(b—2a)
= 5x(2a—b)—2y(2a—b)
=(2a—b)5x—2y)

(9) 3ab(2x—y)—5a*(y—2x)
= 3ab(2x—y)+5a2(2x—y)
=a(2x—y)(3b+5a)

(= ax—y)5a+3b))

(10) 2b6(x—2y)—4a(2y—x)
=2b6(x—2y)+dalx—2y)
=2(x—2y)(b+2a)

[=2(x—2y)(2a+b)]
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Factorisation Il

Factorise the following expressions.

b (S 2(9
#la=2+y(2—a) )(z—a>=—(a—2)
:_Iz(a—Z)_yz(a_2)

= (g—2)(x? _-""2) ) Factorise (x2 — y?).
=(a—2)x+y)(x—y)

(1) 9x%(a—b)+4(b—a)
=9x%a—b)—4(a—b)
=(a—b6)(9x2—4)
=(a—b)3x+2)(3x—2)

(2) x%(a—b)+16(b—a)
=1%(a—b)—16(a—b)
=(a—b)(x*—16)
=(a—b)(x+4)x—14)

(3) 4x2(x—2y)+9422y—x)
= 4x*(x—24) — 9% (x—2y)
= (x—2y)4x*—9y?)
= (x—2y)2x+3y)(2x—3y)

(4) a%(x—2y)+4b%(2y—x)
=a?(x—2y) —46%(x—2y)
= (x—2y)a?—4b6%)
= (x—2y)a+2b)a—2b)

(5) —a*By—x)—9(x—3y)
= a*(x—3y)—9(xr—3y)
= (xr—3y)a*—9)
=(x—3y)a+3)a—3)
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s Ex.

=x¥a—b)+xla—b)—2(a—b)
=(g—b)(*+tx—2)
=(a—b)(x+2)(x—1)

8

la=b)txla—b)+2b—a) )(b—a]=—(a—b)

(6) xHa—b)+x(b—a)+2(b—a)
=3%a—b)—xla—b)—2(a—b)
=(a—b6)(x*—x—2)
=(a—b)x—2)(x+1)

(7) x¥a—b)—6xla—b)—9(b—a)
=x%(a—b)—6x(a—b)+9a—b)
=(a—b)(x*—6x+9)
=(a—b)(x—3)?

(8) 2x*a—0b)+x(b—a)+6(b—a)
=2x%a—b)—x(a—b)—6(a—b)
=(a—b)(2x2—x—6)
=(a—b)2x+3)(x—2)

(9) (@—b)x?=5)+(b—a)3x+5)
(g—plx*=5)=lg— b 3E+5)
(@—b)(£%~5~Bx—5)
(@—8)(x?—3x—10)
=(a—b)x—5)x+2)

(10) (a—b)2x>+9)—(b—a)(Tx—6)
=(a—0)2x*+9)+(a—b)Tx—6)
={ag—6)2x*+9+7x—6)
={a—b)2x*+Tx+3)
=(a—b)2x+1)(x+3)

Use the formula:
a’®—2ab+b%=(a—b)?
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Factorisation Il

Factorise the following expressions.

Z(Q_b)i(b_d)z ) (b—a)=(a—b)*
= 2(a—b)+(a—b)?

=(a—b)2+(a—b)] Note: (b—a)? =[—(a—b)]*
=_12 _b?.
= (z—B) O +a—b) e

=(a—b)?
The answer can also be
written (a—b)(a— b+ 2).

The sign of the term does not change.

(1) 3(a—b)+(b—a)?
=3(a—b)+(a—b)?
=(a—b)[3+(a—b)]
=(a—b)3+a—>b)

(2) 3la—b)—(b—n)?
=3(a—b)—(a—b)*
=(a—b)3—(a—0b)]
=(a—b)3—a+b)

(3) (—x)*+3Gx—yp)
=llp—gi44Slm—yg)
=(xr—ylx—y)+3l
=(x—y)Nx—y+3)

J23

[ Why the sign does not change. ]

If we compare
(b—a)?=b*—2ba+a®
(a—b)2=a’—2ab+b?

both give the same result.
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(d.) H2y—ax)e+dalr—2y)
= 2(x—2¢)? +4alx—2y)
= 2(xr—2y)(x—2y) + 24l
= 2x—2y)x—2y+2a)

(56) al2y—x)2+2a*(x—2y)
=alx—2y)2+2a%(x—2y)
= alx—2y)[(x—2y) + 24]
=alx—2y)(x—2y+2a)

(6) x(36—2a)?—2x*(2a—36)
= x(2a—3b6)*—2x%(2a— 3b)
= x(2a—3b)[(2a—3b) —2x]
= x(2a—3b)(2a—3b—2x)

(7)) 2tx—y)—(g—x)?
=2x—y)—(x—y)?
=(x—pl2—(x—y)]
=(x—y)2—x+y)

(8) 2flx—3p)+al3y—zx)*
= 2a%(x— 3y) + alx— 3y)?
=alx—3y2a+ (x—3y)]
=a(x—3y)2a+x—3y)
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Factorisation Il

Factorise the following expressions.

= xylx—y)+3ylx—y)?
= ylx—ylx+3(x—y)]

= y(x—y)4x—3y)

o s 2
=g+ 34y =) )(Au—x)zzu—_u)z

(1) 2xlr—y)—3(y—ax)*
=2 E—yl—3E—y)?
= (xr—yl2x—3(x—y)]
= (x—y)(2x—3x+3y)
=(x—y)(—x+3y)

[=—(x—y)(x—3y)]

(2) 2 2p—ax) 2% e—2y)
x(x—2y)2+2x3(x—2y)
rar—2mlia—2n+2xz]
= x(x—2y)(x—2y+2x)
= x(x—2y)(3x—2y)

(3) 4x?(x—3y)—2x(3y—x)?
=dr¥(z—3y)—2xlx—3p)*
= 2x(x—3y)[2x— (x—3y)]
= 2x{x—3y)(2x—x+3y)
= 2x(x—3y)(x+3y)

(4) xylx—2y)+3y(2y—x)*
= xylx—2y)+ 3y(x—2y)?
= ylx—2plx+3(x—2y)]
= ylx—2y)(x+ 3x—6y)
= y(x—2y)(dx—6y)
= 2y(x—2y)(2x—3y)

J24
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(5) 2a*(a—3b)+a(3b—a)?
= 2a*(a—3b)+ala—3b)?
=ala—3b)[2a+(a—3b)]
=ala—3b6)(2a+a—3b)
= ala—3b)(3a—3b)
=3ala—3b)(a—b)

(B G@—bP35—5—E—a) a—3
=(g—bYBx—5by)—l@a—bllx—y)
(@a—6)[(3x—5y)—(x—y)]
(@a—b)*(3xr—5y—x+y)
(@a—b)?(2x—4y)
=2(a—b)(x—2y)

(7)) 3?yla—p—by™lr—2)"
= 3x%ylx—y) — bxy*(x—y)?
= 3xylxr—plx—2y(x—y)]
=3xy(x—y)x—2xy+2y?)

(8) Baxy*(2y—3x)—15x2(3x—2y)?
= 5xy*(2y—3x)— 15232y — 3x)?
= 5x(2y—3x)[y? — 3x(2y — 3x)]
= 5x(2y— 3x)(y2 — 6xy + 9x?)
=5x(2y —3x)(y—3x)?

(= —5x(3x—2y)(3x—y)?]
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Factorisation Il

Factorise the following expressions.

2(1__U)2j~(§/_.r)3 ) (y—x)g = _(I_y)a
=2—y?(x—y)

=x—y2— -yl

=(x—y)22—x+y)

Note: (y—x)*=[—(ax—)P=(—1PGx—y)?=—(—y)?

The sign of the term changes.

(1) (x—p+3(y—x)8
=(g—g)%=3(z—p)
=x—NH1-3x—yl
=(x—py)(1—3x+3y)

(2) xla—b)2+2y(b—a)?
= x(a—b)* —2y(a—b)?
=(a—b6)[x—2yla—b)]
=(a—b)*(x—2ay+2by)

(3) 4a*(x—3)*—2(3—x)3
=4a*(x—3)*+2(x—3)*
=2(x—3)[2a%+(x—3)]
=2x—3)*2a’+x—3)

(4) xPylx—3y)*+xy*By—x)®
= 22y(x—3y)* —xy*(x—3y)°
= ry(x—3 P lx—ylx—3)]
= xy(x—3y)*(x—xy+3y*

J25
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(5) 6xy*(By—ux)—3x*x—3y)?
= 6x24%(3y—x)—32%(3y —1)?
=3x(3y—x)N2¢% — 2(3y—x)]
=3x(3y—x)2y% —3xy+2x?)
=3xBy—x)2y—x)y—x)

[= —3x(x—3y)(x—2y)Nx—p)]

(BY Briylr—*—10%g—x)*
=bx2y(x—y)*—10xy*(x—y)?
= bxylx— o) lx(x—y) — 24°]
= b5xy(x—y)*(x® —xy—2¢%)
=bxy(x—y)(x—2y)x+y)

(7)) 282G—21)%+ 6" Ry—)
= 22} 2y — 1)+ 6x2(2y—x)
= 2x(2y — 0)x(2y —x)+ 34%]
= 2x(2y—x)(3y® + 2xy—x?)
=2xQ2y—a)By —x)y+x)

(= 2x(x—2y)x—3y)ax+y)]

(Note Summary )

A. 1. When the power is an even number, the sign of the term remains the same:
(b—a)=(a—0b)?, (b—a)=(a—b)*
2. When the power is an odd number, the sign of the term changes:
(b—a)=—(a—b), (b—a)®=—(a—0b)}
B. There is often a choice in how to rewrite:
1 alx—=3y)*—b(3y—2)° = alx— 3y)* + b(x —3y)*
2. alx—3y)*— b(3y—x)* = a3y —x)* — b(3y—x)*

Either way is correct.
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Factorisation Il

Factorise the following expressions.

ax+tay+bx+by ax and ay have @ in common.
e el _-"j) iy o Q’) bx and by have b in common.

= (+y)a+b)

(1) axr—ay+bx—by
=alx—y)+blx—y)
=(x—y)a+b)

(2) ax+tay—bx—by
=alx+y)—blx+y)
=(x+y)a—>b)

(3) axr—ay—bx+by
=alx—y)—blx—y)
=(x—y)la—>b)

(4) ab+ac+bd+cd
=alb+c)+db+c)
=(b+c)a+d)

(5) ab—ac+bd—cd
=alb—c)+db—c)
=(b—c)a+d)

Note: In the example, we could get the same result by grouping the expression into
x and y terms.
ar+ay+bx+by=xla+b)+yla+b)= (a+b)x+y)
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(6) ab+cd—ac—bd
=ab—ac—bd+cd
=alb—c)—d(b—c)
=(b—c)a—d)

(7) ab+cd+bc+ad
=ab+ad+bc+cd

=alb+d)+c(b+d)
=(b+d)a+c)

(8) ab+cd—bd—ac
=ab—bd—ac+cd
=bla—d)—cla—d)
=(a—d)(b—c)

(9) ab—cd+bd—ac
=ab+bd—ac—cd

=bla+d)—cla+d)
=(a+d)b—c)

(10) ab—cd—bd+ac
=ab—bd+ac—cd
=bla—d)+cla—d)
=(a—d)b+c)
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Factorisation Il

Factorise the following expressions.

(1) a*+xy+artay
=a’+axr+ay+xy
=ala+x)+yla+x)
=(a+x)a+y)

(2) @*—xytaxr—ay
=uldgr—ay—ry
=ala+x)—yla+x)
=(a+x)a—y)

(3) a*—xy—axtay
=p?—gE-tay—%y
=ala—x)+yla—1x)
=(a—x)a+y)

(4) 2ax+3by+3bx+2ay
= 2ax+2ay+3bx+3by
= 2alx+y)+3b6(x+y)
=(x+y)(2a+3b)

(5) 2ax—3by+3bx—2ay
= 2ax—2ay+3bx—3by
= 2a(x—y)+3b(x—y)
=(x—y)(2a+3b)

J27
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(6) a*+2ax+ab+2bx
=ala+2x)+bla+2x)
=(a+2x)a+b)

(7) a*+2ax—ab—2bx
= ala+ 2x)— bla+2x)
=(a+2x)a—0>)

(8) 2ar—ab—a’*+2bx
= YaxOhy—at—ub
=2x(a+b)—ala+b)
=(a+b)2x—a)

(9) 3ax+2bx+3ay+2by
= 3ax+3ay+2bx+2by
=3alx+y)+2b6(x+y)
=(x+y)3a+2b)

(10) 2ax—3by—6bx+ay
=Z2ax+tay—6bx—3by
=a(2x+y)—3b62x+y)
=(2x+y)a—3b)
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Factorisation Il

Factorise the following expressions.

3 2
1+ 4xr +2x+8 ) x* and 4x? have x? in common.

2r and 8 have 2 in common.

=r2(x+4)+2(x+4)
= (x+4)x2+2)

(1) x®—4x2+2x—8
=12 (x—4)+2(x—4)
=(x—4)(x?+2)

(2] 24— 21—8
=x}(x+4)—2(x+4)
=(x+4)(x*—2)

(3) x—2xr—4x%+8
= y(x2—2)—4(x*—2)
=(x*—2)x—4)

(4) F*+x*+x+1
=xx+1)+x+1)
=(x+1)(x*+1)

(5) ¥*—x*+x—1
= x—1)+{x—1)
=(x—1Xx%*+1)

J28
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(6) x*—2x%+x—2
=x¥x—2)+(x—2)
=(x—2)(x?+1)

(7) x+x2—4xr—14
=x2(x+1)—4(x+1)
= (x+1)(x%2—4)
=(x+1)(ax+2)(x—2)

(8) x*—x—x2+1
=1(x?*—-1)—(x?—1)
=x?2-1Dx-1)
= (x+1)(x—1)?

(9) Izyz_xz_kyz_l
=222 -1+ 1)
= (2 —1)(x?+1)
=(y+Dy—1)(x*+1)

(10) 22y?—22—y*+1
Hyt—1)—{g*—1)
2

=~ Lt —1)

Remember to
factorise completely.

(
(y+1D(y—1D(x+1)(x—1)
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Factorisation Il

Factorise the following expressions.

(1) x*—axy—x+ty
=x(x—y)—(x—y)
=(x—y)x—1)

W20 RSP
=xrXx+y)— i (x+y)
= (r+y)x?—y?)
=(x+ty)x+ty)x—y)
=(x+y)i(x—y)

(3) xy+l+x+y
=xytx+yt+l
=x(y+1D++1)
=(y+1(x+1)

(4) 2Py+ylet+riz+y®
= phpbatapt Fiate
=21 y+2)+ 2y +2)
=(y+2z)x*+y?)

(5 ]=m—ar4y
=],
=xXx—1)—(x—1)
=(x—D(x?-1)
=(x—Dx+1)x—1)
=(x—1%x+1)
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A+ 2ab+b*+ar+bx
@t +2ab+ 0% =(a+b)?
=(a+b)?+x(a+b)

=(a+b)(a+b)+x]
=(a+b)at+b+x)

8

(6) a*—2ab+b%—ax+bx
=(a—b6)?—x(a—b)
=(a—b)lla—b)—x]
=(a—b)a—b—x)

(71 ab=nc—b2+2hc—¢&
= glb—i)—(b*—2be+1c?)
=alb—c)—(b—c)?
=(b—clla—(b—c)]
=(Mb—c)a—b+c)

(8) a?—b*—ac+bc
(@+b)a—b)—cla—b)
(@—b)l(a+b)—cl
(a—b)a+b—c)

(9) ab+ac—5%—2bc—c?
=aqlb+ec)—(b*+2bc+c?)
=alb+c)—(b+c)?
=(b+cla—(b+c)]
=(b+c)a—b—c)
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Factorisation Il

Factorise the following expressions.

(1) x(2y—x)2+2x%(x—2y)
= x(x—2y)2+2x*(x—2y)
= x(x—2p(x—2y)+2x]
= x(x—2y)x—2y+2x)
= x(x—2y)3x—2y)

(2) xylE—2p)+39(2—x)?
= xy{x—2y)+ 3y(x—2y)?
= y(x—2)[x+3(x—21)]
= ylx—2y)(x+3x—6y)
= ylx—2y)(dx—6g)
= 2y(x—2y)(2x—3y)

(3) (a—26)3x—5y)+(2b—a)x—y)
= (a—2b)(3x—5y)—(a—2b)(x—y)
=(a—2b6)[(3x—5y)—(x—y)]
=(a—26X3x—5y—x+y)
=(a—2b)2x—4y)
= 2(a—2b)(x—2y)

(4) 4dxy*(3y—x)—2x3x—3y)?
= 4xy?(3y—x)— 2223y —x)?
= 2x(3y— ) 24— x(3y—x)]
=203y —x)(2y%— 3xy+2?%)
=2xBy—x)2y—x)(y—x)
[= —2x(x—3y)a—2y)x—y)]

(5) bxy*(2y—3x)—15x%(3x—2y)*
= Sy 2y—3r)—152* 2y —3x)*
= 5x(2y— 3x)[y* — 3x(2y — 3x)]
= 5x(2y— 3x)(y* — 6xy+9x?)
=5x(2y—3x)(y—3x)*

[= —5x(3x—2y)3x—y)?]
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(6 Zxy—det—2xztiye
= 2y —xz+2yz—227)
= 2xly—2)+22(y—2)]
=2y—2)x+2z)

(7) 6—9x%4+12y—18x%y
=3(2—3x*+4y—62%y)
= 3[(2—3x%)+ 2y(2— 3x?)]
— 32— 3x2)(1+2y)

(8) ar?y?*—ari—ay*+a
=a(x?yt—xt—yi+1)
=glz*(y*—1)—(g*—1)]
=a(y’—1)(?—1)
=aly+Dy—Dx+1)(x—1)

( Note Summary )

A. Group like terms to get common factors.
For example, for ax+ay+bx+by,
a can be taken from axr+ay to give alx+y)
and b can be taken from bx+ by to give b(x+y).

Then we can see that (x+ ) is the common factor.

B. We can group using a and b:
ar+ay+br+by=alx+y)+blx+y) = (x+ylatb)
or using x and y:
axtay+bx+by=xtat+b)+ylatb)=(a+b)x+y)

Either way is correct.
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Factorisation Il

Factorise the following expressions.

2 Look for two terms that multiply to
2*+(2a+bx+2ab ) 2ab and add to (2a+ b).
= (x+2a)x+5)

The terms are 2a and b.

(1) x*+(a+3b)x+3ab
=(x+a)x+3b)

(2) x2—(2a+b)x+2ab
=(x—2a)(x—0b)

(3) x*+(2a—b)x—2ab
=(x+2a)(x—0b)

(4) x2—(2a—b)x—2ab
=(x—2a)(x+b)

(5) x2—(a—3b)x—3ab
=(x—a)(x+3b)
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=(x—a)lxt+at+2)

8

2+ 2xr—ala+2) )
=(x—a)lx+(a+2)]

Consider which factor, @ or (a+2), will take
the negative sign, [—].

a—{g+2y=—32
—a+(a+2)=2

(6) x*+3x—ala+3)
=(x—a)lr+(a+3)]
=(x—a)x+a+3)

(7) x*+bx—ala+b)
=(x—a)lx+(a+b)]
=(x—a)x+a+b)

(8) x*—bxr—ala+b)
=(x+a)lr—(a+b)]
=(x+a)x—a—>b)

(9) x*4+2xr—ala—2)
=(r+alx—(a—2)]
=(x+a)x—a+2)
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Factorisation Il

Factorise the following expressions.

g y+5)x+(y+6)(y—1) ) When multiplied: (y+6)(y—1)
= [z-+{y+6)Ilz+{—1)] When added: (2y+5)

= (x+y+6)x+y—1)

(1) XP+@By+xr+Q2y+3)(y+1)
=[x+ Q2y+3)x+(y+1)]
=(x+2y+3)(x+y+1)

(23 #4+BrtiletGr-3iytd)
=[x+ 2y+3I)x+(y+2)]
=(x+2y+3)x+y+2)

(3) xX—Qy+5)x+y+6)(y—1)
=[x—(y+6)llx—(y—1)]
=(x—y—6)(x—y+1)

(4) 22—Q@y+4)x+Qy+3)y+1)
= [x—(2y+3)x—(y+1)]
=(x—2y—3)(x—y—1)
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22+ (y+4)x—(2y+1)(3y+5)
=[x—Qy+DIx+(3y+5)]
=(x—2y—1)(x+3y+5)

8

Consider which factor, (2y+1)

or (3y+5), will take the

negative sign, [ — 1.

{Pu+ L—A8y- 5= —g—d
~ {2+ 1)+ Byt 5)=g+4

(53 #2+ly—Pa—ly+6)2y—1)
[x—(y+6)1[xr+(2y—1)]
(x—y—6)(x+2y—1)

(6) P—lgt2n—prr3Ii+])
=[x—QCy+3)x+(y+1)]
=(x—2y—3)(x+y+1)

(7Y Pl —Cnti+2)
=[x+ Qy+3)lx—(y+2)]
=(x+2y+3)(x—y—2)

(8) s2—ilg—wr—{2y—1M3y—5)
=[x+ Q2y—DIx—(3y—5)]
=(x+2y—1)(x—3y+5)
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Factorisation Il

Factorise the following expressions.

2+ By+x+Cyi+5y+3)
=24+ Q@y+4)xr+2y+3)y+1)
=[x+ Qy+3)x+(y+1)]

) Factorise (2% + 5y 3) first.

=(x+2y+3)(x+y+1)

(1) x24+By+5)x+(242+T7y+6) _ T
=12+ (3y+5)x+(2y+3)(y+2) s
=[x+ 2y +3)x+(y+2)] .
=(x+2y+3Nx+y+2)

(2) x2—Q@By+4)x+(2y2+3y—5)
=2 —(3y+4)x+(Q2y+5)(y—1)
=[x—QRy+5)x—(y—1)]
=(x—2y—>5)x—y+1)

(3) x2—(5y—6)x+(6y2—13y+5)
=x2—(5y—6)x+(3y—5)2y—1)
= [x—(3y—5)llx—{2y—1)]
=(x—3y+5)(x—2y+1)
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() Py 08*—5p I
=22+ yr—By—1)(2y—1)
=[x+Q@Cy—DIlx—(2y—1)]
=(x+3y—D(x—2y+1)

(5) P—=@t+dzx—Cy+y—23)
=2 —(y+4)x—2y+3)y—1)
=[x—Qy+3)x+(y—1)]
=(x—2y—3)(x+y—1)

(67 FH—lg—1x—2y+115+12)
=22—(y—1Dx—Q2y+3)y+4)
=[x—QCy+3I)x+(y+4)]
=(x—2y—3)(x+y+4)

(7) x2—=Qy+1x—(3y2—11y+6)
=2—2y+1)x—(3By—2)y—3)
=[xr—By—2)x+(y—3)]
=(x—3y+2)(x+y—3)

(8) x2—yx—(6y2—5y+1)
=2—yr—(3y—1)2y—1)
=[x—(By—DIlx+(2y—1)]
=(x—=3y+1)(x+2y—1)
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Factorisation Il

Factorise the following expressions.

22 4+5xy+6x+642+13y+5
=124+ Gy+6)xr+(6y2+13y+5)
=22+ Gy+6)xr+By+5)(2y+1)
=[x+ By+5)x+(2y+1)]
= (r+3y+5)x+2y+1)

Arrange in descending powers of x.

) Factorise the “non-x terms first.

J 34

(1) x*4+3xy+242+5x+7y+6
=2+ (3y+5)x+2y*+7y+6)
=2+ (3y+5)x+2y+3)(y+2)
=[x+ (2y+3)x+(y+2)]
=(x+2y+3I(x+y+2)

(2) x*—3xy+2y2—5x+Ty+6
=12 —(3y+5)x+Q2y2+7y+6)
= 12— (3y+5)x+Cy+3)y+2)
=[x—(2y+3)x—(y+2)]
=(x—2y—3)(x—y—2)

(3) x2HBryt2y*—Be—Tyt+6
=2+ (3y—5)x+ (242 —7y+6)
=124+ (3y—5)x+Cy—3)y—2)
=[x+ QCy—3)x+(y—2)]
=(x+2y—3)(x+y—2)
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(4) x2—bxy+6y2+6x—13y+5
=x2—(5y—6)x+ (642 —13y+5)
= g2 —(b—B)i+(35—5)(25—1)
=[x—Q@y—91x—(2y—1)]
=(x—=3y+5)(x—2y+1)

(5) 22+2p%+3+3xy+4x+5y
= +(3y+4)x+ (24 +55+3)
=22+ By+4)x+Qy+3)y+1)
=[x+ Qy+3)x+(y+1)]
=(x+2y+3N(x+y+1)

(6) x*—xy—2y2—4x+11y—5
=’ —(y+4)x—(2y*—11y+5)
=x2—(y+4)x—2y—1)(y—5)
= [x—(2y—DIlx+(y—5)]
=(x—2y+1)x+y—5)

(7) x*4xy—2y*—x—11y—12
=2+ (y—Dx— 2y +11y+12)
=x4+(y—Dx—Q2y+3)(y+4)
=[x+ Qy+3)x—(y+4)]
=(x+2y+3N(x—y—4)
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Factorisation Il

Factorise the following expressions.

(1) x®43xy+242+4x+7y+3
=243y +d)v+2¢° +Ty+3)
=24+ (3y+4)x+Cy+1)y+3)
=[x+ 2y+ DIx+ (y+3)]
=(x+2y+1)(x+y+3)

(2) x2—bxy+6y*—3x+T7y+2
=’ —(5y+3)x+(6y2+7y+2)
=x2—(5y+3)x+(3y+2)2y+1)
=[xr—QBy+2)x—(2y+1)]
= (x—3y—2)(x—2y—1)

(3) x*—3y°+2xy+4x—8y—>5
=x2+2(y+2)x—(3y2+8y+5)
=22+ 2(y+2)x—(3y+5)y+1)
=[x+ By+5Ix—(y+1)]
=(x+3y+5)(x—y—1)

(4) x*46x+5—2¢*—xy—9y
=2 —(y—6)xr—(2y*+9y—>5)
= 22— (y—8)x—(2y—1Xy+5)
=[x—Q2y—DIlx+(y+5)]
=(x—2y+1)x+y+5)
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(5) x?—4y+3y*+dxy—4
=x?+4yx+ 3y —4y—4)
=2 +4yx+@By+2)(y—2)
=[x+ @Cy+2)x+(y—2)]
=(x+3y+2)(x+y—2)

t6) P—xy—6y*—ax+13y—6
=2 —(y+1Dx—(6y*—13y+6)
=2 (y+Dx—3y—2)(2y—3)
=[xr—(By—2)x+(2y—3)]
=(x—3y+2)(x+2y—3)

(7) xX2+3y2—4dxy+4xr—16y—12
=2 —4(y—1Dx+(3By*—16y—12)
=22—4(y—Dx+By+2)y—6)
=[x—(By+2)lx—(y—6)]
=(x—3y—2)x—y+6)

(8) x2—y—6y2+xy—Tx+12
=22+ (y—Tx— 6y +y—12)
=22+ (y—TNx—By—4)(2y+3)
=[x+Q@y—Dx—(2y+3)]
=(x+3y—4)(x—2y—3)
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Factorisation Il

Factorise the following expressions.
3 )
Hdxy+ax+4y2+8y+4
=24+ 4(g+ 1Dr+4(g2+25+1)
=+ 4(y+Dx+4(y+1)2 ) Use the formula
R at+2ab+b: = (a+b)?.
= (x+2y+2)?

(1) 22+2xy+2x+y2+2y+1
=14+ 2(y+ Dx+ (2 +2y+1)
=2 4+2g+1x+{p+1)
=[x+ (y+ 1]
=(x+y+1)?

(2) 22—2xy—2x+2+2y+1
=22 =2(y+ Dx+ (2 +2y+1)
=22 =2(y+ Dx+(y+1)?
=[x—(y+ DI
=(x—y—1)*

(3) x*—dxy—4r+4y*+8y+4
=2 —4(y+ Dx+ 42+ 2y+1)
=22 —A(y+Dx+4(y+1)?
=[x—2(g+ 1}
= (x—2y—2)?

(4) x2—6xy—6x+9y%2+18y+9
=22 —6(y+ Dx+Ny2+2y+1)
=r2—6(y+1)x+9(y+1)?
=[x—3(y+1)]?
=(x—3y—3)?
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o i o S ) L e ) _
Arrange in powers of x.
=2+ y+2)r+yé+2pz+2%)

=a> o rtalrtlyrte)?

=[x+(y+2)]?

=(x+y+2)?

N

(5) x24+y24+9224+2xy+6xz+6yz
=124+ 2(y+32)x+ (4> +6yz+92?)
=x>+2(y+32)x+(y+32)?
=[x+ (y+32)]?
=(x+y+32)?

(6) X+4pit+zt+dxy+2xz2+4yz
=12+2Q2y+2)x+ {4y +4yz+2?)
= P20yt Ryt 22
=[x+ 2y+2)]?
=(x+2y+2)°

(7) xX*H+424922+4xy+6xz+12y2
= > 4+9 2yt 3zt dy? -1 2y=z+922)
=12+ 2(2y+32)x+(2y+ 32)*
=[x+ (2y+32)]2
=(x+2y+32)°
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Factorisation Il

Factorise the following expressions.

J 37

224+ 3xy+5x+242+8y+6

=22+ (3y+5)x+2(y*+4y+3)

— 2 When multiplied: 2(y +3)y+1)
1 +(3‘U+5)I+2(y+3)(y+l) )Whenadded: (3y+5)

= [x+2(y+ DIlx+ (y+3)]

= [+ 2y+ 2 xt+y+3)

The terms are 2(y+ 1) and (y+3).

(1) x24+3xy—3x+242—8y—10
=22+ 3(y—1)x+2(y2 —4y—5)
= g% 3yg—Lx+2Uy—5y+1)
=[x+2(y+ Lllx+{y—5)]
=(x+2y+2)(x+y—>5)

(2) 2*+3xy—3x+242—2y—4
=2+ 3(y—1x+2(2—y—2)
=24+ 3(y—x+2(y—2)(y+1)
=[x+2(y—2)x+(y+1)]
=(x+2y—Dx+y+1)

(3) x*—xy—ax—2¢y*+14y—20
= 22— (y+Dx—202—Ty+10)
=r—(y+1Dx—2(y—5Xy—2)
= [x—2(y—2)x+(y—5}]
= (x—2y+4)Xx+y—5)
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22+ 4xy+4x+ 352+ 6y+3
=22+ 4(y+Dx+3(2+2y+1)
= 22+ 4(y+ Dax+3(y+1)2 When multiplied: 3(y+1)?
: . ) When added: 4(y+1)
=[x+ 3(y+ DIlx+ (y-f-l)] The terms are 3(y+1) and (y+1).
=(x+3y+3)x+y+1)

N

(4) x*4+5xy+ox+6y2+12y+6
=2 +5(y+1)x+6(y2+2y+1)
=224+5(y+1)x+6(y+1)2
=[x+3(y+ DIllx+2(y+ 1]
=(x+3y+3)(x+2y+2)

(6} xX2+Bxy+br—65*—12)—*6
=x24+5(y+1)x—6(y*+2y+1)
=22+5(y+1x—6(y+1)?
=[x—(y+DIllx+6(y+1)]
=(x—y—1D(x+6y+6)

(63 o> Pdprldr—10p*—0y— 12
=2+ 4(y+1)x—12(5%+2y+1)
=x?+4(y+1Dx—12(y+1)?
=[x—2(y+DIllx+6(y+1)]
=(x—2y—2)(x+6y+6)
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Factorisation Il

KUMON

Factorise the following expressions.

J38

3

2x2+(a+6b)x+ 3ab
=(2xr+a)x+3b)

Two possibilities are:

2 a —»a

1 ><3/7 —» 66
a+6b

The first is correct.

) Factorise into (2x+ A)(x+ ).

2 3b 3b
%G

a —» 2a

2a+3b

(1) 2x*—(a+6b)x+3ab
=(2x—a)(x—3b)
2 —a ¥» —a
1 —3b > —6h
—(a+6b)
(2) 2x*4+(a—6b)x—3ab
=(2x+a)(x—3b)
><—3b* —6b
a—6b
(3) 2x24+(2a+3b)x+3ab
=Q2x+3b)x+a)

2 ><3b—> 3b
1 a »2a

2a+3b

Further notes on question ( 1 ).

—Looking at 2x?, write the
factors of 2 on the left.

2
<
—Looking at 3ab, write the
factors of 3ab on the right.
2 i
1 —3b
—Looking at —(a+66)x, check
these terms multiply to give

—(a+6b).
2 —a —» —a
1 —3b—» —6b

—(a+6b)

—It is often necessary to try
different combinations of
factors and signs.

—Read off the answer directly.

2 —a gives (2r—a)
1 >< —3b gives (x—3b)
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(4) 2x*+(2a—3b)x—3ab
=Q2x—3b)(x+a)

(51 2= (Za—3hx=3ab
=2x+3b)x—a)

(6) 2x2+3a+8)x+ala+4)
=Qx+a)x+a+4)

(7) 222+ (a+6)x—ala+3)
=Q2x—a)x+a+3)

(8) 2x2+(3a+4b)x+ala+4b)
=2x+a+4b)x+a)

2 ><—Sb—> —3b
1 a - 2a

2a—3b

2 36 —+3b
{1 —a —¥» —2a

—(2a—3b)

2 a —+a
{l ><a+/1 —» 2a+8 }

3a+8

2 —a —* —a
{1 ><a+342¢7+6

a+6

a

1 — 2a

3a+4b
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Factorisation Il

Factorise the following expressions.

24% by 326+ Tyt+4
= 222+ (6y+6)x+(3y2+Ty+4)
=222+ Gy +6)x+By+4)(y+1)
=[2x+@By+4Dlx+(y+ DI )
= (2x+3y+4)x+y+1)

Note:
2X(y+1)+1X(3y+4)=5y4+6

(1) 2224 Txy+32+92+7y+4
=222+ (Ty+9)x+ (32 +7y+4)
=224+ (Ty+9)x+GBy+4)(y+1)

=[2x+(y+DIlx+(3y+4)] 2 ><.ff+l -+ y+1
=Q2x+y+1)(x+3y+4) 1 Jy+4 > Gy+8
Ty+9

(2) 22+ Txy+32—9x—Ty+4
=22+ (Ty—9x+ (32 —Ty+4)
=2+ (Ty—9x+CBy—4(y—1)
=[2x+(y—DIlx+(3y—4)] 2 ><£/*1 —+y—1
=Qx+y—1(x+3y—4) {1 3y4—"MJ
Ty—9

(3) 2x24+8xy+6y2+11x+13y+5
=218 +(8y+11)x+(6y2+13y+5)
=22+ (8y+11)x+(3y+5)(2y+1)

=[2x+(2y+DIlx+(3y+5)] 2 ><2_y+1 - 2y+1
=Q2x+2y+1)x+3y+5) 1 3y+5 > 6y+10
8y+11
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(4) 3x2+Txy+2y2+11x+7y+6
=322+ (Ty+11)x+ 2y +Ty+6)
= 3t (Ty+11)+ G+ 3)G+2)

=[3x+(y+2)x+(2y+3)] 3 ><.u+2 —ar 2
=Q@x+y+2)x+2y+3) 1 2y+3 > 6y+9
Ty+11

(5) 2x*—Txy+3y*—9x+T7y+4
=222 —(Ty+Dx+By2+Ty+4)
=222—(Ty+9x+By+4)y+1)
=[2x—(y+DIx—(3y+4)] 2 ><—(.u+1) —* g1
=Q2x—y—D(x—3y—4) [1 —(3y+4) > —6y—8 }
—(Ty+9)

(6) 2x*—8xy+6y2—11x+13y+5
=2x2—(8y+11)x+ (642 +13y+5)
=22 —(8y+11)x+(3y+5)(2y+1)
=[2xr—Q2y+ DIlx—(3y+5)] 2 ><—(2!/+1)*—2y—1
=(Q2x—2y—1)(x—3y—>5) [1 —(3y+5) =+ —6y—10
—(8y+11)

(7) 32—Txy+242—11x+7y+6
=32 —=(Ty+11)x+ (242 + 7y +6)
=322 —(Ty+11)x+2y+3)gy+2)
=[3xr—(y+2))lx—(2y+3)] 3 ><—(.f/+2) > -2
=Q@Bx—y—2)(x—2y—3) ‘l —(2y+3) > —6y—9
—(7y+11)
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Factorisation Il

Factorise the following expressions.

(1) £2+3(yt+2)xrt+(y+22)2y+2)
=[x+ (y+22)[x+(2y+2)]
=(x+y+2z)x+2y+z)

(2) 22+(y—2)x—(y+22)2y+2)
=[x—(y+22)x+(2y+2)]
=(x—y—2z)x+2y+2z)

(3) 2= (y—2)x—(y+22)2y+2)
=[x+ (y+22)x—(2y+2)]
=(x+y+2z)x—2y—=z)

(4) a*—2b%—3e2—ab—2dc—>bbe
= a?—(b+2c)a—(2b%4+5bc+3c?)
=a?—(b+2c)a—(2b+3c)(b+c)
=[a—(26+3c)lla+(b+c)]
=(a—2b—3c)la+b+c)

J40



J40Db

(5) a?>—8b%24+2c*+2ab+ 3ac
=g +(2b+3c)a—2(4b% —c?)
=gt +(2b+3c)a—2(2b+e)2b—c)
=[a+2(2b+c)lla—(26—c)]
=(a+4b+2c)a—2b+c)

(6) xP—4y*+3x—2y+2
=2 +3x—202y%+y—1)
=2+3r—22y—D(y+1)
=[xr—Qy—DIx+2(y+1)]
=(x—2y+1)(x+2y+2)

(7) 2x*—(5a—4b)x—(a+2b)(3a—0b)

=[2x+(a+2b))[x—(3a—b)] 2 at2b  Fat2b
= (Q2x+a+2b)x—3a+b) 17N —(3a—b) > —6a+2b
—(5a—4b)
(8) 2x2—Txy+3y:4+9x—Ty+4
=222 —=(Ty—9x+ By —=Ty+4)
=2 —(Ty—9)x+By—4)Xy—1)
=[2x—(y—DIlx—(3y—4)] 2 ><—(_:/—1) -+ —y+1

=Q2x—y+1)(x—3y+4) 1

—(3y—4) *> —6y+8

—(7y—9)
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Factorisation IV

Factorise the following expressions.

(13 &% dwr—2y™lr—Llaypr—~12
=2*—(3y+2)x— (Zg*+ Tly+ 12)
=2r2—3y+2)x—(2y+ 3)(y+4)
=[2x+(y+Dx—(2y+3)]
=Q2x+y+4)(x—2y—3)

(2) 2xt+3x—20¢+2x—11ly—12
=2+ By+2)x— (242 +11y+12)
=222+ (By+2)x—(2y+3)(y+4)
=[2x—(y+DIx+(2y+3)]
=Qx—y—4)(x+2y+3)

(3) 2x2+Txy+3y2+13x+14y+15
=222+ (Ty+13)x+ (32 + 14y +15)
=24 +(Ty+13)x+ (3¢ +5) 5 +3)
=[2x+(y+3)x+(3y+5)]
=QRx+y+3)(x+3y+5)

|

2
1

2
1

2
1

pd

b

J4|

yt+4 — y+4
—(2y+3) > —4y—6
—(3y+2)

—(y+4) > —y—4

20+3 > 4y+6
3y+2
3 W+

Jy+5-—*»6y+10
Ty+13
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(4) 2x2—Txy+642+T7x—11y+3

=22 —T(y—Dx+(6y2—11y+3)
=2x2—T7(y—Dx+By—1X2y—3)

=[2x—3y—DIlx—(2y—3)]
=Q2x—3y+1)(x—2y+3)

(56) 2x%+xy—y*+3x—3y—2
= 22+ (g+3)x—(3*+3y+2)
=222+ (y+3)x—(y+2)(y+1)
=[2x—(y+DIlx+(y+2)]
=Q2x—y—1)(x+y+2)

(6) 2x*+xy—y*+3x+1
=22+ (y+3)x—(2—1)
=204+ (y+3)x—(+1(—1)
=[2x—(y—DIllx+(y+1)]
=Q2x—y+1)(x+y+1)

(7) 2x*—b5xy—3y?—14y—38
=222 —5yr—(3y%+14y+38)
=2x2—5yx— By +2)(y+4)
=[2x+(y+HIx—(3y+2)]
=Q2x+y+)(x—3y—2)

2 ><—(3;/—1) — —3y+1
{1 —(2y—3) > —4y+6

—7(y—1)

2 ><_(_"/‘+1) Wiy,
{1 y+2 —» 2y+4

y+3

2 ><*(_fj*1) WLl
1 y+1 —> 2y+2

y+3

2 ><{j+4 _>jj+4
1 —(3y+2) > —6y—4

—5y
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Factorisation IV

Arrange in descending powers of @, then factorise.
205+ PP+ dnb+Sae+8he
= Du? +14b+3c)a+ 26+ 3bc +¢%)
=2a*+(4b+3c)a+(2b+c)b+c)

=[2a+ 26+ c)lla+(b+)] 2 ><25’+f'*25+f'
= (2a+2b+c)a+b+e) L5 Sirbm e
4+ 3¢
(1) 2a%+b2+2c%+3ab+5ac+3bc
=2a’+(3b+5c)a+ (b2 +3bc+2c?)
=242+ (3b+5c)a+ b+ 2c)(b+c)
=[2a+(b+c)lla+(b+2c)] 2 ><5+C —+*btc
=2a+b+c)a+b+2c) 1 b+2c > 2b+4c
36+5¢
(2) 2a%2426%242c2—4ab—>5ac+5bc
= 20% —(4b+5¢)a+ (262 +5bc +2¢?)
=2a2—(4b+5c)a+(2b+ )b+ 2c)
=[2a—(2b+c)lla—(b+2c)] 2 ><*(25+C)_“‘ —2b—c

—(b+2c) *» —2b—4c
—(4b+5¢)

=2a—2b—c)a—b—2c¢) 1
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(3) 2a®*—3b>—4c?+5ab—2ac+8bc
= 2a°+(5b—2¢c)a—(3b%—8bc+4c?)
=2a*+(5b—2c)a—(3b—2c)(b—2c)
=[2a—(b—2c)lla+(36—2¢)] [2 ><—(f”—2f)—"‘b+2(‘

=QRa—b+2¢c)a+3b—2c) 1 3b—2c —»6Gh—4c
56—2¢

(4) 3a®>—6b2—2c2—Tab+bac+Tbc
= 3a®—(7b—5c)a— (65> —Tbc+ 2c?)
=3a®?—(7b—5c)a— (36— 2c)(26— )
=[3a+(2b—c)lla—(3b—2¢)] [3 2b—c ~»2b—q

=Ba+2b—c)a—3b+2c) 1 —(3b—2c) > —9bh+6¢
—(76—5¢)

(5) 2a*—2b%2—3c?+3ab+5ac—5bc
= 2a%+ (3b+5¢c)a— (262 +5bc + 3c?)
= 2a?+(3b+5c)a—(2b+ 3c)(b+c)
=[2a—(b+)lla+(2b+3c)] [2 ><*(b+t‘J_’*fJ*f‘

=2a—b—c)a+2b+3c) 1 2b+3c —»4b+6c
3b6+5¢

(6) 2a*°—2b2—c?—3ab+ac+3bc
=2a%2—(83b—c)a— (262 —3bc+c?)
=2a2—(3b—c)a—(2b—c)b—c)
=[2a+(b—c)lla—(26—c)] [2 b—c Fh=E

=(2a+b—c)(a—2b+c) 1 —(2b—¢) > —4b+2¢
—(3b—0c)
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Factorisation IV

1. Arrange in descending powers of b, then factorise.
m;az + 04t dab+3ge+ Bbe
= Dh? +(4a+3¢)b+2a*+3dc +¢2)
=2b*+(4a+3c)b+(2a+c)a+c)
=[2b+(2a+ )b+ (at+C)]
=(2b+2a+c)b+a+c)

(1) 3a2+2b2+6c*+T7ab+1lac+T7bc
=2b2+T(a+c)b+(3a*+1lac+6c?)
=2b2+T7(a+c)b+(3a+2c)a+3c)
=[2b+ (a+3c)llb+(3a+20)]
=2b+a+3c)b+3a+2c)

(2) 2a®4+2b2+2c*—4ab—>5ac+5bc
= 2b%2—(4a—5c)b+ (24> —bac+2c?)
=2b2—(4a—5c)b+ (2a—c)a—2c)
=[26—=2a—=c)llb—(a—2c)]
=2b—2a+c)b—a+2c)

Note: Looking at the example on J 428 and the example above, we can see that we get the
same result by arranging in powers of @, b or c.
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2. Consider 3a®—5ab+262—a—b—10.
Arrange ( 1) in powers of «,
(2 ) in powers of b,
then factorise.

(1) In powers of a,

3a2—5ab+2b2—a—5b—10
=3a —(5b+1)a+(262—b6—10)
=3a?—(5b+1)a+(26—5)b+2)
=[3a—(26—5)lla—(6+2)]
=Ba—2b+5)a—b—2)

(2) In powers of b,

3a?—bab+2b*—a—b—10
=2b2—(5a+1)b+(3a®—a—10)
=2b2—(5a+1)6+(3a+5Xa—2)
=[26—(3a+5)l[6—(a—2)]
=(2b—3a—5)b—a+2)
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Factorisation IV

1. Factorise using the difference of two squares.
(i.e. rewrite as two terms A% — B?)

3 .
4a®+4ab+b*—c?
= (4a’+4ab+b*)—c?
= (2a+6)?—c?
=[(2a+b)+cll(2a+b)—c]
=(2a+b+c)2a+b—c)

(1) a®+6ab+9h*>—c?
= (a®+6ab+9H?)—c?
=(a+3b)2—c?
=[(a+3b)+cll(a+3b)—c]
=(a+3b+c)a+3b—c)

(2) 4a*—12ab+9b%*—4c?
= (4a?—12ab+9b%) —4c?
=\(2a—362—dc?
=[(2a—3b)}+2c][(2a—3b6)—2c]
=2a—3b+2c¢)2a—3b—2c¢)

(3) 4a®—b62+6bc—9c?
= 4a®— (b —6bc+9c?)
= 4a%*—(b—3c)?
=[2a+(b—3c)l[2a—(b—3c)]
=2a+b—3c)2a—b+3c)
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2. Consider a®>+2ab+b*— x> —6x—09.

Arrange ( 1) in powers of «,

(2)in powers of b,

( 3 ) as the difference of two squares,
then factorise.

(1) Inpowers of a,

a’+2ab+b%>—x2—6x—9
=a?+2ba+[6>—(x2+6x+9)]
=a?+2ba+[b?*—(x+3)?]
=a’+2ba+(b+x+3)(b—x—3)
= [g-+H(b+x+3)la+(b—%—3))
=(a+b+x+3)a+b—x—3)

(2) In powers of b,

a’+2ab+b*—xt—6x—9
= b2+ 2ab+[a?—(x2+6x+9)]
= b2+ 2ab+ [a*—(£+-3)%]
=p?+2ab+(a+x+3)a—x—3)
=[b+(atx+3)Ib+(a—x—3)]
=(b+at+tx+3)(b+ta—x—3)

(3) As the difference of two squares,

a?+2ab+b2—x2—6x—9
=(a?+2ab+b>)—(x*+6x+9)
=(a+5)?—(x+3)*
=[a+b)+(x+3)](a+b)—(x+3)]
=(a+b+x+3)a+b—x—3)
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Factorisation IV

Factorise by any method.

(1) 2P—y*—dx+4
= (r?—4x+4)—¢?
=(x—2)2—4?
=[(x—2)+yll(x—2)—yl
=(x+y—2)(x—y—2)

(2) x2—yt—6y—9
=12 —(y?+6y+9)
= 12— (y+3)?
=[x+ (y+3)x—(y+3)]
=(x+y+3)x—y—3)

(3) 4x2—12xy+9y*—9
= (422 —12xy+9y*)—¢
= (22— 3y)?—9
=[(2x—3y)}+31[(2x— 3y)— 3]
=Q2x—3y+3)2x—3y—3)
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(4) 22—y +4ay—4a?
=x*—(y* —4day+4a?)
= 12— (y—2a)?
=[x+ (y—2a)lx—(y—2a)]
=(x+y—2a)x—y+2a)

(5) x*—6ax—y*+94°
=(x*—bax+94%) —y?
=(x—3a)?—y*
=[(x—3a)+yll(x—3a)—yl
=(x—3a+y)x—3a—y)

(6) 9xi+dyz—4y*—22
=9x2—(4y*—4yz+2%)
=0x2—(2y—2)?
=[3x+2y—2)[3x—(2y—2)]
=Bx+2y—2)B8x—2y+2z2)

(7) x2+4y2—2z2—4+4xy—4z
= (2 +dry+4y?)— (22 +4z+4)
=(x+2y)2—(z+2)?
=[(x+2p) +(z+ 2 (x+2y)—(z+2)]
=(x+2y+z+2)(x+2y—2z—2)
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Factorisation IV

Factorise by any method.

(1) a*—b%2—c?+d%+2ad+ 2bc
= (a?+2ad +d?)— (b2 —2bc+c?)
=(a+d)?—(b—c)?
=[(a+d)+(b—c)l(a+d)—(b—c)]
=(a+d+b—c)a+d—b+c)

(2) 2ad—2bc—a*+b>+c*—d*
= (b2 —2bc+c?)—(a®—2ad+d?)
=(p—el—la—d)?
=[(b—c)t+(a—d)(b—c)—(a—d)]
=(b—cta—d)(b—c—a+d)

(3) a?+b2+2bc—2ca—2ab
= (a®—2ab+ %)+ 2bc—2ca
=(a—b)?+2c(b—a)
=(a—b)*—2cla—b)
= (a—b)l(a—b)—2c]
=(a—b)la—b—2c)

J46



J46Db

(4.) ax®—bx*—2br+2ax—3a+3b
=(a—b)x*+2(a—b)x—3(a—b)
=(a—b6)(x*+2x—3)
=(a—b)x+3)(x—1)

(56) 2x%+xy—y*+3x—3y—2
= 22+ (g+3)x—(3*+3y+2)
=222+ (y+3)x—(y+2)(y+1)
=[2z—{p+Dilet{p+2]]
=Q2x—y—1)(x+y+2)

(6) 2x*+xy—y*+3x+1
=222+ (y+3)x—(2—1)
=224+ (g+3)x—(y+1(y—1)
=[2x—(y—DIllx+(y+1)]
=Q2x—y+1)(x+y+1)

(7) x2—4y?—x+6y—2
=32—x—2Q2y*—3y+1)
=xt—x—22y—1)(y—1)
=[x—Qy—DIlx+2(y—1)]
=(x—2y+1)x+2y—2)
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Factorisation IV

( Formula )
a*+ b= (a+b)a®>—ab+b?)
a®—b% = (a—b)a®+ab+b?)

These formulas can be called
the sum of two cubes and
the difference of two cubes.

Factorise the following expressions.

(1) 2+8y°=(x+2y)x?—2xy+4y?)

(2) 8x*—274°=(2x—3y)dx?+6xy+9y?)

(3) a®*—8h®=(a—2b)a?+2ab+4b?)

(4) 8a*+276°=2a+3b)4a’?—6ab+9b?)

(5) a*—64=(a—4)a’+4a+16)
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(6) 27a°—8b°=(3a—2b)(%a’+6ab+4b?)

(7)) 1—-2=0—-2)(14+x+x?)

(8) a*+8h°=(a+2b*)a*—2ab*+41b*)

(9) @*—27b°=(a—3b°)(a’+3ab’*+9b°)

(10) x8+4° =(x*+y*)ax*— 2’y +y°)
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Factorisation IV

( Formula '

a*+ b= (a+b)a®>—ab+b?)
a®—b% = (a—b)a®+ab+b?)

Factorise the following expressions.

(1) 1254°+8b° = (5a+2b)(25a*—10ab +4b?)

(2) 27x*—64=Cx—4)9x*+12x+16)

(3) 2:°+16=2( x*+8 )=2(x+2)(x*—2x+4)

(4) 64a*—27a=a(64a®—27) = alda—3)(16a’+12a+9)

(5) 64r—x*=x(64—1%) = x(4—x)16+4x+ x?)

J438



J438Db

(6} (a+b)*—8b*
=[(a+b)—2bl(a+b)*+(a+b)-(2b)+(26)%]
=(a—b)(@*+2ab+ b2+ 2ab+ 2h% + 4b%)
=(a—b)a’+4ab+7b?%)

(7) Slx+yl—y°
=[2(x+y)—ylldx+ )2 +2(x+ )y + 4]
= (2x+42y— y)(4x> 4+ 8xy+ 42+ 2xy+ 247+ %)
= 2x+y)d4x*+10xy +T7y*)

(8) (a+b)3—0pt
=[(a+b)—bllla+b)*+(a+b)b+b?]
=ala®+2ab+ b 4+ ab+ b2+ b?)
=ala’+3ab+3b?)

(9) (a+86P—(b—c)
=[(a+b)—(b—la+bl+(a+b)b—c)+(b—c)?]
=(a+c)a+2ab+ b2+ ab—ac+b2—bc+b%—2bc+c?)
=(a+c)a’*+3b*+c?+3ab—3bc—ac)



J49
J4ga KUMON

Factorisation IV

Factorise the following expressions.
(1) a®—b"
= (a®—b*)(a* +a*b* +bY)
=(a+| b |)a—| b Dl(a*+b?)?—a*h?]
=( a+b ) a—b N>+ +abll( a®?+b?* )—abl]
=(a+b)a—b)a*+b’+ab)a’*+b*—ab)

) a®—b% = (a?)5—(p?)3

C2) a—b" -
6 p8 = (45)2 — (p%)2
— @+ 0 )*—[B° ) K ‘
=(a+b)a’—ab+b*)(a—b)a’*+ab+b?)
(3) a+5"
:(a2+b2)(a4_a2b2+b4)
(4) @g°—b°

= (a®—b3)a®+a3h%+b"®)
=(a—b)a’*+ab+b*)(a’+a’b’+b°)

(5) a'2+5Y
=(a*+b)a*—a'b*+b®)

Note: In ( 1) and ( 2 ), both methods give the same answer.
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L Ex.

@+ y°) +xyae+y)
=+ )2 —xy+ > +xy(x+y)
=(x+ )%+ y?)

(6) xylx—p)+x2—yt
= xylx—y)+ @ — )+ xy+y?)
=(x—y)a?+2xy+y?)
=(x—y)x+y)?

(7)) a*+b3+a+b
=(a+b)a®—ab+b6%)+(a+b)
=(a+b)a’—ab+b*+1)

(8) a*—b%—3abla—0b)
=(a—b)a®>+ab+b?)—3abla—b)
={(a—b)a®+ab+b%—3ab)

(@a—b)a?—2ab+b?)

(a—b)a—b)*

(a—b)?

(9) 4—x?+4x%—2x°
=U4—x)+x34—x?
={4—12)(1+x3)
=2+ x)2—x)1+x)1—x+x?)
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Factorisation IV

Factorise the following expressions.

(1) 2x2—Txy+342+9—T7y+4
=22 —(Ty—Dx+(3y2—Ty+4)
=2x = (Ty—Px+GBy—4H(y—1)
=[2x— (53— DIlx—B8p—1]l
=Q2x—y+1)(x—3y+4)

(2) Bx*+Txy+2s2+11x+Ty+6
=32+ (Ty+1D)x+ (242 + 7y +6)
= 3x* 4+ (Ty+11)x+2y+3)y+2)
=[3x+ (y+2)[x+(2y+3)]
=QBx+y+2)(x+2y+3)

(3] 2r*=2p—=*43uston— 3y
=Pt Fr—my—{By¥—Suat2%)
=2 —(By—2)x—(2y—2)(y—2)
=[2x+(y—2)x—(2y—2)]
=Q2x+y—2z)x—2y+z)

(4) 2a%+662—18c*+3bc—Tab
= 2a%*—Tha+3(26%+ bc—6c?)
= 2a*—Tba+3(2b—3c)(b+2¢)
=[2a—3(b+2c)lla—(2b—3c)]
=(2a—3b—6c)a—2b+3c)

J50
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(5) a®+bab+5a—6b2—126—6
=ag*+5(b+1)a—6(b%+2b6+1)
a’+5b+1)a—6(b+1)2
[a+6(b+1)la—(b+1)]
(a+6b+6)a—b—1)

(6) a*—4b>—3c?+8bc—2ac
= a?—2ca—(4b*—8bc+ 3c?)
=a?—2ca—(2b—3c)(2b—c)
=[a+(26—3c)lla—(26—c)]
=(a+2b—3c)a—2b+c)

(7) a®—4b*+4bc—c?
=a?—(4b2—dbc+?)
=a?—(2b—c)?
=la+(2b—c)lla—(2b—c)]
=(a+2b—c)la—2b+c)

(8) 1—x?4+x%—ab
(1—x®)+x%(1—x?)

(1—? )14+ 2%)
={14x)(I1—2)(1F+2(1l—2+2%)
=(1+x)*(1—x)1—x+x?)

[
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Factorisation V

Factorise the following expressions.

J5l

=62 +1
) Break up —6x? into two terms, — 2x* and —4x%.
= Z2 1A
) Factorise x* — 2%+ 1 and rewrite —4x% as —(2x)%
=(?—1)?—(2x)?

) Factorise ( )2—( )%
= ($*—1+20)(2—1—2%)

= (x?+2x—1)(x2—2x—1)

(1) «£~1le*+1={*—2x*+1)—8x*
= gA—] )% —~(Jx)*
= —1+30)(x*—1—3%)
=(x?+3x—1)(x*—3x—1)

(27 =2l l=('—l*t])—D5:
={gP—]P—(5x)*
=% —1+5x)(x*—1—5x)
=(x?+5x—1)(x?—5x—1)

(3) r—7x2+1="+222+1)—[ 9a? |
= (x2+1)2—(3x)?
=(x2+14+3c)x?+1—3x)
=(x?4+3x+1D(x2—3x+1)
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(4)

(5)

(6)

(7)

(8)

=03t L=l -2 1) — 252
={(g*t1—{Fx)
=341 A+ 1—bE)
=(x?+5x+1)x2—5x+1)

a*—13a%+4=(a*—4a%>+4)—94a?
= (a%?—2)*—(3a)?
=(g?—2+4+3a)(a?—2—3a)
=(a’+3a—2)a’—3a—2)

22 4+9=(x*+6x2+9)—4x?
=28 — Oz
=322 +3—20)
=(x?+2x+3)(x?’—2x+3)

A+l =0G+22+1)— 22
=(x?+1)%—x?
=ig® Flahgln® T 1=1)
=(x’+x+1)(x?—x+1)

at+a’b?+ bt = (a* + 24262+ b*) — a%b?
= (g?+8%)2 —(ab)?
=(a®+b2+ab)(a®+b2—ab)
=(a’+ab+b?*)(a’—ab+b?)
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Factorisation V

Factorise the following expressions.

(1) x*—1822+1=(x*—2x%+1)—162?
=(r?—1)2—(4x)?
=[(x®2—1)+4xl[(x*—1)—4x]
=(x?+4x—1)(x?—4x—1)

(27 B—ldrttl =021 167
=(x2+1)?—(4x)*
=[(x24+1)+4xll(x?+1)—4x]
=(x*+4x+1)(x®>—4x+1)

(3) x*—38224+1=(x*—2x*+1)—36x?
= (r*—1)*—(6x)?
=[(x®>—1)+6x][(x® — 1) — 6]
=(x*+6x—1)(x?—6x—1)

(4] 22—t 4+1=(*+2x*+1)—362*
= 1) (6
=[(x2+1)+6xl[(x2+1)—6x]
= (x*+6x+1)(x*—6x+1)
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(5) 4x*4+3224+1=Ux*+422+1)—
= (Zx24-1)%—
=(2%*+1)Fxll{2:*+1) — %]
=Q2x’+x+1)2x?—x+1)

(6) dat+1la?+59=(Ux*+122%+9)—2?
=(2x%+3)*—
=[(2¢2+3) [ (2> +3)—z]
=Q2x*+x+3)2x*—x+3)

” 5 The answer has
(7) —il. Q0 four factors.
4 2

(I —6x2+9)—4x
= (x2—3)2—(2x)*
Z[(IZ_B)-'_ZIJ[(I —3)—2x] Alternative Solution
={x? +2r—8)(x2—22—3) =102 +9
=(x+3)(x—D(x—=3)(x+1) = (=9 —1)

=(x+3)x—3x+1(x—1)

(8) 9x*—1312+4=0x*—12224+4)—x?
=(3r2—2)%—
=[(3x2—2)+x1[(3x*—2)—x]
=34 Fr—2)(8x* —x—2)
=B3x—2)(x+1)3x+2)(x—1)
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Factorisation V

Factorise the following expressions.

9

(¥ Fr—bl*ta—2)+3 ~en s repeated.
=(A—6)(A—2)+3 [where A=r’+1x]
=A?—8A+15
=(A—5)(A—3)

) Substitute A with x? + x.
=(+x—5)x*+x—3)

(1) @tr—DP x5 -8
=(A—T)A—5)—8 [where A=x2+1x]
= A2—12A+27
=(A—9)(A—3)
=(@*+x—9P(x*+x—3)

Remember to

express your answer in
terms of x (or whatever
variable is used in the

original question).

(2) (M*S)(erl)*lo
=(A—8)A+1)—10 [where A=r*+2x]
=A*—TA—18
=(A—9)(A+2)
=(x?+2x—9)(x?+2x+2)

(3) (P+50(x2+5x+6)—16
= A(A+6)—16 [where A=x?+5x]
=A2+6A—16
=(A+8)(A—2)
=(x?+5x+8)(x*+5x—2)

J53
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[
[t-A5—B) (32 —0)— 25" *isieppied
=(A+x)(A+2x)—12x% [where A=x>—5]
= A%+3rA—10x2
=(A+5x)(A—2x)

= (x*+5x—5 (x> —Fx—>5)

N

(4) (x*—2x—T7)x2+3xr—7)—6x2
={A—21)(A+3x)—6x® [where A=12—T7]
= A2+ rA—12x"
=(A+4x)(A—3x)
=(x?+4x—TN(x?—3x—T)

(5} (®+3x+3)0x2—4x+3)+6x2
=({A+31)(A—4x)+6x® [where A=22+3]
=A2—rA—6x?
={A—3x)(A+2x)
=(x’—3x+3)(x?*+2x+3)

(6)" (x?—Txr—18)(x%+3x—18)+24a?
=(A—Tx)(A+3x)+24x% [where A=12—18]
= A?—4xA+3x?
=(A—3r)(A—x)

Make sure your answer
= (r* =3r—18)(x* —r—18) is factorised completely.
=(x—6)(x+3)(x*—x—18)
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Factorisation V

Factorise the following expressions.

J54

= (x24+5r+6)(x®2+5r+4)—38
= (x?24+5x)%+10(x?+5x)+ 16
= (x*+5x+8)(x*+5x+2)

(r+1)x+2)x+3)(x+4)—8 )

%0 Treat x* +5x as a single unit

Multiply out (x+2)(x+3)
and (x+1)(x+4).

(or substitute ¥ +5x =A).

(13 Te—Dle—2ler—8r—dl—15
=llg— Dlor—ilr—2)(r—31—15
= (#* —bi +4 (¥ —5x+6)—15
= (x*—5x)?+10(x*—5x)+9
=(x?—=5x+9)(x’—5x+1)

(2) (+Dx+2)x+3)(x+4)—3
=203 L +4)—3
= (22 +5x+6)x2+5x+4)—3
= (2% +5x)% +10(x? +5x)+ 21
=(x?+5x+D(x%+5x+3)

Note:

In these questions, consider
carefully which terms to multiply
together. The aim is to form two
brackets with the same unit at the
start of each, e.g.

(L2 + (2 - 5x+6)—15

or

(£2 +5r+6)(x2 1 5x+4)—3
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(3 e —LjCr—8iCe+-2tr+4]4:24
=(x—Da+2)x—3)x+4)+24
=2 +r—2) (55 —12) +24

=(x?+x)2—14(x2+x)+48 e

B ake sure your answer
=’ +x—8)(x*+x—6) is factorised completely.
=(x*+x—8)x+3)(x—2)

(4) x(x+1Dx+2)(x+3)—15
=x(x+3)x+1)(x+2)—15
=(x24+3x)(x2+32x+2)—15
={g*+- 312 +2(x* +3%)—15
=(x*4+3x+5)(x*+3x—3)

(5) +DE+2)E+3)(x+4)+1
=(r+ D+ (x+2)(x+3)+1
={x2+5x+4)(x*+5x+6)+1
= (x2+5x)2+10(x2+5x)+25
= (x2+5x+5)?
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Factorisation V

Factorise the following expressions.

3 :

2b—c)+ b c—x)+cXx—b)

) Expand the underlined terms.
=(b—c)x®+b*c—bix+cPx—c?b
) Arrange in powers of .
=(p=e)it—(p¥—=c et belb—¢)

- (b B C)Ig B (b +C)(b N C)I—i_ b(.‘(b B C) '(l'ake out the common factor
b—c).
={(b—o)x:—(b+c)x+bcl ‘

= —g)(e—b)(f—¢)

The key
concept in these
exercises is to expand the

(1Y @b—e)+b*c—al+ela—b)
=(b—c)a?+b*c—b2a+cla—c?h
=(b—c)a?— (b2 —cHa+bclb—c)
=(b—cla®—(b+c)b—cla+bc(b—c)
=(b—o)la®*—(b+c)a+ bc]
=(b—c)a—b)a—c)

polynomial and arrange it
in descending powers of a
particular variable, in
this case a, before
factorising.

(2) x(y+2)+2z+x0)+22a+y)+2xyz
=gt Fletyir b2t t Pyt 2uays
=(y+22* + A+ 2yz+ 22+ yzly +2)
=(y+2)2+(y+2)2x+yz(y+2)
=(y+2[32+(y+2)x+yz]
=(y+z)ax+y)x+z)
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(3) bclb—c)—calc+a)+abla+b)
(b—c)—c*a—ca*+a®b+ab?

—&)ar + (b —e?)a+bElh—i)
—cla?+(h+c)b—=cla+bclb—c)
—o)la*+ (b+c)a+ bel

—c)a+b)a+c)

1 1 | [
s
3

Ve B e e SN
c-,-c:—c:—w

(4) a¥(b+c)+bi(c—a)+cib—a)—2abc
(b+c)a?+b2c—b%a+ctb—cia—2abc
(b+c)a®—(b2+2bc+c?)a+bc(b+ )
(b+c)a?—(b+c)a+bclb+c)
(b+cla®—(b+c)a+bcl
(b+c)a—b)a—c)
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Factorisation V

Factorise the following expressions.

(1) x(b—c)+b*c+x)—c*(x+b)
=(b—c)xr?+b%c+b2x—c?x—c?
=(b—c)x?+ (b2 —c?)x+bc(b—c)
=(h—c)®+{(b+c)b—c)xt+bclb—cC)
=(p—c)lx?+(b+clx+bcl
=(b—c)x+b)ax+c)

(2) x(b2—c®)+b(c?—xB)+c(x?—b?)
=alb?—e?) 4 bet—b*Fer? —el?
= —{b—e)e? H(b* —c)r—belb—c)
=—(b—c)x®+(b+c)b—c)x—bclb—c)
= —(b—o)x?—(b+c)x+bc]

— —(b—c)(x— b)(x— c) Alternative Solution

2=+ b —2®) +c(x®—b?)
=x(b?—c?)+ b — bt + e —cb?
=(c—b)x?—(c?* =)+ bclc—b)
=l(c—b)x?—(c+b)c—b)x+ belc—b)
=(e—=bx®—(b+c)x+bcl
=(c—b)x—b)x—c)

(3) 2Mygta+p¥z—x)+2*yg—2)—2zy5
=(y+2e*+yz—=rfaet+2y—ztr—2yyz
=(y+2)r*— (2 +2yz+28)x+yz(y+2)
=g+l —lit+elx+asl
=(y+2)x—y)x—2)
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In this step,
(4) (x+ _y—l—z)(yz-i-z.r-i-xy) —Xyz treating (y+2) as a
=[x+(y+2)(y+2)x+yzl—xyz single unit

makes the expansion
much simpler.

= ()it Fige-lit+e P Fyelite) — 552
={yg+ 22+ (g+2)%x+ y2(y+2)
=(y+2)t+(y+2)x+yzl
=(y+2)x+y)x+2)

(5) a?b—ate—ac®—ab®—b%c+bc?+2abe
=(h—c)a?—(b?—2bc+cta—bclb—c)
=(b—c)a®*=(b=c)2a—belb—¢)
=(b—c)la®*—(b—cla—bc]
=(Mb—c)a—b)a+c)
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Factorisation V

Factorise the following expressions.

22—yt Qyz—2zr—dx+ 2y+2z+3
Arrange in powers of r.

[Sol]
D 1 ) a0 ) AR T EACEE
:xzﬁw(fzzfﬁl)xﬁ[yzi(zzw«w2).1/*(2’3”#3)] powers of x.

=12+ (—2z—4)x—(y+1Dly—(2z2+3)]
=[x—(y+1)x+(y—22—3)1
= (r—y—1Dx+y—22z—3)

J 57

(1) 22—y 2z¢+202429—22-1

Arrange in powers of x.

[Sol] x2—y%+2zx+2yz+2y—2z—1
=t +2zx—[p?—(2z+2)y+(22+1)]
:12+ZZI—(y—l)[y—(2z+1)] ) See foot note.
=[x+ (y—Dlx—(y—2z—1)]
=(x+y—1)(x—y+2z+1)

Note: To factorise y2—(2z+2)y+(2z+1), look for two terms that multiply to (2z-+1)
and add to —(2z+2). The terms are —1 and —(2z+1).



J97b
L Ex.

=2z —2xp—4x+ 2+ 2z4-3
Arrange in powers of z.
[Sol]
—y? 4+ 2yz—2z2x—4x+2y+22+3
=2y—x+1Dz+ 2 —y? —4x+2y+3) )A”a“gei“power”fz'
= y—ax+Dz+[x*—das—{yg*—2y—3)]
=2(y—x+1Dz+[x>—4dxr—(y—3)Xy+1)]
=2y—x+1Dz+[x+y—3)x—(y+1)]
=—gte—ar= g lreg=3ia—=g=1)
={g—y—10a+y—2z—3) )

Take out the common
factor (xr—y—1).

(2) x2—y?+2zx+2yz+2y—22z—1
Arrange in powers of z.

[Soll] 22—y 4222+ 2yz+2y—22—1
= Hxty— Dzt P—?+2p—1)
=2x+y—1z+[x2—(y*—2y+1)]
=2(x+y—Dz+[r*—(y—1)?]
=2x+y—1Dz+x+@—Dlx—(y—1)]
= e Dt p—1te—g+L
=(x+ty—DI[2z+(x—gy+1)]
=(x+y—1(x—y+2z+1)
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Factorisation V

1. ab+2ac+3b*+6bc —5a—13b+4c— 10
Arrange ( 1) in powers of «,
(2) in powers of b,
and factorise.

(1) Inpowersof a,
. 1near expression.
ab+2ac+3b%+6bc—5a—13b+4c—10

=(hb+2c—5)a+ (362 +6bc—13b+4c—10)
=(b+2c—5)a+[362+(6c—13)b+2(2c—5)]
=(b+2c—5)a+(3b+2)(b+2c—5)
=(b+de=0)a+(86+2)]
=(b+2¢—5)a+3b+2)

(2) In powers of b,
ab+2ac+3b2+6bc—5a—136+4c—10 T

= 3b%2+(a+6c—13)b+{2ac—5a+4c—10)
=3b%2+(a+6c—13)b+a(2¢—5)+2(2¢—5)
=3b%24+(a+6c—13)b+(2¢c—5)a+2)
=[3b+(a+2)[6+(2¢—5)]
=(36+a+2)(b+2c—5)
=(a+3b+2)(b+2c—5)
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2. a®+3b%>+4ab+2ac+6bc—4b+4c—4
Arrange in powers of «, b or ¢, then factorise.

In powers of a,
a’+3b%+4dab+2ac+6bc—4b+4c—4
=a?4+22b+)a+ 1362+ 2(3¢—2)b+2-2(c—1)]
=a?+22b+c)a+(3b+2)6+2(c—1)]
=a?+2(2b+c)a+(36+2)b+2c—2)
=la+3b+2)la+(b+2c—2)]
=(a+3b+2)a+b+2c—2)

In powers of b,
a’+3b2+4ab+2ac+6bc—4b+4c—4

= 3b%+2(2a+3c—2)b+(a®+2ac+ 4c—14)
=3b%4+2(2a+3c—2)b+(a+2)Xa—2)+2c(a+2)
=3b624+2(2a+3c—2)b+(a+2)a—2+2c)
=[36+(a+2)b+(a—2+2c)]
=(3b+a+2)b+a—2+2c)
=(a+3b+2)a+b+2c—2)

In powers of ¢,
a®+3b%+4ab+2ac+6bc—4b+4c—4
=2(a+3b+2)c+(a®+3b%+4ab—4b— 1)
=2(a+3b+2)c+[a?+4ba+(3b+2)(b—2)]
=2a+36+2)c+(a+36+2)a+b—2)
=(a+36+2)2ctatb—2)
=(a+3b+2)a+b+2c—2)
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Factorisation V

Factorise the following expressions.
(1J 2+Q@a+1l)d+Hlat+28—1g+a®—1)
=3+ 2ax* + 2 +atx+2ax—x+tat—1
=¥ La*+2ula+1)atat+at—u—1
=i+ Lt vttt 1) —+1)
= (x+ Dla?+2xa+ (x*—1)]
= (r+ Dl@?+2xa+ (x+1)(x—1)]
=(x+Dla+x+Dlla+(x—1)]
=@+ at+x+Dat+x—1)

(=(@x+Dx+a+1)x+a—1))
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Arrange in
2_ 3_ 2 2 3__ 7.2
(23 a*—a*—a?btaeb®+b>—bx

=(a—b)x*—(a’—b*)—abla—0b)

Use the formula:

*
=(a—bx2—(a—b) AP +ab+b2)—abla—b) | @~ =la—b)a"+ab+b?)

=(a—b)x*—(a*+ab+b*)—ab]
=(a—b)x*—(a*+2ab+b%)]
=(a—b)lx’—(a+6)?]
=(a—b)x+a+b)(x—a—b)
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Factorisation V

Factorise the following expressions.

(1) 22—y*+yz—zx—4x+2y+2z+3
=r2—(z+4)x—[y*—(z+2)y—(2+3)]
=2 —(z+4dxr—(y+1)(y—2z—3)
=[r—(y+DIllx+(y—z—3)]
=(x—y—1(x+y—=z-3)

(2) act—a®—a’b+ab®+b>—bc?
=(a—b)e* —abla—h)—lg>—5°)
=(a—b)c?—abla—b)—(a—b)(a®+ab+b?)
= (a—b)lc®—ab—(a®+ab+b%)]
= (a—b)[c®—(a®+2ab+ b?)]
= (a—b)lc?—(a+b)?]
=(a—b)(c+a+b)(c—a—>b)

(= —(a—b)a+b+c)a+b—c))

J60
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(3) (a+b—c)ab—bc—ca)+abc

[a+(b ) l(b—c)a—bcl+abe
=(b—c)a? +[(b—c)®—bcla—(b—c)bc+abe
=(b— ) 24+[(b—c)2—bc+bcla—(b—c)be
={b—c)a’?+(b—c)?a—(b—c)bc
=(b—c)la*+(b—c)a—bcl
(b—c)a+b)a—c)

(4} (xy=Dlar—1)g+1)=ay
=(y+Dlyx?—(y+Dx+1l—xy

= yly+ D2 —y+ 12+ ylx+(y+1)
=[yxr—(y+DI(y+1Dx—1]
=(xy—y—1Nxy+x—1)

Alternative Solution
(xy—1(x—1D(y+1)—xy
=(xy—Dlxy—1D)+x—y)l—xy
= (ry— 1+ —yiag—1)—xy
=[{xy—1)+xll(xy—1)—y]
=(xy—1+2)xy—1—y)
=(xy+tx—1xy—y—1)
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Fractional Expressions

Reduce the following fractional expressions.

2a* . 2 2¢°6  _ _ a
3a° 3a —4a?h 2h*
6ab® _ 2b°
(1) 5357 = 342
(2) 28a°r* _ 4

ar 1
(3) @y  ax?
182 3
(4) 24a°  4a’
2y
(5) —6yz? 32?2
(6) —6xz® _ 2z
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L Ex.

xr2—25 =(1+5)(1*5)=x+5
2—3x—10 (=5 +2) x+2

x+1 x+1 _ 1
2—r—2 (r—2)x+1) x—2

<&D Cancel (x—5).

<& Cancel (x+1).

(7) P—pit6 _ (F—8)p—2) *—2
22—T7x+12 (x—4)(x—-3) x—4

(8) p=gp=00 _ (r=8latd) . x+d
2¢ —T7xr—15  (2x+3)(x—5) 2x+3

(9) x+2 x+2 _ 1
24+xr—2 x+2x-1) x—1

(10) ai—ftd = (p—BF @3
2—1—6 (x—3)(x+2) ax+2

11) 3a’+6a _ 3ala+2) _ 3a

a*+da+4 (a+2)?  a+2
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Fractional Expressions

Reduce the following fractional expressions.

-3
b—a _  —(a=b) _ 1
(@—8)(x—3) (@—biF—3) —3
—pf+Br—6 _ —(x—B8)x—2) _  a—B
2?—7x+12 = (x—4dx-3) = x—4

PriE—14 _  @HTE—a)

(1)

4 =g —(x+2)(x—2) x+2
(2) atblx—a) _ a*blx—a) _ _ a
ab*la—x) —ab*x—a) b
(x—5)* (x—5)2

3) Gra6—8 = —GrBE—5

(4) m—mx _ ml—x) _ —max—1) _

2=2x+1 (=12  (x—1)?

2»2-1  (x+Dk-1)  x—1
(1+x)? —  (+1)?* — x+1

J62
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xt—(y+2)?*
(6) ZZ_(I+y)2
_ Erytelie—y—a) _ GHgtaa—g—& _ _ &—i—2
T Gtr+ty)z—x—y) —Gt+yt+ta)aty—z  xty—z
(b—c)?—a®
(7) (c+a)?—p?
_(b—cta)lb—c—a) _ —(at+tb—c)la—b+c) _ _atb—c
(et+a+b)cta—b)  (a+b+eda—b+e)  a+tb+tc
(8) x34+3x%y+ 3xy? + 42
ety
(r+y)® (x+y)x+y)? (x+y)*

x3—3x%y+3xy?—
IS__Z/S

(9)

(=g

(F—E—u)®

G+ —xy+48) ~ Grpi—xy+yd) ~ xi—xy+y?

(x—y)?

atl—ab+5b?
a+5p3

a®—ab+ b?

(10)

1

(@a+b)a?—ab+b?)

a+b

=@ +xy+y8) =y +xy+y0) - x*+xy+y?
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Fractional Expressions

Reduce the following fractional expressions.

(1)

(2)

(3)

(4)

ar+tay+bx+by

ax—by—bx+tay
ax+y)+bxt+y _ (xt+y)atbd) _ at+b

alx+y)—blx+y)  (x+yla—b) a—b

2 —xy—cytcx

X+ bx—xy—by
Hi—+dli—i) _ F—alE+el . 2+E

wax—p+blx—y)  (x—px+b)  x+b

22+Tx+12
2+4x2—9x—36
(xt4)x+3) (a+4)0(x+3)
22x+4)—9(x+4) (x+4)(x2—09)
(x+4)(x+3) 1

(x+4)(x+3)x—3) x—3

a®>—ab+ab?

a’— b2+ ab’+b°
ala— b+ b?) ala— b+ bH?)

~ (a+b)a—b)+b62(a+b)  (a+b)a—b+b%)  a+b

J63
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at—ab+ac—bc

(5)

az_bs
_ _ala—b)tcla—b) _ (a—b)a+c) _ a+tc
(a—b)a®+ab+b?) (a—b)a*+ab+b?) a*+ab+b?
% =g
(6) I4+Izg'/2+f/4
_ =P +ay+y®) _ (x— )2+ xy+y?)
Cet g2 —ayt (4 eyt —xy+y®)
o xX—
xt—xy+y?
(7) B2—2x%y4-x?
22— 3xy+24°
_ daP—8mpta®) _  sa—g)t | _ ale—y)

T a=2nx—y) T —2n—y) T x—2y



J 64

Jbéba KUMON

Fractional Expressions

Simplify the following fractional expressions.

3ax? % 2a%* _ 2a‘x
bt 9xy 362y

2a* 52 56°c® _ 5b’c®
3bc " 8a’x 12ax

(1)

2 2 2
(2) I_Xy_xz_

yz  zx xy

4a°b . 2ab® _ 4a*b ., 15xy* _ 6ay
524 * 15xy*  5ify © 2ab* bx

0 =B B P o T T x
sl Tr=— X2 X = —
(4) 2?2 0 xy T 248 2y a 2a° 3

b bt . 4a® b* b? b° b
a W'(bﬁ>_ T2 24 %48 T " 8a®



(7)

(8)

(9)

xy ooxt oLy
P R
ozl P

g N P

(—4a%h)®  3x%

218 (2a)?b

16a*6* ., 3x%y _ 4a’b

21232 7 4a?b Txy

(7a%6)? . 3x%y

213y © 35(—ab)?

49a*h? ( 35&35)3> _ 245a’b°

iy 3x%y 9x°y*

(—3x%y)? 8a*h? . (2a%x°)°
4a*h’ (—3x%)°® ~ 9p%°

9x®y? X(— 8a’h? )X 90°y° _ _ 3b’y

4a*h? 270y 4a'x® 2a°x
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Fractional Expressions

Simplify the following fractional expressions.

xi—1 6a

(1) T X7
_ (x+1)x—1) 5 ba
3 r—

[= 2a(x+1)

x24+2x ., x*—3x
(2) =9 =4
__xat2) o axla—3) a?
et3lx—3) = (x+20e—2) E+3)xE—2)

- 2 2 2
(3) {x 31) Xryzi‘!f
Y x

_Ag—) ” yPa+l) _ x—1
P (x+1(x—1) y

(@+b)? . b+ta
) b T B—a?

2 _ 2
= (£ =P (a+b)a—b)
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a—b . ab—b
at+ab ~ a+b
a=b atb _ _a—b ath _ 1
a*+ab " ab—b*  ala+b) T bla—b) ab

(5)

ala—b)? e ab+b?
b(a®—b?) a—b

ala—b)? . bla+b)

(6)

bla+b)a—b) a—b

x+1 42 s t1)®
2+4x+4 7 2+6x+9 ° x+3

r+1 x+2 x+3 1

(7)

2?2 X G NGt T G D@+ )@ +3)

r+ta xr’—a? xt—at
(8) (r—a)? X +a? (xr+a)?
_ _xta % (x+a)x—a) - (x*+a?)(x?—a?)
(xr—a)? 224a? (r+a)?

__xta . (x+a)x—a)  (FP+a>)xta)x—a)
- (x—a)? x+a? (r+a)? a

X 1
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Fractional Expressions

Simplify the following fractional expressions.

23
L + L = i + l = i =& First find the common denominator.
2r  3x 6xr  bx x

1 173_'_275
4r  6x  12x  12xr  12x

1 3 .5 _ 6 9 n 10 _ 7
2r  dxr  6x 12y  12x  12x 12x

2b_3b  5b _ 8 9 106 _ 9 _ 3b

(4) 3¢ 4da ' 6a 12 12a ' 12a¢ 12¢ 4a

2c 3¢ c _ 8¢ 9¢ 6c  23c
(5) 30p V20t T 206 ~ 12a6 T 1206 T 1246 — 12ab




J 66D
d Ex.
1.1 _ b, a _ a+b
at e Tt T
3 .1 3 . a _ a+3b
(6) a,r+bx7abx abr  abx
5, 3%+l bz , 33+l 8x+1
(7) r+ e _12+ ¥ ot
3 3=l _8x &=l 1
(8) r  x? ¥ g e
(9) 1+ 3 _ 2(x+3) 3x  _ _5x+6
x x+3  x(x+3)  x(x+3) x(x+3)
1) 2 4 2 __ 2+ 2—4)  _  4x
—4  x+4 (—)x+4)  —4)x+H4) (x—d(x+4D)
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Fractional Expressions

Simplify the following fractional expressions.

-3
x=5 x+5 _ (=57 (+5)? _ 20*+25)
b T 5 (FE5NE—-5) T LERhNE-51 (E+5)a—5)

x—~5 ax+b _ {@#—5)*  [(x+B)*
x+5 x=5 " (x+5)x=5) (x+5)x—>5)

*=10x+256—x*—10x—25 _ _ 20x
(x+5)(x—5) (x+5)(x—5)

il 2
X X

x+1 | 2y  3x+1
x? +?7 x?

x+1 1
(xr+2)%  x+2

x+1 x+2 1

(x+27  +2)?2  ~ (x+2)?

3 2
ab L be
3¢ 2a _ 2a+3c

- abc abc abc

3 2
(9) (z+1)x+2) ki (42 E+3)

3(x+3) " 2(x+1) _ 5x+11
x+1Da+2)a+3) " G+FDE+2)x+3)  (+Dx+2)(x+3)
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x  _ alx—=1) R
EJH_ =1 1 el a1 ]

1

(6) I+1+Tl
(e +1Dx—1) 1 x2—1 1 . &
a x—1 +x—1 o ox—1 Ea r—1 x—1
4 12
(7) 1_):—1 +x—3
_ (e—l)lz—8) _  dlx—3) L 12(x—1)
T {x=Dlkx—=3) GG-=D&x=3) " &=1)x—3)
_ xX*—4x+3—4x+12+12x—12 _ x*+4x+3
N (¥—1Jz—3) C (x—1D(x—3)
[z (x+3)x+1)
(x—1)(ax—3)
a a
(8) 1= l+a F l—a
_ (1+a)1—a) all—a) all+a)

7 T T Y g g
_ 1—a?—a+a®+ata?

(1+a)(l—a)
. a’+1 _ a’+1
C (1+a)l—a) | (a+1)a—1)
(o —+- 1 -1 ___1__
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Fractional Expressions

Simplify the following fractional expressions.

X
1 1 I 1 1
x+7  x—1 x=T7 x+l )Rcarrange terms into
_ S0l n) | 1)) matching pairs
(xr+7)x—17) (xr—1(x+1)
2% 2

+Dx—=7) —D&+]D)

2l a—1 ket 1)~ Tix—T)]
()~ — Ll 1)

_ 2P -1)—(x2—49)] _ 96
DT —Dx+1) G+ —1(x+1)

| S " 1
x—3 x+3 g1 x+1

_prdi——3 atli—{z—1)
 (x—~3)x+3) E—Lz+1)

_ 6 _ 2
T (=3 (x+3)  G—Da+1)

_ 6xr—=1)x+1)—2(x—3)x+3)
T =+ +1)

6(25—1)—2(x*—9)
(x—3) x4+ 3Hx—1)Mx+1)

_ 4x®+12
(=N x+N(x—1D(x+1)

B 4(x?+3)
T (x—3)(x+3)(x—1)(x+1)

(1)
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1 1 1 1
(2) 3T 2+3 a+z t a4

_ (a+2)—(at+1) _(a+4)—(at+3)

(a+ 1){at+2) (@ t+3atd)

_ i B 1
T (a+1Da+2) (a+3)at+4)

_ (a+3)a+4)—(a+1)a+2)
T (a+Dla+2(a+3)at+4)

(@@ +Ta+12)—(a®+3a+2)
 {a+D@+2)a+3)a+4)

_ 4da+10
T (a+Da+2)a+3)a+4)

[ _ 2(2a+5)
(a+1)(a+2)a+3)a+4)

First find the common
denominator of

112 4

a—1 a+1 a&*+1 a*+1

(a+1)—(a—1) 2 4

(@a—1)a+1) a+1 a*+1
2 2 4

at—1 a*+1 a*+1

_2@®+1)-2a*-1) 4
(@®—1)(a*+1) a*+1

4 4

at—1 a*+1

_ Al@*+1)—4(a*—1)
(a*—1)a*+1)

_ 8
~ (a'=D(a*+1)

[Z ass—J

(39
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Fractional Expressions

Simplify the following fractional expressions.

3
8, o.aw L
5 5 9=T1g
3
4 _Bap sl 1
(1) =4 9= X5 =13
TR e |
(2) 1_3 6—3><5—5
6
T

_clz_<1+i>+(l_i)_ atl , a _ atl
et a a a a—1 a—1

|| P N A ;
(3) 1+1—1.(1+I)—1><x+1_x+1
x
H% 1 +1 1 1
= e e B :I Ry
(4) 7+ (1+I>'(I+l) T I+ =



J69b
L Ex]

1 l)
1—|-; (l-i—a a _ wkd

1 1)y el
1 ” (l—z)(z

Multiply numerator and
denominator by a.

(6) =

14

1
P (l+m)(x+2)

(8) =
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Fractional Expressions

Simplify the following fractional expressions.

(1)

(2.)

(3]

x2+5x+6

x2+4x+4

_ 3 +2)

(x+2)?

_ x+3

x+2

(a+b)°—le+d)*

(a+c)—(b+d)?

_latbtctdlatb—c—d)
(E+g+o+aatc—o—d)

_atb—c—d

a—b+c—d

12a*> —6a 4g°—1

2 —a—1 12 +18a7—124
6a(2a—1) (2a+1)(2a—1)

(2a+1)a—1) X 6a(2a®+3a—2)
6a(2a—1) % (2a+1)(2a—1)

(2a+1)a—1) * 6a(2a—1)a+2)
2a—1

(a—1)(a+2)

J70
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a—b b—c G
(4) ab a be T ca

_cla—b)+talb—c)+blc—a)
N abc

ac—bc+ab—ac+bc—ab
abce

2 1
r—2 x+2

_ 20x+2)—(x—2) " 6—x
(x—2Nx+2) x2—4
_ EToTh—%
x2—4
__ 12
x?—4

_ 12
- (r+2)(x—2)

6—x
(5) * ri—4

3 S

(6) G DG+D ~ GFDG+3)

_ 3 t3y—=3t1)

T (D +2)(x+3)
3x+9—3xr—3

(x+1Dx+2)x+3)

- 6
T (x+D(x+2)Xx+3)
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Irrational Numbers |

KUMON

Expand the following expressions.

J71

V3 (2V6 +43) =218 +3=642 +3
(2493 +42)W3 +342)=6+646 +46 +6=12+746

(1) V3(2¥6 —412)=2418 —436 =6V2 —6
(2) (3418 —5V8 W3 =3454—5v24 =946 — 1046 = —46
(3) (V5 +542)(2V5 —42)=10+9410 —10 =910
(4) (V5 +442)(24/5 —242)=10+6Y10 — 16 = —6+6+10
(5) (3¥2 +43)W2 —2V3)=6—-5Yy6 —6=—5V6
Definitions:
. :All numbers that can be expressed as fractions
Rational numbers . 3 18 23
or integers, e.g. 4, 0, — 3, 10° "5 6"
Real Numbers

Irrational numbers

:Numbers that cannot be expressed as fractions,

eg. v2,—45,n



J71D

[(JE+«/§)2—(«/€)Z+2Mxﬁ+(@)2—9+2«/ﬁ—9+64§]

(6) (W2 +46)2=2+4+2V12 +6=8+4/3

(7) (W6 —43)2=6—2J18 +3=9—642

(8) (3V2 —46)2=18—6412 +6=24—1243

(9) (243 +46)2=124+4418 +6=18+12V2

(10) (246 —3v2)2=24—12VI2 +18 =42—2443



J72a KUMON

Irrational Numbers |

Expand the following expressions.

(7 + 2403 )T 243 )= (T 2 — (243 )2=7—12= —5

)

(1) (7T +5)(7 —5)
=7-25=—18

(2) (5 +43)J5 —43)
=5—3=2

(3) (347 +345)(347 —345)
=63—45=18

(4) (3d2 +243)(243 —342)
= (243 +342)(243 —=342)
=12—18=—6

(5) (5—+45)(—+5 —5)
—(5—=45)(5+45)
—(25—5)=—20

J72
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(6) (W10 —+2)2
=10—2420 +2
=12—445

(7) (W2 +43)W2 =43 +1)
=2—46 +42 +46 —3+43
=—1+42 +43

(8) (W3 442 +46)2

Use the formula

= 342464206 +2412 +2418 < _ O o
=11+2V6 +4V3 +642 [J4D]

(9) (W3 =42 +46)2
=34+2+6—2V6 —2412 +2418
=11—2V6 —443 +642
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Irrational Numbers |

Expand the following expressions.
-3
(3 442 +45)W3 +42 —45)
=[(3 +42)+45[(¥3 +42)—+5]
= (W3 +42)2—5
=3+2V6 +2-5
=246

(1) (V3 =42 —45)W3 =42 +45)
=[(¥3 —42)—45[(¥3 —42)+45]
=3 =42 )25
=3—246 +2—5
= —246

(2) (3 +42 —45)W3 =42 +45)
=[V3 +(W2 —45)IV3 —=(¥2 —45)]
=3—(¥2 —45)?
=3—(2—2410 +5)
=3—242410—5
= —4+42410

(3) (V2 =43 +46)"2 +V3 —46)
=[V2 —({3 —=¥6)]V2 + (Y3 —6)]
=2—(/3 —46)?
=2—(3—2418+6)
=2—3+2418—6
= —74+642



J73b

(4) (W2 =43 +45)42 =43 —45)
=[(¥2 —¥3)+45 I(¥2 —43)—451
= ({2 —43)?-5
=2-246 +3—5
=—2V6

(5) (W2—43+45)/2 +43 =45)
=2 —(W3 —45)IV2 +(¥3 —45)]
=2—(3 —+5)?
=2—(3—2415 +5)
=2—3+2415—5
= —6+2415

(6) (Y3 +45 +47 + D3 +45 =47 —1)
=[(V3 +4¥5)+ (W7 +DIW3 +45)— (7 +1)]
= (/3 +45)2—({7 +1)?
=(3+2415 +5)—(7+247 +1)
=3+215+5—7—2J7 —1
=215—2V7
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1. Rationalise the denominators.
(Eliminate the radical sign ¥  from the denominator.)

5 EeE . E

V5 ~ A5 x45 5

(3) ﬁ:ﬁXﬁ:Jg
243 243X43 6

(4) V6 _ J6x42 _ 243 _ 43
W2 3W2x4A2 6 3

1 V1 1 1 . 1s4E

(5) Ja=tLl-1l__L_ -5
20 420 420 245 245x45 10

(6) 5V2 _ 542x46 _ 5412 _ 1043 _ 543
246 246 X46 12 12 6




J74D

2. Rationalise the denominators, then evaluate.

3

(1) <2 —3=%3 _3-_13

(2) 2f—§ +2@=@+2«f€:3{€

3V8 , V6 _ 324 , 46 _ V6 _ 4V6
(3)2f§+3_6+3_‘/€+3 3

(4) 3@—4@4—@:15@—1654-%:—%

(5) 6—%5 _ ﬁ(ﬁgzﬁ) _ 64?3—6 —9/3_9

(6) ﬁ_ﬁ_M_@_ZM_@_8E_3E_5@
3 8 3 8 3 4 12 12 12
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Irrational Numbers |

Rationalise the denominators.

1 ___43-1 431
V3+1 (3+DE3-1) 2

1 5 —1 V5 —1

(1) 5+l (5 +1)W5—-1) 4

4 __ 4H43-1) _463-1 _,m_
2 BT W AOTE D 2 sl

(3) 4 __ 405-1D _4(5-1 _ gz,

5+1 (5+1)W5—-1) 4

1 43 —42 342 =
) R ETWmEeE T 1 82
(5) 1 @4‘@ —ﬁ+ﬁ=ﬁ+ﬁ

73—42 (3 A2){3+42) 1



J75b
L Ex.

Y241 W2+1?2
¥2 -1 (W2 -1DHW2+1) =3+292 J

V2-1 _ (2-1? _2-2442+41_,
) BT T WZHnez-D 1 S
V5 +43 _ (+5 +43)? _ 842415 _
) 5 T o5 T 2 AT
() $5-V3 _ (5432 _ 8-215 _, =

V5143 (G445 43 2 ¢

(9) A5+2/3 _ (5 +203)(/5 +43) _ 11+3415
V5 —43 (5 —V3){5 +43) 2

(10) V5 —4¥3 _ (45 —43)W5—243) _ 113415 _ _ 11—-3415
V5 +293 (V5 +243)W5 —243) -7 7
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Irrational Numbers |

1. Rationalise the denominators.

I
) mE

_ V2 (3 +42) A6 +2
=W oW i 1 8+

(2) 6=2V3
V6 +243

_ (6—243)2 _18—=134d2
= Weroe—3) — =6~ 3t

3-42

_ @3 —ad2)B+42) _ _,_
B

(1) 243 +8
3+43

_ (2V3+8)(3—+3) _ —2V3+18 _ —V3+9
3

(3++3)3—+3) 6

(5) 342 +243
243 —342

_ (3/2 +243)(2/3 +842) _ 1206 +30 _ o455

(243 —342)(243 +342) = —6

J76
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2. Simplify the following expressions.

1
(V3 +42)2

_ (Y342 ) _5-246 _p_
= WEH R RI TR (aogp O 28

(1)

S
(2) To—vz7

_ (10++42 )? _ 124445 _ 12+4V5 _ 3+45
(W10—+2 )2(410+42 )2  (10—2)? 64 16
(3) 2 3
6 —43  3—46
3V2 (V6 +43) 3(3+46)

S W6 —A3)AB6+4B) (B—A6N3+45)

_ 6V3+3V6 _ 94346
3 3

=2/3+46 —3—46 =2V3 -3

1 1
) e Tl

_ (3 4422+ (W3 —42) _ 5+206 +5—246 _
(Y3 =42 )2(3+42)? (3—2)?

10
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1. Simplify the following expressions.

(1) (W3 442)2=34+2/6+2=5+276

(2) (V5 +42)2=54+2/10+2=7+2410

(3) (W7 4+42)2=742{144+2=9+2/14

(4) (W2 +1)?2=24+2/2+1=3+242

(5) (W6 —43)2=5—-2/15+3=8—2415

(6) (W5 —=42)2=5—2410+2=7—2410
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From (V3 ++2)2 = 5+2«/_' we can deduce:
V5+246 =443 =43 +42 (see Note below)

(A term with a radical sign under a radical sign is called a double radical.)

2. Simplify the following expressions.

JTF 0 = {5447

i T
512 5%9 Look for two numbers that

multiply to 10 and add to 7.

(1) A9+2y1d =+7+42

(2) V3+202 =V2+V1 =42 +1

(3) 6525 =V5+4T =15 +1

(4) A6+2{8 =V4+42=2+42

(5) 41042421 =4T7+43

Note: V5+276 = —v3 —+2 is not correct.
(V5+246 should be positive, but — Y3 =42 is negative.)
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Irrational Numbers |

Simplify the following expressions.

+ 8 2«/75 ={5—43 (The answer is not ¥3 — 5, see Note below.)

5 “L 35 X 3 =D Look for two numbers that multiply to 15 and add to 8.

(1) +7—2y10=45—-42

(2) A10—2421 =47—43

(3) ¥15—2450 =410 —45

(4) 46—245 =45 —4V1 =45 —1

(5) 45—2y6 =43 —42

Note: ¥8—2415 =3 —+5 is not correct.
(¥8—2415 should be positive, but¥3 —+5 is negative.)
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B3
VA+V12 =V4+2{3 =V3 +41 =43 +1

Rewrite to give 2 in
the position shown.

NT+H473 =AT+2412 =44 +43 =2+43

(6) 46—420 =46—2/5 =45 —+41 =45 —1

(7) A7T—{I8=47—2J12 =44 —{3=2—-43

(8) V8+4y3 =+8+2/12 =46 +42

(9) 12—643 =+12—2427T =49 —-V3 =3—43

(10) +V19+843 =419+2448 =+16+43 =4+43
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Simplify the following expressions.

. .
TTTT = [At2d3 _ J4+2d8 _ A3+1 _ {6 +42
2 V2 ¥z 2
Note ‘r—‘/__
m:,\;z(z'; 3)

_ [6+2v5 _J6+275 _ A5 +1  J10+42
(1) 43+J§\/ ) = R i 5

——_ (8—247 _V8—2J7T _N7-1_ J14-42
(2)444?—\/2 e

—=—_ [10—2421 _ ¥10—2421 _ V7 =43 _ J14 =46
(3)5Jﬁ~,\/2 R R

_ [14+2445 _ J14+2445 _ 3445 _ 3/2+410
(4) «f?+m—\/ : == 5
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- Pay close
VO+3/8 =49+642 =¥9+2/18 =46 ++3 =D attention to the
2 o underlined terms.

(5) +28—5412
= 428—104/3 =428—2475 =425—43 =5—43

(6) +14+3420
=y14+645 =V14+2445 =9 +45 =345

(7) 41142430 —411—2430
=@W6 +45)—(W6 —45)=245

1

8 —_— e
(8) 11—447

_ 1 _ 1 _ 1
T J11—2y38 AT—44 T -2
{7T+2 _ AT +2

WT=2)NT7T+2) 3
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1. Simplify the following expressions.

(1) Y44+2V3 =43 +1

(2) ¥8—2415 =45 —43

J 80

Va+243 J?#q,: V6 +42

(3) 42+43 = =

f2

2. Simplify the following expressions.

1 1
(1) ==y Tera)e
_(2+43)2+(2—43)?

T (2—43)22+43)?

T4 3 +7—443
(4—3)?

=14

1 1
(2) J12+2435 | 412—273%

1 1
R I e
(T —A5)+ (T +45)
(V7 +45)(7 —+5)

_ 24T _
=5 =AT

2
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3. Simplify the following expressions.

(1) (342 +243 +46)(3V2 —243 +46)
=[(3¢2 +46 ) +2V3 1[(3¥2 +46 )—243 ]
=342 +46)2—(243)?
=24+6412 —12
=124+12/3

(2) 45— 34 [t

g5 2 _ gz A5 2d5 _ 1045 —545 +445 _ 945
2 A5 2 5 10 10
(3) 32 __ 3
{6 =43  3—46
_ 3W2(6+43) _ 3(3+46)
(W6 —V3)W6 +43) (3—46)(3+46)
_ 6Y3+3Y6 —9—346
3
_6V3-9
3
=9J3 —3
(4) 342 43 V6
73146 V6442 A3 442
3Y2 (V3 —46) 13 (6 —42) V6 (Y3 —42)

:7ﬁ+@m@>@77@4&wm—ﬁvﬂﬁ+@m@—@d

36 —3412 _ 418 =446 | 18 =412

3—6 6—2 3—2
_ —643 _ 1242 —446 , 3V2 —243
= 4 1

= —46 +243 =342 +46 +342 —243
=0
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1.If x=5++3 and y =53, evaluate the following expressions.

(1) x+y=6G+3)+(B-3)=10

(2) xy=(5B+43)5-43)=25—3=22

2. Ifx=+45++2 and y =45 — 42, evaluate the following expressions.
(1) x+y=W5+42)+(5-+2)=2V5

(2) xy=W5+42){5-42)=3

2 +4£ and y = 3—4«/;’ evaluate the following expressions.

3Ifx=

3+£)+<3—E>: 2 B g

(1) r+;j=( i 1

3+~/§)<3—J€>: 146 _ }1

(2) I;/Z( 7 1
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4. If r= ﬁ and y = ﬁ, evaluate the following expressions.

(1) x+y=(@1+1>+(f§l—l)
@24 +«f§2+1

=43

@ w=(FE)=T

_ A7T—=45 _ AT+A5 : :
5.Ifx= JT4AE and y = 77T —45 evaluate the following expressions.

_(AT—=A5 NT+45
W =) (T E)
_ (ﬁ—£)2+(ﬁ+«/§)2
2 2
12—2435 +12+2435
2

=12

@ o= g
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1. If x+y =a and xy = b, express the following in terms of @ and b.

(1) 2+y*=@+y?—2xy=a?*—2b

(2) x*4yt= (44322122
— (3P DR — T} from ( 1 ).

=aq*—4a?b+ 42— 242
=a'—4a’b+2b*

Use your answer
from (1)
(.37 (= _g'/)z =x2— 21’!/""5/2 Alternative Solution
=12+t —2xy (x—y)?=(+y)?—4dxy
i P
= a?—2b—2b =a’—4b
=a’—4b

(4) 2B+y8=+y3—[ 3 Jrylx+y)
= a®*—3ba
=a’*—3ab
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2. Ifxr=2++3 and y = 2—+ 3, evaluate the following expressions.

(1) x+y=02+43)+(2—43)
=4

(2) xy=2+43)2—43)

=1
Use your answers from

(3) 224y =(G+y)2—2xy (1)and (2).

=16—2

=14

Use your answers from

(4.} othgpt= G5t~y - (2)and(3).

= 1422

=196—2

=194

Use your answers from

(2)and(3).

(5) (—y?=x"—2xy+y°

Alternative Solution

=22+ y?—2xy (r— ) =[(2+43)—(2—A3)]?
=14—2 =(2/3)?
=12 - 12

(6) x*+y¥=G+y)3—3xylx+y)
—64—3X1X4 Use your answers from

(1)and (2).
=64—12
=52
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1.If x=+5++3 and y=+5 — 3, evaluate the following expressions.

(1) x+y=W5+43)+H5—-43)
=2/5

(2) zy=H5+43)W5—43)

=5—3
=2

(3) a+yi=(t+y)*—2xy
=(245)2—2X2
=20—4
=16

(4) I4+y4=(12+y2)2_21,2y2
= 16*—2.%4
= /56 —8
= 248

.. N 2 Alternative Solution o
( 5 ) (I I/) X 2I‘7+U (I*_lj)z — [('\"?4’1‘?)7(«.‘?*\1’ 3 )]2
=16—2X2 :(2‘/?)2

=12 =12

(6) B3+ =(x+y*—3xy(x+y)
=(2/5)°—3%x2X%2V5
= 4045 — 1245
=28V5
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2. If x=4+2Y3 and y = 4— 273, evaluate the following expressions.

(1) x+y=U+2/3)+(4—243)
=8

(2) xy=UA+243)4—243)
=16—12
=4

(3) x224+y2=@G+y)2—2xy
=64—38
=56

(4.} O yr=lerbyP—3alety)

=83 —3X4X8§
=512—96
=416
2 2
(5) L gZ=dta.
X i Xy
_ 56
4
=14
1 2 2
(6] = poy=d i
oy x%y
_ 56
16
7
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LH1=4;iﬁfmdy=E;%?yWMMwmcmmwmgmmﬂmm&

(1) x+y=(2+u§)+<2]J§>
=2—V3+2+43
=4

‘2 I”:(2+L§)<2JV§>:1

(3) xX24+yi=(x+y)?—2xy
=16—2
=14

(4) 24y =(x+y)?—3xylx+y)
= 4+ 8K 1ol
=64—12
=52
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2. If x ? 51 ? nd y gt :g evaluate the following expressions.

_(A5—43\ (45443
W =R RS
(Y5 —43)" (Y5 +43)
h 2 2
_ 8—2415+8+2415

2

=8

,-\
X

—_
i |

v AER)

(3) (x—?=Q+y)?—4xy

=064—4
=60
2 Y 13+y3
(4) y—g+?— pe
(x+y)3— 3IJI+J)
B Byt
=8*—3X1x8

=488
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1. Evaluate the following expressions.

frxr+y=+2 and 2+ 42=6

)Pty 2—-6
XY =

2 =g — ¢
(1) Hax+y=+6 and x?+y% =14
(x+y)?—(P+y*) _ 6—4
2 2
(2) Ifx—y=+6 and x2+y%=
_ G 6—4
(3) fx—y=+3 and x*+42=5
_ =g+ 3-5
= 2 T2

Ifx+y=+10 and (x—y)2 =2

_ Gty =G=y?® _ 10-2 _ 9
Xy 4 4

=-1

=1

J85
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2 Ifx+y= Y3 and 22+ y* =5, evaluate the following expressions.

(1) xy

_ Ci+y)F— (e +32) _3—b
2 2

=—1

L2y 4
=(x+y)?—3xylx+y)
=({3)3=3X(—1)XV3
=3J3+343
=673
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Any positive number « has two square roots.
(For example, 9 has two square roots, 3 and — 3.)

1. Complete the following exercises.

(1) The square roots of 16 are: L 4 Jandl —4|
(2) The square roots of 25 are: | 5 Jand| =5
(3) The square roots of 52 are: [ 5 Janal =5]
(4) The squareroots of (—5)? are: L8 |and | =5

The square roots of a are the positive root, va,
and the negative root, — Ya.
(For example, V9 =3and —4¥9 = —

(5) +36=[ 6 |
(6) —+36=[—6]
(7) A(=52=[5 |
(8) —A(—52=[=5]

Note: The symbol ¥ refers to the positive square root.
Va is called the principal square root of a.
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2. Determine if the underlined are true or false. If true, write “True”. If
false, write “False™ and the correct answer.

(1) +5%2= S5and —5 False/correct answer is 5
(2) (—5)f = —Fb False/correct answer is 5
(3) J9==3 False/correct answer is 3

(4) —JT@=:W4 True
(5) +(3—-1%==2 False/correct answer is 2

(6) 4(1-3)?=2 True
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1. Evaluate the following expressions.

(1) Whena=—2, va®=+4(—2)2=2
(2) Whena=—1, Va2 =+(—1)?%=1
(3) Whena=0, Aa?2=+V02=0
(4) Whena=1, A2 =+12=1
(5) Whena=2, Va?=+22=2

(6) Whena=3, Va2 =432=3

(7) Whena=—3, Va®=+(—3)=3

2. Fill in each blank with either a, —a, a?, or —a®.

(1) Whena=0, (ais 0 or a positive number), ¥ &> = E

(2) Whena<0, (aisanegative number), va? =
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3. Evaluate the following expressions.

(1) Whenx=25, V(x—3)2=+(5—-3)2=2

(2) Whenxr=4, V(x—3)2=4(4-3)2=1

(3) Whenxr=3, JV(x—3)2=4(3=-3)2=0

(4) Whenx=2, V(x—3)2=4(2-32=1

(5) Whenxr=1, V(r—3)2=4(1—-3)2=2

(6) Whenx=0, J(x—3)2=4(0—3)2=3

(7) Whenx=-—1, (x—3)2=4/(—1-3)?2=4

( Note Summary )

* When a=b,V(a—b)*=a—b <& When the term in brackets is positive or zero.

* When ¢ < b, ¥(a—b)* = —(a—b) ==D When the term in brackets is negative.
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Rewrite the following square roots.

==

r—3 (whenx=3) =D Fromx—3=0.

B l—(x—S) (whenx<3) =B From z—3<0.

x—2 (whenx=2)

(1) 8 G—2)F= {
—(x—2) (whenx<2)

(2) =7 1 x—1 (whenx=1)
s —

—(x—1) (whenx<1)

x+1 (whenx=—1)

(3) V'(I'i‘l)z:‘{
—(x+1) (whenx<—1)

[ = (when x=0)

(4) %= 1
—x (when x<0)



[ x—4 (when x=4)

(5) {(x—4)?%=
AT when x
[—(@—1) (whenx<4)
(6) m_] x—a (whenx=a)
xr—a | —(x—a) (whenz<a)
(7) V(x+3)? x+3 (whenx=-—3)
x =
—(x+3) (whenx<—3)
(8) m—[ x+a (whenx=—a)
x+ta 1—(x+a) (when x< —a )
(9) +(x—2a)? x—2a (whenx=2a)
xr—2a) =

—(x—2a) (when x<2a)
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3

Rewrite the following square roots when x > 3.

V(x—1)2=x—1 =D Ifxr>3,thenx—1>0 is always true.

1. Rewrite the following square roots when x> 5.

(1) V(x—2)P=x—2

(2) A(x—4)Y=x—4

-3 S

Rewrite the following square roots when x> 3.

G=5" [ xr—5 (whenx=5) %D Fromx—5=0.
i =
1_(1—5) (when3<x<5) =D Fromx—5<0
e and x> 3.

2. Rewrite the following square roots when x> 2.
x—3 (whenx=3)
(1) +(x—3)¢= {
—(x—3) (when2<x<3)
x—4 (when x=4)

(2) 4(1—4)2=*{
—(x—4) (when2<x<4)
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3. Rewrite the following square roots when x > 4.

(1) A (x—2)?2=x—2

(2) Y(x—4)?2=x—4

ol o x—6 (when x=6)
: x—6)?2=
—(x—6) (when4<x<6)

4. Rewrite the following square roots when x < — 3.

(1) v(x—2)?=—(x—2)

(2) 4(x+2)?=—(x+2)

x+5 (when —5s<x<-—3)
—(x+5) (whenx<—5)

(3) Ax+5)2=



Jq0

J@0a KUMON

Irrational Numbers Il

1. If x r+ I3 and y J_— I3 evaluate the following expressions.
T T T &P

b (RS
_ (74437 | (T—=43)

4 4
_ 10+2421 +10—2421
4
=5
(2) (F+F><ﬁ4§>=l
VT =43 ANAT+43
K x y"’-l-xz
(3) 3+ T
_ ()P —2zy
B xy
=25—2=23
L ok
(4) 4 + =
() =3xylx+y)
B Xy
=53—-3X1X5

=110
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2. Rewrite the following square roots.

x—2 (whenx=2)

(1) +(x—2)= {
—(x—2) (whenx<2)

( x+5 (whenx=-5)
1—(x+5) (when x < —5)

x—a (whenx=a)

—(x—a) (whenx<a)

(1) RS { x+2a (whenx=—2a)
x+2a) =
—(x+2a) (whenx<—2a)

—{_Consider this! '

Rewrite the following square roots.
(1) +a*

—r __ o9 2 Whether @ =0 or @ <0, then > =0 in
[Sol] a' = (62)2 - = either case. l
(2) Aa®

[Sol] v a® =+ (a®)? ==m The sign of @° depends on the sign of a.

Vb = [ (whena=>0)
l (whena <0)

‘ 8 55
gD — ‘P LD SIOMSUY
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Solve the following quadratic equations.

R Ex. 1] REx. 2
22+3x—10=0 6x:—x=12
[Sol] (x+5)(x—2)=0 [Sol] 6x2—x—12=0
r=—5,2 (3x+4)(2x—3)=0
ex _m d
* ER
(1) xX°4+5x+6=0 (3) x2—6x=16
(x+3)x+2)=0 ?2—6x—16=0
x=-3, —2 (x—8)(x+2)=0
x=8, —2
(2) x*—12x+35=0 (4) FP—2=3
(x—Tx—5)=0 2¥—x—2=0
x=7,5 (x—2)x+1)=0

x=2, —1
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(53 (e—Blx—L=0 (9) x*—2x—35=0

x=2,1 (x—T(x+5)=0
x=17, —b

C6) Cr—3xt+2)=0 (10) x*+2x—99=0
x=3, —2 (x+11)(x—9) =0

x=-—11,9

(7) Bx+2)5x—6)=0 (11) 2x2—17x+30=0
x=—%, 2 (2x—5)(x—6) =0

5
x=5,

(8) x(x—6)=40 (12) 3x2=8—10x
2—6x—40=0 3r2+10x—8=0
(x—10)x+4)=0 (Bx—2)x+4)=0
x=10, —4 2

ng, —4



Jg2
J32a KUMON

Quadratic Equations |

Solve the following quadratic equations.

(1) x*—8x+15=0 (4) x2—3r=0
(x—5x—3) =0 wHx—3)=10
x=5,3 x=0,3

(2) m?>—3m—10=0 (5) 3x2—x=0
(m—5)m+2)=0 #(8x—=1)=10
m=5, —2 1

x=0, El

(3) 2a*—13a+6=0 (6) 282=Tx
(2a—1)a—6)=0 252 —Tr=0

e Al 6 x(2x=7)=0
a=-,

ro|~a
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(7)

(8)

(9)

2x2—5x+2=0

Cxr—1D(x—2)=0
_1

x=5, 2

22+r—12=0

(x+4)(x—3)=0
x=-—4,3

24+r—420=0

(x+2D(x—20)=0
x=-—21, 20

(10 4ef—x—18=0
(dx—9Nx+2)=0

x=%, —2

(11) x*—3axr—28z%=0

(x—7a)(x+4a)=0
x=Ta, —4a

(12) 2x?—axr—a?=0
2x+a)x—a)=0

—_a
x=—%,a
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Solve the following quadratic equations.

Ja3

S Ex.
@O 4x2—25=0
[Sol 1] (Zr+bi2x—b)—=0 [Sel2] 4x*=25
__ 95 5 25
xr= 5 o z=T
I=i—g~
@ 12=18 3 2¢7=3
[Sol] x= =418 [Sol] x2= %
= +3/2
(1) 4x2—9=0 (3) 9r2=144
(2x+3)2x—3)=0 =16
_ B8 B x==4
= 9 s
i
h“iz}
(23 Jdgt=0H] (4) ##2=12
x2:8—1 x =412
=+2/3



(5) &% =50
x==£450
= 5.2

(6) 2x2—5=0

D=5
1’2:%
ems [T
V10
= 2

(7) (x+8)(x—8)=225

x2—64 =225
x2=289
x==x17

)

2(x+5)(x—5)+21=7
2022 —25)=—14

x?—25=—17
t*=18
x=+418
= +3/2

(243x)2+(2—3x)° =26

44+12x 492 +4—12x+ 92 =26

18x%24+8 =26
18x2 =18
=1
x==x1
x+1\V x
um( 2)2_2
P2l
4 2
2242x+1—-2x=28
gr=7

x==47
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Solve the following quadratic equations.

J94

R Ex. 1 R Ex. 2|
(r—2)2=5 (r—3)2=25
[Sol] x—2= +45 [Sol] x—3= %5
=245 r=23%5
x=8, —2
(1) (x—12=7 (4) (x+3)2=4
x=1==A4T whS==k?
x=1x47 xr=—3%2
x=i—1, —b
(2) (x+3)%2=5 (5) (x—5)2=25
r+3==+45 Fr—5=uth
x=-3%45 r=5%5
x=10, 0
(3) 2*—6x+9=2 (6) (x—3)2—9=0
(g—3P=2 r—3= =3
x—3=+42 r=3+3
x=3+t42 x=6,0
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(73 Br—-3P=2

2xr—3= =5
2r=3%x5
= o fmrts
2
x=4, —1

(8) (3x+5):=4

3x+5==x2
3r=—5=x2
_ —5=x2
3
7
X = —1, —?

(9) (2x—3)?%—4=0

(2x—3)2 =4
2xr—3==x2
2r=3=%x2
e B
2

o5 1
2?7 2

(10)* 2x—3)%2=a (a=0)

or—3=+ia
2x=23%4a
x=3iﬁ
2
(11) (ax+5)?%=b (a#0,6=0)

axr+5==x4b

ar=—5=x4b

_ —5+4b
A= a

(12) (ax—8)*=c? (a#0)

ar—b= *c

ar=bptc¢
_b=xc
e
a
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Solve the following equations by completing the square.

23

2—6x—1=0
[Sol] ¥2—6x=1 Add 3% =9 to both sides.
G ) This is called
g +9 = l+Y completing the square.
(x—3)2=10
r—3==410
r=34410
(1) #*—62—3=0 (3) x+6x+6=0
?—6x=3 2+6x=—6
22—6x+9=34+9 224+6x+9=—64+9
(xr—3)2 =12 " (x+3)2=3
r—3==£412 1+3==£43
=+2V3 x=—3%43
x=3+2/3
It may help to write
this step as
fo—243s 32 = 34385
(2) x*—8x+5=0 (4) #**—2ax+1=0
x2—8xr= -5 [Sol] x2—2axr= —1

I2*81+16:*5+16 I2_2(11+:_1+

b=t =1 C @=a =]
x—4==A411
r = 4211 r—a=+4d[@=T

r=axVa’—1

J95
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f
=By~ =0
[Sol] 2—5x=7T
) Add (%)zto both sides.
2

5\? 5

2 O - e

x 51+<2> 7+(2)
_BY _ 53
il 4

5 _ 453
Y TE
5+ 453
1‘_
2
(5) x*=3x—7=0 (7) x”—%x—é 0
2 _ _
! 33§ ! 3 2 I2+ix:i
12—31+<7) —7+(7> 1 2
2 2
R jr“r—x+(L =i+(i)
1IN 38
x—%=i@ <” 8) =64
3+ (37 gl = e TR
x = D) 8 8
_ —1+433
rT="3
(6) x*+x—1=0 (8) x%+axr—4=0
+r=1 [Sol] x*+ax=14
1% 1\® a \’ a \’
Iz-l-x-l-(?) =l+(7> xz+ax+<?) =4+(?)
2
(H,l):i a \?_ 16+[a’]
2) T4 +g ) = —
x%i:iﬂ a _ V16 +a?

x=# - —axt16+a’
. 2
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Solve the following equations by completing the square.

P Ex. (2) 4x?43xr—2=0
2r2—3r—1=0
X X _I'2+i.r:i
[Sol] rz—ix*i A .
- 2 2
. 2 xz—i-i;ﬁ- i) L—I—(i)
3 (3>2 1 (3)2 4 8 ) 2 3
rw——=x+>) ==+ 3\ _ 41
2 4 2 4 (x—{—?) ol
_BY_ 1w 3 V41
G J 16 Ty S ey
—3+441
4 4
_ 3+417
I_
4
(1) 3x24+5x—3=0 (3) 4x*—5x—3=0
2, 9 _ 29 _ 3
x°+ 31—1 x 41— A
52 52 5 (5)‘2 3 (5)2
2 gl b — X i .2 — = S
x+3x+ 6) 1+(6) 5 4I+8 4—|- 3
-3 -2
6 36 8 64

o
ol <
S|
e
I
o
3
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3
3x2—5x+2=0
[Sol] IL%I: ,%

o

2_ 9 (_)2__1 (2)2
T Sx+ 5 3+ 6

5 _ 4L
i 6—4;6
ol 1

= — 4 =

7% "6
x=1,%

=
|

= sl

/;‘\
|
(—0|b—‘
\-_,é\___/
Il

L‘N
I
w|m
=
+
N
%!

[
| ol wo|—
+
—
OJ|»—-
e

I
H @
H ww

c,o|r—- w|l\3

~
|

= o
[

O.)|r-—-

=
I

—_—
|

I—%:il
x=%il
=5 1

2° 2

(6) x*—2ax=0b

*—2ax+a*=b+a?

(x—a)?=b+a?

= AT
x=ax'b+a®
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Quadratic Equations |

KUMON

1. Solve the following equations by completing the square.

(1) 3r2=7x+2=0 (3)" ax®+br+c=0 (a#0)
o1 __ 2 2, b
X 3.r 3 [Sol] x*+ a,r 7
o T (l)z_i (i)z 2, b (L)Z_L (L)Z
* 3I+6 3+6 x+ar+2(z a+2cz
7 c
6

25
36

P LN _(bV_c
=)= rg) =(3) -
7 ..., B b\2 _ b —dac
T T @+m>— i@
. b Ab*—dac
F=F 6 Fg, =% 5,
_ 1 _ —b=*x+ib’*—4dac
I—Z,— x =
3 2a
(2) 322—Tx+1=0
o1 _ 1
gt 3
a1 (l)z__L (l)z
x 31+ 6)= 3+ 5
1)1
T%6) 7 36
T _ L A3
I—g—i 6
7+437

=

=721
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From J 973, question 1.(3):

Quadratic Formula )

_ —bxAb’—Mdac

When ax?+bx+c=0, x=

2a

2. Solve the following equations using the quadratic formula.

L Ex.

3¢ +9x+2=0
[Soll] a=3,6=9,c=2
_ —9k49E—4X3X2

* 2% 3

— B 8l —24
6

. —9+457
G

5N

(1) 3x2—9x+2=0

[Soll a=3, b=[ —9|, c=2

9+ (—9)2—4X3X2

= 2% 3
0+4/81—24
- 6
_ 9+457
o 6

(2) 2x2+7x+1=0

a=2,b6=7,c=1
=74 TP—=4X2X1
- 2X2
—7X£449—8
4

—7+ 41
4

(3) 22%—Tx—1=0

a=2,b=—-7, c=—1

CTEAN(=T7)2—4AX2X(—1)
I_

2% 2
7444948
- 4

_ 7457
-1
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Quadratic Equations |

Quadratic Formula )

= —bx+b?—4ac
- 2a

When ax?+bx+c=0,

Solve the following equations using the quadratic formula.

302+ T7x+2=0
Sofl g —TENTP—4X3XZ _ —T+425 _ —7%5
Lol = X3 =76 6
x=—%, —2
(1) 322—Tx+2=0 (3) 3x2—5x—8=0
_ TEA(=T7)2—4Xx3 %2 _ 5%4(=5)2—4X3 X (—8)
- 2%3 L 2% 3
_ 7+425 _ 5+4121
T 6 6
_ 7£5 _5*11
-6 -6
x=2, % x=%,—1
(2) 3x*4+5x—8=0 (4) 2x%4+7x+3=0
_ —5+452—4X3X(—8) =7 ETT—4X2X3
a 2X3 a 22
_ —5+4121 _ —T7=+425
- 6 - 4
_ —5=+11 =75
G 4

-1 _8 N B
x=1, 3 x=—5, 3
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(5) 2x*4+5x+3=0
_ —5+452—4X2X3

- 2% 2
_ —5+1
B 4
-y _3
x— 1’ 2

(6) 2x*—5x+3=0

_ 5+4(—=52—4X2X3
R 2D

o

*+1

(7)) 212°+7x—1=0
_ —TEAT?—4X2X(=1)

2X2

_ —T+457
rT=""4

202—Txr+1=0
CTEAN(=T)?—4x2X]
= 2X2
T+441
4

4x2—9x+3=0

_ 9£(—9)>—4Xx4 X3
x_

2X4

9+33
8

324+ 7r—6=0
— 7472 —4X3X(—6)

2X3
74121
6
—7+11
6

-2 _
x=-3, 3



J39a KUMON

Quadratic Equations |

Quadratic Formula )

—h+Ap2—
When ax®+bx+c=0, x= L 2{!; e

Solve the following equations using the quadratic formula.

—2x*=Tx+3=0 Multiply both sides
[Sol] 2x24+7x—3=0 hy—k
—7+473
x:i
4
(1) —2x*—7xr—3=0 (3) —4x*4+9x+2=0
202+ 7x+3=0 4x2—9x—2=0
=725 _ 9+4113
X— rxr=—
4 8
=S
o 4
N T
x=—7, 3
(2) —22245x—2=0 (4) —2x*—T7x—1=0
2x2—5x+2=0 222+ 7x+1=0
5449 — 74441
A rTr=—"
4 4
_ B£3
4
1

1'22, ?

J99
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(5) 3x%+5x+1=0

—5+413
=g

(6) 3x*+5x+2=0

_ —5+1
= 6

—_2 _
X = 3° 1

(7) 222+5x—1=0

_ —5&488
=7

(10)

~ 2%+ Lle—2 =0

1202 —11x+2=0
_ 112425

T

_ 11+5
=2

.7c=Ai
3’ 4

—~ 3% Tr—2=0
3x*—T7x+2=0

_ 1425
T

TEb

— 3 —Tx+5=0
3x2+7x—5=0

_ —7£4109
56
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Quadratic Equations |

J 100

Solve the following equations using the quadratic formula.

(1) 3x2%249x+5=0

—9+421
L&=—7F

(2) 2x*4+7x+3=0

_ —T7+425
p= LY
4
=
a 4
N S
X = 2’ 3

(3) —#F—TE+3=0

22+7xr—3=0
=761
sy P VO

(4)

3x2—9x+5=0
94421
x=
6
8xr=3x%+5
3r2—8x+5=0
8S+v4
I:

6
_8x2
6

x=%, 1
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(6) 9x2—13x+4=0

_ 13+425
T8
_ 13+5
- 18
4
x=1, 9

(7) =22=5p+3=0

22+5xr—3=0
_ —5x437
xr= 2

(8) =—3x*—8x—5=0

3x2+8x+5=0
_ _—8%44
. 6
 —8+2
- 6

Xi=r—l. —%

(10)

»=Tx+1=0
eI
TF="9
_ 7+8(5
- 2

3r2—11x+7=0

_ 11+437
T=7%
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Quadratic Equations I

e —bEAb*—4ac

When ax®>+bx+c =0, 5
a

Solve the following equations using the quadratic formula.

(1) 3x24+9x+2=0 (4) 3x2—9x+2=0
_ —9492—4X3X2 o= 9EV(=0)F—4X3X2
2%3 2¥8
=, —0uE45T _ 957
6 6
(2) 2x2+7x+1=0 (5) 2x2+7x—1=0
y— —TEATP—4X2X1 g TENTP—AX2X (= 1)
2X2 2x2
_ =741 _ —7+457
4 4

(3) 4xr*+9x+3=0

o —9EV9P—4X4X3
2X4

_ —9+433
8
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(6) 3x2+7x+2=0

—THANT2—4X3X2
233

_ —T7+A425
6

_=TE05

H

(2]

x= —%, -2
(7) 3x*—Tx+2=0

L TEV(=TP—4X3X2
2X3

_1+425
6

-1
+

5

O-) ‘

x=2,%

(8) 3x*4+5x—8=0

o 8EAT—4X3X(=8)

2X3
_ —5+4121

6
_ =511

6

8
3

x=1,—

(9) 3x*+7x—6=0
_ =TT —4X3X(=6)
ol 2% 3
_ —7£4121
6
_ —7+11
6
x=%, -3

(10)" ax?+2b'x+c=0 (a#0)

(Substitute @, 26", ¢ into the quadratic
formula.)

_ —20'+4( 2b" ) —4ac
2a

— b+ 7
2a

—b'£{b*—ac

a

[Sol] x
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Quadratic Equations I

From the result of J |01 b question (10), we can derive the Quadratic
Formula II, which can be used when the coefficient of x is an even number.

—( Quadratic Formula II )

—b’ tAb2—qgc
a

When ax?+26x+c=0, x=

o Ex.

3x2+10x+1=0

—BEEN B —E X1 “&p From b =5.
S

[Sol] x=

_ —5+422
3

1. Solve the following equations using the quadratic formula I1.

(1) 3x2+14x+5=0 (3) x22—8x+5=0
_ —T7E472—3 X5 _AE+4(—4)2—1X5
£= 3 %= 1
__—T+434 =4+411
3
(2) 3x2+8x+5=0 (4) x*+6x—3=0
_ —4+442—3 X5 L —=3E432—1%(—3)
= 3 = 1
_ =] =—3+2/3
3

-1 _2
x=-1, 3
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Quadratic Formula I Quadratic Formula 11
When ax?+bx+c =0, When ax?+2b'x+c =0,
= —bxAb:—4ac —bEVb?—ac

- 2a a a

2. Solve the following equations using either quadratic formula.

(1) 4x*4+9x+1=0 {(4) —=22—Tx+3=0
o= —9ENIT—4X4X] 22 +7xr—3=0
2X4 ;
=TT —d X2 K —3)
- —gg@ X = 2X9
_—71x413
4
(2} 3x2—10x+3=0 {5) —2x’—6x+7=0
_ 5*4(—5)2—3X%X3 202 +6x—7=0
XL 3 2
3443 o (—T7)
:5J§4 s 3+322><( 7)
1 _ —3+423
.’L‘=3,? 2
(3) x*+8xr—3=0 (6) —2x2—7x—3=0
421X (=3) 2+ e tI=1
! = —TEAT2—4X2X3
= —4+4T9 2%2
—7h
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Quadratic Equations I

Quadratic Formula I Quadratic Formula I1
When ax®+bxr+c =0, When ax?+2b'x+c=0,
- —btAb*—4ac = —hid b

o 2a a a

Solve the following equations using either quadratic formula.

(1) 3x24+14x+5=0 (3) —x2—8x+3=0
x:—7i472—3><5 B+8r—3=0
3
A+ A2Z —
e oo =4k 11><( 3)
3
= —4+419

Take out the
(2) 2x24+6x+3=0 (4) 3xr=3x2—6 common factor 3.

x_—Biv32—2><3 ' —3E—6=0
- &

?—xr—2=0

—3+43
=95 _1EA(=1)2—4X1x(=2)
x_
2% 1
_1+3
2

=2, —1
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(5) dx+5=3x"
3xr2—4xr—5=0

—_93Y2 _ —
Lo 2EAC 2)3 3X(=5)

_2+419
3

3x —8r—4=0

x_4+~/(—~4)23*3><(—4)

(6)

_ 4428
=73

_ 4207
3

9r2—12r+4 =0 (10)

_6EN(—6)"—9 X4
&= 9

(7)

610
9

2
3

#=10x+1=0

b fl—E—=1%]
=TI

=5+424
=5+2V6

—3x2—8xr—5=0
32+ 8x+5=0

_ —4+447=3%5

I 3

3

_ 4 _5
X = 19 3

3r2—9r+4=0

_9+4(—9)2—4Xx3X4
2%3

9+ 33
6
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Quadratic Equations Il

Solve the following equations either by factorisation or using the quadratic
formula.

(1) £*—8x+12=10 (4) 5Slx®+2x—]1)=—5
(x—6)(x—2)=0 24+2xr—1=-1
x=6,2 2+2x=0

xx+2)=0
x=0, =2

(2) x*+9=6x (5) 3x2+5r=38
r—6x+9=0 3x2+5xr—8=0
(xr—3)2=0 (3x+8)x—1)=0
x=3 8

I———g",l

(3) —9x’4+6x—1=0

9r2—6x+1=0
(3r—1)2=0

a::=l
3
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[6) 3w?=l—5ux (8) 3x2—4x—1=0
3x2+5xr—4=0 o 2EA(=2)2—3X(=1)
_ —5+452—4X3X(—4) ]
e 23 _ 2447
_ —5?/?5 0

(7) 3x2—dx+T7=5£2—7x+8 (9) (+2/¢F—3(+2)—4=0

2x2—3x+1=0 x> +4x+4—3x—6—4=0
2r—1(x—1)=0 x’+r—6=0
g 1 i (x+3)x—2)=0

22 x=-—3,2

Alternative Solution
[(x+2)—4l[(x+2)+1]1=0
(x—2)(x+3)=0

x=2, =3
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KUMON

J 105

Solve the following equations either by factorisation or using the quadratic

formula.

(1) 4x*—15x+14=0

Ux—T)x—2)=0
x= 5, 2
4 ’

(2) 15xr*—23r—28=0

(5x+4)(3x—T7)=0
4 7

®="F%g

(37 3xP4+16x—35=10

(3x—5)x+7)=0

-5 _
x=-, 7

(4)

(5)

—dxt— 16x+8 =10

Ax2+16x—9=0
(2x+9)2x—1)=0

__9 1
X 2° 79

xx+1)=256

=50
2+xr—56=0
(x+8)x—7)=0
x=-—8,7



J I 05 b Multiply both Multiply both
sides by 3. sides by 12.
2 1
) (8) 0

2 x %
2 — = _— _———=
(6) «x 3(x+1 1 + T
3x2=2(x+1) 3x¥+4x—2=0
3xt=2x+2
- i«/ﬁ
3xP—2xr—2=0 x = A 33 (=2)
g AEV(=1? —3X(=2) _ —2+410
3 -3
_1+47
3

Multiply both

sides by 10,
(7) I(I;r”: 0.2x2+0.7+0.3=0
3x(x+1)=2(2x—3)+6 2x%4+T7r+3=0
3+ 3r=4x 2x+1)(x+3)=0
3x2—x=10 x=—i _3
r3x—1)=0 4

x=0, %
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Quadratic Equations Il

J 106

Solve each equation both by using the quadratic formula and by factorisation.

(1) 6x24+13x+6=0

uadratic Formula

o= — 134169 —4X6X6

12

_ —13+425
12

(2) 15224+x—2=0

uadratic Formula

14414120
= 30

_ —1+11
30

ol 2
3 &

Factorisation

(Bx+2)2x+3)=0
__2 _3
* 3° 7 2

Factorisation

(5x+2)(3x—1)=0
2 1

573



J 106D
(3) 4x*—8x+3=0

Quadratic Formula

_ 4%+416—12
I_
4
_ 4%2
4
=3 1
2?2

(4) 122%+4x—5=0

Quadratic Formula

Factorisation

(2x—3)2xr—1)=0
3 1

T="9» 7

Factorisation

(6x+5)(2x—1)=0

o5 1
6 2
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Quadratic Equations I

Factorise the following quadratic expressions using the quadratic formula.

3 N

6x2—13x+6
[Sol] Solving 6x2—13x+6=10

P 13++169—144 _ 13%5

12 12
.3 2
2' 3
The quadratic equation with these solutions is:
6( s %)( = %) =() “=D Check that the coefficient of x? is 6.

2(1—%)-3( —%)—0 “&D Break up 6 into 2 and 3.

(2x—3)(3x—2)=0
Therefore,
6x2—13x+6 = (2x—3)(3x—2}

(1) 12x24+25xr+12

[Sol] Solving 12x2+25x+12=0
I:*25i\f625*576 —25x7

24 24
o3 4
4° 3

The quadratic equation with these solutions is:

12(x+ -f’l-) (x-i— %—) =0
4(x+%>-3(x+ %) —0

(4x+3)(B8x+4)=0
Therefore,

12024250+ 12 =[x+ 3)3x+4)
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(23 15x*—2x—24
[Sol] Solving 15x*—2x—24=10

_ 1+41+360 _ 1+19
e 15 T 15

4 6

=375
The quadratic equation with these solutions is:

w@—é)@+g)=o
3(——@)5(r+g)-o

(3x—4)(bx+6)=0
Therefore,

15x% —2x—24 = (3x—4)(5x +6)

X

(3) 3x*+7x—148

[Sol] Solving 3x?+7r—48 =10

i T4 49576  —1=tJb
6 6

The quadratic equation with these solutions is:
ax—w@+%§)—o
(x—3)(3x+16)=0

Therefore,
32+ Tr—48 =(x—3)(8x+16)



J 108
J 108a KUMON

Quadratic Equations I

Factorise the following quadratic expressions using the quadratic formula.
(1) 2*—42x—12
[Sol] Solving x?— V2r—12=0
N2 V248 _ {2450 _ 42 £542
2 2 2
x=342, —242
Therefore,

=2 r—12=(x—3V2 )Nx+242)

(2) 22—(243 +1)x+243
[Sol] Solving x2— (243 +1)x+243=0
o= 2B +D VI +1?—4 x23

2
_ (2@+1)¢J122+4H+18H
:(2E+1)125§—TI3:
=<24§+1>+2m
=(2¢§+1)+2 (V12—1)?
_ (243 +1)+(243 1)

r=2V3,1 2
Therefore,

= V3 +D)x+2V3=(x—2V3)(x—1)
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(3) x*—(a—2b)x—2ab
[Sol] Solving x> —(a—2b)x—2ab =0

= (a—2b) = (a—26)2+4 X 2ab
2

(a—2b) £ Ja® —4ab+4 b2+ 8ab
2

_ (a—2b)*+Aa*+4ab+4b?
2

_ (a—2b)*x+(a+2b)°
2

_ {g—26)+(a+2b)
2
x=a, —2b

Therefore,

22—(a—2b)x—2ab=(x—a)(x+2b)

td) P—Tuytgs—b
[Sol] Solving x*—2ax+a?—5%>=0
r=atVa®—(a®—b?)
=a+4b?
x=axtb
Therefore,

22=2ax+a*—b*=(x—a—b)x—a+b)
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Quadratic Equations I

3

Given that one root of x2+bxr+c=01is 1+vV2 , find the values of 5
and ¢, and the other root. (Assume b and ¢ are integers.)

(A root is another word for the solution of an equation.)

[Sol] (1+~/§)2+b(1+«/§)+c‘:0 <D Substitute = 1 +4'2 into

We can deduce that, This equation holds when
3+b+c=0 @ 3+b+c=0and2+b=0.
2+6=0 (2

From D and @), b= —2andc= —1

Thus x**—2x—1=0 ==p Putb = —2, ¢ = — 1 in the original
and xr=1+42
Therefore, the other root is x = 1—42

%

the quadratic equation.

342V2 +b+42b6+c=0

Group terms with a factor i2.
(B+b+c)+(2+b6)W2 =0

equation.

1. Given that one root of x2+bx+c=01is —1++2, find the values of b
and c, and the other root. (Assume b and ¢ are integers.)

[Sol]

N ]
— —fiA A
(B3—b+c)+(b—2)42 =0

We can deduce that,

3—b+c=0 ---@

b—2=0 —-(2)
From W and @), b=2 and ¢=—1
Thus x2+2x—1=0
andr=—1+42
Therefore, the other root is x = —1—+2
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2. Given that one root of ax?+bx+2=01is 2—+ 2. find the values of a
and b, and the other root. (Assume « and b are integers.)

[Sol] a2—V2)24+p(2—42)+2=0 <==p Substitutca‘f=2—‘ﬁinto
a(6m4ﬁ)+b(2-ﬁ)+2 —0 the quadratic equation.
6a— 442 a+20—+2b+2=0
(6a+2b+2)+(—4da—b)W2 =0
‘We can deduce that,

6a+26+2=0---
—da—b=0 @
From D and @, a=1and b= —4
Thus x> —4x+2=0
and r=2+42
Therefore, the other root is x =2+ 2

(Note Summary )

@© ex2—bx+8=(xr—4)x—2)
If the quadratic expression is set equal to zero, x> —6x+8 =0,
there are two solutions: x =4, 2

» If we know that the roots of x> —6x+8 = 0 are x = 4, 2, we can use this to
factorise x2 —6x+8 = (x—4)(x—2).

(2) If @, b and ¢ are rational and the quadratic equation @x? +bx+c = ( has an
irrational solution x = & ++ 3, then the other solutionisx =a —+ 3.
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Quadratic Equations Il

1. Solve the following quadratic equations.

(17 T2 432e=—15=0 (4)
(Txr—3)(x+5)=0

x=%, -5

(2) —i—3=0 (5)

o LI e | B
(3) 3 5 —1=0 (67

2Ax—12—-3(*—1)—6=10

—xt—4x—1=0

+4x+1=0

x=—2+4V4—1
=—2+43

0.2x*—0.5r—1.2=0

2x2—5x—12=0
2x+3)(x—4)=0

x=—%,4

(r—4)(2x—3)=12
2:x2—11x+12—12=0

222 —11lxr=0
x(2r—11)=0

x=0, —1§1~

JI1O
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2. Given that one root of x> —3x+a =0 is x = 6, find the value of @ and
the other root.

[Sol] 36—18+a=0 &0 Substitute ¥ = 6 into the quadratic equation.
18+a=0
a=—18
Therefore,
x*—3x—18=0
(x—6)(x+3)=0
x=6, —3

Thus, @ = —18 and the other root is x = —3

3. Given that one root of x2+6x+a=01is x= —3++17, find the value of
a and the other root.

[Sol] (—3++417)2+6(—3+417)+a=0 ==p ﬁl‘igsgl?fu;;t;itag
26—6417—18+6417+a=0 ‘

3+a=10
a= —8
Therefore,
’+6x—8=0
r=—3x£+49+8
= —3+417

Thus, @ = — 8 and the other root is X = —3—417
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Quadratic Equations and Complex Numbers

1. Calculate the following expressions.

(1) 2¢2=4 (6) (—2)7=14

(2) 52=25 (7) (—52=25
@ @+ o (-4
(4) (V2)2=2 (9) (—+2)2=2
(5) (V3)*=3 (10) (—43)2=3

Positive numbers, negative numbers and zero, form the set of real numbers.
All positive and negative numbers give positive answers when squared. Zero gives zero
when squared.

To express numbers that give negative answers when squared, we define the “non-real”
number 1. (This is called an imaginary number.)

i2=—1 (W—1=9)
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2. Express the following square roots in terms of 7.

V—=5=457 {—4=41;=2 «/——8—@5—25:’]

(1) V—3=+3i

(2) v—6=+61

(3) V—9=+49;=3i

(4) 4—12=V12i=2V3i

(5) 4—18=418/=37V2i

1 .1

(6) \/25 95 5l
_3 _[3 ._4d3

(7) \/ 16 16~ 3¢

Whena=0,V—a =+ai I
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Quadratic Equations and Complex Numbers

Using /% = — 1, calculate the following expressions.
(20)2=2iX2i=22.72=4X(—-1)=—4
(—20)=(—2)22=4X(—-1)=—4
Wzip=W2)t=2x(-1)=~-2

(1) (B)?=3iX3i=3%2=9xX(—-1)=—9

Ll D—le—=l—a A= —1)——4

(3) (4)?*=16X(—1)=—16

(4) (=70)?=49X(—1)=—49

(5) (W3)?=(3)%2=3%x(—1)=—3

(6) (—43)2=(—43)272=3%x(—-1)=-3

(7) (W5)2=5x(—1)=—5

(8) (2420)?=8x%x(—1)=—8
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3/ X2/ =6i2= —6 =D Substitute ;= —1. ]

(9) 3ix4i=1212=—12

(10) 3ix(—4i)=—12i2=12
(11) +¥3ix2i=2/3i2=—2/3

(12) (—434)X4i=—4432=443

N—4XN—25 =2 X5/ =10/ = —10 ]

(13) V—9XA4—16=3iX4/=12/*=—12

(14) 24—2X3V—3=2V2iX3/3i=646i>= —646
(15) V—4XA—9=2/X31=6i2=—6

(16) V(—4)X(—9) =436 =6

Conclusion:
Va b =ab unless a <0 and b <0

Note the answers to (15) and (16) are pot the same.
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Quadratic Equations and Complex Numbers

Calculate the following expressions.

FEe = 2= L
To eliminate 7 from the
B ] 27 denominator, multiply the
ET —16= % = % = 314 = *%3 =D numerzlltor and dl::nlonirmator
0f42 by .
(1) {=9+4T6=3-=3,
—{g=3 -3 _3 __3
(2) "/_ 42*74 4l
(3) V=9 =425= L - l:
5 5
—E_b._ % _% __3
(4) 1/_ 5 5:2 e 51
(5) {9 i_i_iz_il
§—a5 B B¥ —5h b
9 _ /.9 _ ¢9._ 3.
(6) —25_\/ 25 ~ A2/ T
Conclusion:

%: f% unless @ > 0 and b <0

Note the answers to ( 5 ) and ( 6 ) are not the same.
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(24+)(3+2)=6+T7i+2i2=44+T7; ]

(7) (2—0)(34+2/)=6+i—21>=8+i

(8) (3—20)(143{)=3+7/—6/2=9+7i

(9) QC4+42)3+V2)=6+5V2/+212=4+5V2i

(10) (5+43)(4—431)=20—+3i—32=23—43i

(11) (3+2:/)(3—2i)=9—4:2=13

(12) (3422 =9+12/+4i2=5+12i

3+ 27 and 4 — 317 are called complex numbers.
* g+ bi is the standard form of a complex number. (a and b are real numbers).
* When b =0, a+ b1 is a real number. (since a+0-7 = a).

* When a = 0, @+ b1 is an imaginary number.
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Quadratic Equations and Complex Numbers

Calculate the following expressions.

(1) (2+4=2)3+V=2)=6+5V2i+22=4+5V2

(2) (2—542)(B3+442)=6—T42:i—402=46—T42i

(3) (4—+—=2)4++4—-2)=16—2/2=18

(4) (W3i+2)2=32+4V3i+4=1+4Y3i

(5) (W=54+1)02=W5i+1)2=524+2/5;+1=—4+2J5i

(6) (—3—2d=2)2=(—3—2420)2=9+1242i+8:?
=1+1242i
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=3
. . Multiply the numerator
I—1 _ (3= 3—21) _ 9—9;+2;2 _ 7—9; and denominator of
3+2i  (3+2)(3—27) 9+4 13 R .
3+ 92, by (3—23).

(7) 1+;  (1+)(3—2/)  3+7—2/12  5+i

3+2i  (3+20(3-2)  9+4 13

(8) 5—4 _ 5—a)d2+3i) _ 10+137—37% _ 13+134

5B (2—3)F+30  A+D 13 1+
oy ki QD 14247 %
11—~ A=D1+3) 1+1 2
qo 2oi_ @=iF _ 4—4i+i® _ 3—4i
2+ (e 2—1] 4+1 5
] 1 _o4i+2—i _ 4 _4
Q) 5 37 ~ e+ 4+1_ 5
(12) i i _1@24+0)—i@—d) _ 2422+ _ _ 2
A E T R It 5
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Quadratic Equations and Complex Numbers

1. Calculate the following expressions.
P=rd=(—1)i=—1i

3‘4:(1‘2)2:(_1)2:1

(1) #*=ED%i=(—1)%i=i

(27 =P =(1F=~—1

(3) "=(2)3i=(—137i=—i

d) dr=gf =] 8=

(5) %:zz_f%f“
(6) =—r=-1

(7) %:#:_%:—?_'—Lf‘
(s) L1 _ 1 _g4

i - (22 (—1)

JII5
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2. Solve for the real numbers x and .

3 5

e . This equation holds when
(x+y)+(x—y)i=T7+3i po I e i

[Sol] Comparing real and
imaginary parts on each side:
x+y=7 @
x—y=3 @
From (U and (2),
r=5, y=2

(1) Qr—y+(y—x)i=1+3;

Comparing real and imaginary parts on each side:

dr—y=1 @
AU*IZS ---@
From (D and (),
x= 4, y= 7 First, group

together real and
imaginary parts.

(2) (A+dx—(1-20y=1+4;
[Sol] ( x—y )+( x+2y )i=1+4
Comparing real and imaginary parts on each side:
r—y=1 @
r+2y=4 @
From (1) and (@),
x=2,y=1

Two complex numbers, @ + b7 and ¢ + i, are equal when they have identical real parts and
identical imaginary parts.

atbi=ctdi=a=c,b=d
Also atbi=0=a=0,b=0

< means “if and only if
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Quadratic Equations and Complex Numbers

Quadratic Formula I —( Quadratic Formula IT
When ax?+bxr+c =0, When ax’*+2b'x+c =0,
= —bxAb2—4dac _ =he h e

2a a
3 9 N
3x+5x—7=0 bxt—8x+4=0

_ —5+425—4-3-(=7) _4+416—20
T 6 - 5

— 54109 .

:T 5 Substitute

427 4 —4 =21
5

Solve the following equations by using the quadratic formula.

(1) 2x245x+4=0

= —5++25—4-2-4
4

_ =547
4

—5+471i
4

(2) 4x*—4x+5=0
_ 2EA4—=20
x="

_ 22416

When the solution of an equation is a complex number, we call it a complex root or complex

solution.
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(3) 3x2—8x+7=0 (6) 3r2—12=0
= 4EN16—21 _ 0£40-3-(—12)
3 3
3 3
_4%45i = +2
3
(4) 2x2+8x+9=0 (7 2x? =5z
o —4£416—18 2r2—5x=10
2 o 5EA25—4-2:0
_ —4x4=2 4
2 _5+5
_ —4+42i *
2 x=%,0
(5) 4x2—12x+9=0 (8) —x2+4r—5=0
o 6£436=36 22— 4x+5=0
: oo 2244=5
_ 60 1
4
] =2+4—1
-2 =2+
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Quadratic Equations and Complex Numbers

Solve the following quadratic equations.

(1) 5x2—6x+4=0 (4) —x*+3x—5=0
o 3E49-20 x2—3xr+5=0
; _ 3£49—20
_ 34114 T
® _3+411i
2
(2) 9x24+12x+4=0 (5) —3x24+8x—7=0
(3x+2)2=0 3x2—8x+7=0
x=—% y— 4i«/136f21
_ 41?:@

(3) 2x245x+5=0
_ —5++425—40
4

X

_ —5+415i
4

JIHI7
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(6)

(7)

23— x)=4—3x (8) 22—43x—2=0
2x2—9r+4=0 e JT33:+348
2r—1Dx—4)=0 2
I _¥3+411

2 2
(r—5)2x—1)=5 (9) x224+45xr—10=0
2¢2—11x+5=5 e — 45440
22 —1lr=0 2
x(2x—11) =0 _ —A5£445 _ —5£345

11 5 2

x=0, 9 I=ﬂ/§, —21/3

(x+245 )x—+5) =
x=—2{5, {5

Alternative Solution ]
0
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Quadratic Equations and Complex Numbers

Solve the following quadratic equations.

(1) (x+12=(x+2)+(x+3)2

2++1=2+ 4+ 4+ 2 +6x+9

2+8x+12=0
(x+6)(x+2)=0
x=—6, —2

1
4
1=4(2+x)?*

4x*+16x+15=0

(2) = (2+x)?

(2x+5)2x+3) =0

__5 _3
x= "9 g

(3) 2=t

3
3x2=2(x+1)
Irt—qx—2=10
xéli?ﬁ%

_ 147
3

Hi+8)l . 5i—1
(4) 3 ==

4x(x+3)=3(bx—1)
Ax*+12x=15x—3

4x*=3x+3=0
_3E+49—48
x =t

_3+439i
8
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(5) 0.3x*—2x+3.6=0 (&) aP—lamt3at=10
3x2—20x+36=0 (x—3a)x—a)=0
F10+W x=3a, a

_ 102723
3

(6) 0.2x—0.5x+0.4=0 (9) xX*—2axr+a®—b*=0
2x2—5x+4=0 [x—(a+6)lx—(a—b)]=0
xZ@ x=a+b, a—b

: (x=axb)
=5¢f;‘

(7) x2=2mx+nt=0
x=mxim’—n’



J119
J119a KUMON

Quadratic Equations and Complex Numbers

1. Factorise the following expressions using complex numbers.

'//m

=254 3
[Sol] Solving x*—2xr+3=0
r=1%x41-3
=1%42;
r—(1+42)x—(1—42)1=0
Thus, x2—2x+3=(x—1—v2)(x—1++21)

idJ a2=—Px+5 (2] 251
Solving x*—2x+5=0 Solving x*+1=10
x=1£41-5 e
=1x+4—4 r= =47
=1£2; (xr—)x+7)=0
r=1+2¢,1—-2; Thus, x>+ 1= (x—i)(x+1i)

[z—=Q+20)x—(1=2{)]=D
fe— 1—2ilr—T420 =1
Thus,

P20+
=(x—1—-2i)(x—1+2i)



J119b
L Ex.

Given that one root of ax?—2x+ b =0 is 1+ 27, find the values of a
and b, and the other root. (Assume « and & are real numbers.)

[Sol] Substitute x =1+ 27 into the quadratic equation,
a(l+2:)°2—2(14+2)+b=0

—3at4ai—2—4i+bH=0 Group together real and
—3a+b—2+4a—4)i=0 imaginary terms.
Therefore,
—3a+6—2=0 ---(D
4a—4=0 @
F a2, 4=1,6=35
I'O;I‘Zl EDZEI:' 5<@= 0 a ) Substituting into ax? —2x+6 = 0.
= L=y

Thus, the other rootis x=1—2:

2. Given that one root of ¥>—ax+b=101s 1+, find the values of ¢ and
b, and the other root.

[Sol] Substitute x =1+ in the quadratic equation,
(1+)2—a(l+)+6=0
2i—a—air+b6b=90
(—a+b)+(2—a)i=0

Therefore,
—a+b=0 @D
2—a=0 @
From (D and @), a=2, b=2
P2—92r42=90 DSubstitutingintoxzfaIer=0.
xr=1=x{

Thus, the other rootis x=1—1{

If the quadratic equation 2x*+ bx+¢ = 0 has a complex solution x = @+ 37, then the other

one is x = a — 1.
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Quadratic Equations and Complex Numbers

1. Solve the following quadratic equations.

(1) —x24+12x+8=0 (4) x2—2ax+2a*°=0
?—=12xr—8=0 = gkd gty
x=6+436+8 =agaxay—1

=6+2V11 =aztai

(2) %=(2+r)2 (5) x*42ax+2a—1)=0
1=9(2+4+x)* (x+Dlx+(2a—1)]1=0
9x2+36x+35=0 x=-—1, —2a+1
(3x+7)(3x+5)=0

__1 _5
X=TEw T

(3) 05x24+0.2x+0.1=0

5x2+2x+1=0
_ —1+41-5
x_—
5
P = =

5
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2. Calculate the following expressions.

(1) V=34=5=437 V5i=+15:2=—415

(2) 4(=3)x(—=5) =415

['3 _ |3 . 415,
(4) =F = 5E7Tl

(53 13-+2{(5—6i)=15—8i—12¢° =27—8i

(6) (B—A—2)2=(3—+2)2=9—642i+2:2=T—6421

5—i _ (5—i)243) _ 104+13i—3:2 _ 134137 _ ..
(7)) 3= =G=3nE+s) - a+9 — 13 ~1*i
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Discriminant

Quadratic FormulaI )

When ax®+bx+c =0,

s —btAb:—4ac
N 2a

1. Solve the following equations by using the quadratic formula.

(1) r®48x+15=0 (4) x2—4x+4=0
e —8+464—60 41+416—16
o 2 o )
=—4=%] =2
x=-—3, =5
(2) r*+8x+16=0 (5) xX2—4x+5=0
_ —8=464—64  4+416—20
xr= 2 x= 2
=—4 =2+
(3) x2+8x+17=0 (6) x2—4x+2=0
_ —8+64—68 oo AEA16-8
- 2 o 2
= —4%i =2+42

Note: It is also possible to solve these equations using Quadratic Formula IL.

From the results above, there are three types of solutions:

> 2 different real solutions, (1) and .
> arepeated real solution, (i.e. 1 distinct) (2 ) and .
> 2 different complex solutions, (3) and .

J121
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2. Solve the following equations by using the quadratic formula, then fill
in the blank boxes [___].

(1) @F=bx+5=0 . The quadratic equation
 2%2—5x+5=0 has 2 different
_ BIENZH—20
T 2 solutions.
_ 545  bP—dac=52—4-1.5=5>0
2 %
(2) E*—=10+25=0 The quadratic equation

2 —10x+25=0hasa
+ — i
p= L0£VI00=T00

5 real solution.
=6 b —tac=[ 0 |

(8) =z*=5x+i=0 - The quadratic equation
2 —|— = I 1
. 5449598 x*—5x+7 =0 has 2 different
; soluions

__5‘—'£/§i b —dac=[ =8 ]<0

Given a quadratic equation ax? + bx+¢ = 0, the solution is:

— b+ b*—4ac
- 2a

We can calculate D= b?—4ac (the term inside the square root ¥ ) to determine what
types of solutions a quadratic equation may have.

i) When D> 0, there are 2 different real solutions, e.g. ( 1 ).
ii) When D=0, there is a repeated real solution, e.g. (G2
iii) When D <0, there are 2 different complex solutions, e.g. ( 3 ).

* D= h%— dac is called the Discriminant.
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Discriminant

For the quadratic equation ax®+ hx+c = 0, the discriminant is D= b® —4ac.
When D> (0 <= There are 2 different real solutions.
When D=0 <> There is a repeated real solution.

When D<0 <= There are 2 different complex solutions.

In each question, calculate the discriminant, then state what type of
solution(s) the given equation has.

2+5r+3=0
[Sol] D=52—4-1.3=13>0

Therefore, there are 2 different real solutions.

(1) x24+5x—1=0 (3) 4x2—12x+9=0
D=52—4.1.(—1) D=(—-12)2—4-4.9
=29>0 =0
Therefore, there are 2 different Therefore, there is a repeated
real solutions. real solution.
(2) 3224+3rx+1=0 (4) 3x24+7x+4=0
D=32—4.3.1 D=7%2—4-3.4
=—=3<0 =1>0
Therefore, there are 2 different Therefore, there are 2 different
complex solutions. real solutions.

Note: To “discriminate the solutions™ means to find whether the quadratic equation has
2 different real solutions, 1 repeated real solution, or 2 different complex solutions.
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(5) 2x%+6x+5=0 (8) 2x2+43x+3=0
D=62—4.2.5 D=({3)2—4.2.3
= —4<0 =—21<0
Therefore, there are 2 different Therefore, there are 2 different
complex solutions. complex solutions.
(6) 5x2—10x+5=0 (9) x+2/2x+2=0
D=(—10)>—4.5.5 D=(242)?—4-1-2
=0 =0
Therefore, there is a repeated Therefore, there is a repeated
real solution. real solution.
(7) (x+3)24+7=0 (10) +2x2—3x+242 =0
22 +6x+16=0 D=(—3)2—4.42 .2d2
D=6%2—4-1-16 =—7<0
= —28<0 Therefore, there are 2 different
Therefore, there are 2 different complex solutions.

complex solutions.
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Discriminant

For a quadratic equation ax®+ 2b"x+c = 0 (where the coefficient of r is
an even number), we can discriminate solutions using:

D _
A b ac

Discriminate the solutions of the following equations.

23 )

+4xr+5=0 =p 22+2-2x+5=0

[Sol] %=22—1-5= - £l

Therefore, there are 2 different complex solutions.

(1) 25x%+10x+1=0 (3) 25x*—30x+9=0

(Sol] 2 =52—25-1=0 L —(—157-25-9=0
Therefore, there is a repeated Therefore, there is a repeated
real solution. real solution.

(2) 2x°+6x+3=0 (4) x*—5x+3=0
%:3272_3:3>0 D=(—5)?—4-1-3=13>0

Therefore, there are 2 different

Therefore, there are 2 different real solutions.
real solutions.
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(5

(6)

2x*—4x+3=0
B —(—2r-2-3=-2<0

Therefore, there are 2 different
complex solutions.

2—3r—2=0
D=(=302—4:1-(-2)=17>0

Therefore, there are 2 different
real solutions.

3x2—Tx+6=0
D=(—T7)?%—4-3-6=—23<0

Therefore, there are 2 different
complex solutions.

(8)

(:9)

(10)

3x2—12x+13=0
D

1 =(—6)2—3-13= —3<0

Therefore, there are 2 different
complex solutions.

22+23x+3=0

2 =(W3r-13=0

Therefore, there is a repeated real
solution.

2x2—243x+3=0

2 =(=V3)y-23=-3<0

Therefore, there are 2 different
complex solutions.
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Discriminant

Determine the value of & for which each equation has a repeated real

solution.

For ax?+bx+c =0,
the discriminant is

D=b?—Adac

For axr?+2b'x+c =0,
use

D5
A b ac

2x2—5x+k=0
[Sol] D=25—8k=0

Therefore, kb = %

For a repeated real solution, the
discriminant must equal zero, D = 0.

(1) 3x2=b5x+k=0

D=25—12k=10
25

Therefore, k= 12

(2) 3x22—8x+k=0

—Q: — =
1 16—=3£=0

Therefore, &= 1—36

(3) 2x24+kx+k—2=0

D=§F"—8(k—2)
= k2—8k4+16
=(k—4)2 =10

Therefore, k=4

(4) 3x242kx+(2k—3)=0

2 =2 —302k-3)
=k*—6k+9
=(k—3)2=0

Therefore, k=3
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(5) x2+2(+1)x+2(1+£H)=0

%:(k+1)2—2(1+k2)
RO+ 1—2— 2%
= P = ]

B2—2k+1=0

(b—1)2=0

Therefore, 2= 1

(6) 3x*+dkx+4k=0

D _ 2
1 4k*— 12k

=4k(k—3)=0
Therefore, k=0, 3

(T) dxt—a—(k—2)=0D
D=1+4k(k—2)
=4k —8k+1=0
Therefore,

p=Atv16—4

4
+243

e

(8) kx2+(+1Dx—(k+2)=0
D= (k+1)*+4k(k+2)
=k2+2k+1+4k2+ 8k
=5k24+10£+1=0
Therefore,
By —b+425—5
5

_ —5+2/5
5
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Discriminant

Determine the value of @ for which each equation has real solutions; (D=0).

KUMON

'//m

=3 2ee=i)
[Sol] D=9—8a=0

Therefore, a< %

A quadratic equation has 2 real solutions when

—p D> 0. A quadratic equation has 1 repeated real

solution when D = (). For the equation to have
real solutions, the discriminant must be greater
or equal to zero, D=0,

(1) x2—4x+3a=0

Therefore, a< *42:

(2)

[Sol] D=49—12(2a—1)
= —24a+61=0

61
<o
Therefore, a 24

3x2—Tx+2a—1=0

(3)

(4)

2x2—4x+a+2=0

%:4—2(a+2)

=—2a=(
Therefore, a<0

3r2—3x+1—a=0
D=9—-12(1—a)
=12a—3=0

Therefore, a= %
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(53 dx2—d(a—3x+a*=
D — ya—3)1—4a?

4
=4[(a—3)2—4?]
=4(a®*—6a+9—a?)
=4(—6a+9)=0

Therefore, a< %

(6) x*—Qa—1Dx+1+a*=0

D= (2a—1)*—4(1+a?
=4a?—da+1—4—44?

=—4a—3=>0

Therefore, a< — %

2—2ax+(@+1)?=0

% =a?—(a+1)2

=a?—a®*—2a—1
= —2a—1=0

Therefore, a< — %

(8)* (a+1)x?—2(a+1)x+(a—1)=0

(a#—1)
T =@+ 1?—(at+ a1
= g2+ 2a+1—u*+1
=2a+2=0
Therefore, a= —1
Since a# —1,
the answerisa > —1
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Discriminant

KUMON

J 126

Determine the value of & for which each equation has 2 different complex

solutions (D<0).

x2—3x+3k=0
To have Z different complex solutions the
[Sol] D=9—12k<0 discriminant must be less than zero, D < 0.
Therefore, k£ > %

(1) 22—2x4+3t=0
D _
1 1—3F<0

1

Therefore, &> 3

(2) 2x2—3x+k—1=0

D=9—-8(k—1)
=17—8kL<0

Therefore, &> %

(3)

(4)

222 —A4x+k+1=0

Dy ok+1)

4
=2—2k<0
Therefore, £>1

grr—brr2—k=0

D=25—12(2—F)
=1+12k<0
1

Therefore, < — 12
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(5) x*2—2(—1)x+k2=0

L — e—17-
=g —0k+ 11—k
= —=2k+1<0

Therefore, k>%

(6) x2—2k+1Dx—1+k2=0
D= (2k+1)2—4(—1+£?)
=42+ 4k+1+4—4%?

=4k+5<0

Therefore, k< — %

2 —4kx+(2E+1)2=0
=4k2—(2k+1)2

=4k — Ak P —4k—1
= —4k—1<0

=T

Therefore, &> — %

kx?—2(k+1Dx+(k—1)=0
(k#0)
2 = (k+ 12—kt —1)
=i+ 2%+ 1— K+
=3k+1<0

Therefore, £< — %
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Discriminant

Discriminate the solutions of the following quadratic equations.

23 \
x2=5x+k=0
[Sol] D=20—4k

Therefore,

When % < %

there are 2 different real solutions. o From D= 25— 4k > 0.

When £ = %,

there is a repeated real solution. =D From D = 25— 4k=0.

When & > 245-

there are 2 different complex solutions. =0 From D = 25— 4% <(.

(1) x2—3x+£=0
D=9—4k
Therefore,

When k& < %, there are 2 different real solutions.

When & = %, there is a repeated real solution.

When £ > %, there are 2 different complex solutions.
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(2) x24+2x+3a=0

T=1-3a
Therefore,

When a < %, there are 2 different real solutions.
When a = %, there is a repeated real solution.

When a > %, there are 2 different complex solutions.

(3) 2x*—3x—k=0

D=9+8k

Therefore,
When &> — %, there are 2 different real solutions.
When & = — %, there is a repeated real solution.

When £ < — %, there are 2 different complex solutions.

(4) 2x2—4x—3m=0

% =4+6m
Therefore,

When m> — %, there are 2 different real solutions.

When m = — %, there is a repeated real solution.

When m < — %, there are 2 different complex solutions.
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Discriminant

Discriminate the solutions of the following quadratic equations.

2024+ xr—2a2=0
[Sol] D= 1+164

Therefore, there are 2 different real solutions.

From ¢2=0 A squared real number cannot be negative.
) Thus, regardless of the value of @,
D=1+164*>0 1+162%=1>0.

J 128

(1) ax?—3xr—2a=0

D=9+842
From a?=0
D=9+4+8a?>0
Therefore, there are 2 different real solutions.

(23 (a¥Fs5i*—3artle—5i=0

D=9q*—4(a+5)(a—5)=5a*+100
From a*=0
D=5a*+100>0
Therefore, there are 2 different real solutions.

(3)" r?—2ar+2a2+1=0

%Zafz*Zaz*l = —(a®+1)
From a*=0
D=—(z*+1)<0

Therefore, there are 2 different complex solutions.
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L Ex.

x#—3ax+2a%2=0
[Sol] D=94°—8a?=a?
Therefore,

When a = 0, there is a repeated real solution. =0 From D= 0.

When a #0, there are 2 different real solutions. <=p From D > 0.

X

(4) x*—4ax+3a*°=0
D — 442342 = g2
4

Therefore,
{When a = 0, there is a repeated real solution.
When a #0, there are 2 different real solutions.

(5) x*—ar+a®=

D=a*—4a*= —3a*
Therefore,
{When a = (), there is a repeated real solution.
When a #0, there are 2 different complex solutions.

(6) x*—2ax+a*=0
D =p2—p2=)

Therefore, there is a repeated real solution for all real values of a.
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Discriminant

3 )

The equation x?+ (m + 1)x+(2m —1) = 0 has a repeated real solution.

(1) Find the value(s) of m.
[Sol] D= (m+1)*—4(2m—1)
=m?—6m~+5

=(m—5)(m—1)=0
Thus, m =5, 1

(2) Find the repeated real solution(s).

[Sol] When # =5, When ax?+bx+c =0,
— _WTH =—3 p D= bh?—4dac =0, therefore,
When m =1, r:*bi'bZ*A‘ac __ b
2a 2a
__m_H =—1
2

I. The equation 3x?+4mx+m = 0 has a repeated real solution. Find the
value(s) of m, and the solution(s).

[Sol] % = dm?—3m
=m(dm—3)=0
Thus, m =0, B,

4
When m =0,
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27 Given the equation x* +(2k—3)x+2k = 0 has a repeated negative real
solution, find the solution.

[Sol] D= (2k—3)2—8k
= 4p2—12k+9—8k
=4k2—20k+9=0

- JT00—36
Thus,k:m 1400 36
_10%£38
4
.
k=907
When k=%,
_2k=3 _ _ 6 _ _
r= 5 = 5 3
When ff:i
2’
= B =
2 2

x =1 is positive and, thus, it is not the answer to this problem.
Thus, x = —3
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Discriminant

1. Discriminate the solutions of the following equations.

(1) x*+45x+3+a=0

D=25—4(3+a)
=13—4a
Therefore,

When a< 14—3, there are 2 different real solutions.

When a = lfl, there is a repeated real solution.

When a > %, there are 2 different complex solutions.

(2) r®+(a+b)xtab=0
D=(a+b)?—4ab

= g2 —2ab+ b?
= (a—b)?
Therefore,

When a2 =b, there is a repeated real solution.

When a# b, there are 2 different real solutions.
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2. The quadratic equation (b —c)x?+(c—a)x+(a—b) = 0 has a repeated

real solution. Prove that b = %

(Hint: We can rearrange b = a-gc asatc—2b=10)
[Sol] D= (c—a)®*—4(b—c)(a—b)
= (c2—2ac+a?)—4ab—b%*—ac+ bc)
=c?—2ac+a®—4ab+4b%+4ac—4bc
=a?+2c—2b)a+(c—2b)?
= (a+c—2b)?

For a repeated real solution, D=0
D=(a+c—2b)?%*=0

atc—2b=0
Thus,
b= atc

2
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Root-Coefficient Relationships

1. By first finding the roots of each quadratic equation, obtain the sum
and product of these roots.

P L. ~
2—4xr+3=0
[Sol] (x—3)x—1)=0
=3 1
a+ﬁ=3+1=4 “&D Use « and 3 for the two roots.
af=3X1=3
(1) a*—2x—8=0 (3) 3x242x+5=0
(x—Dx+2) =0 = —z=41—15
xr=4, =2 \Sﬁ
a+f=4-2=2 =%
af=4X(—2)=—8 _ c 1 _1as
p a+p= 1+m:+ 1 m:=_l
3 3 3
aﬁ_(—l+Mz>(—l—mz)=j
3 3 3
(2) xX*—7x+5=0 (4) ax’+bx+c=0
_ T7E449-20 _ —b+Abt—dac . —b—Ab*—4dac
== atp= +
2 2a 2a
_ 7+429 __b
2 a
74429 | 7—429 +

R e ad aﬁ—( ‘“’C)( "52“4“>
aﬁg(7+2~/2_9>(?~2«/2_9)=5 _ b iz+4ac c

~a
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From result of J 131a (4 ), the formulas for the relationships between the
roots and coefficients of quadratic equations are:

Root-Coefficient Relationships}

Given ax?+bx+c =0 (a#0), if the roots are & and j3,

a+£=—% afﬁ’=%

2. If the roots of the quadratic equation are « and (3, obtain their sum and
product using the formulas above.

r?=3x+9=0 (2) 3% +6x+7=0
atf=——T=3 ihfr=—a
7
9 B=g
af = =9
e
(1) 3x*—Tx+6=0 (3) 7x*—6x+1=0
-7 _6
atp= 3 atp= 7
af =2

1
a}5’=7
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Root-Coefficient Relationships

Root-Coefficient Relationships}i

Given ax®+bx+c =0 (a#0), if the roots are a and 3,

atp=—L p=<

1. If the roots of the quadratic equation are « and /3, obtain their sum and
product using the formulas above.

(1) 3224+7x—6=0 (4) x*4+ar+b=0
0:+‘8=—% atf=—a
af=—2 eB=0b

(2) 224+3=0 (5) ateLarC—yg

17 a
_ _ b
a+ﬁ—0 a+ﬁ——;
aB=3
g i
(31 Br*—%x=0 (6) xz—ix-l-izo
6 6
3 5
a‘+‘8=§ a+ﬁ=€
epf=10
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2. Obtain each quadratic equation using the 2 given roots.

R Ex.

1 1
2 ¥ 3
[Sol] If the roots are a and (3,

a+ﬁ>’:% aﬁ:%

See question ( 6 ) on side A

3x’—4x—4=0

Therefore’ — the same values are used.
xi— i;r-l- L 0
6 6 ) Multiply both sides by 6.
6x2—5x+1=0
1 2 B
If the roots are « and 3, If the roots are a and f3,
_ 5 at+p=—2
=, af=—15
__ 1 Therefore,
=% 22 +22—15=0
Therefore,
25 1 _
x 12 X 5 0
12x2—=5x—2=0
2
(27 2, — 3 (4) —3,—8
If the roots are a and 3, If the roots are a and (3,
_ 4 e+ f=—I1l
eHE= 3 af = 24
aB=— % Therefore,
2 —
‘Pherdfare; x*+1lx+24=0
24 4 _
4 3 oy 3 0
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Root-Coefficient Relationships

Obtain each quadratic equation using the 2 given roots.

1+42, 1—42 (3) 24437, 2—43:
[Sol] If the roots are @ and (3, atpB=4
+8=2 e =1
e x’—4x+7=0
ap=-—1
Therefore,
»—2x—1=0
(1) 3+45, 3—45 (4) 2+3i, 2—3¢
a+B=6 a+p =4
ef=4 aB =13
x2—6x+4=0 x?—4x+13=0
(2) —43,43 (5) 1+, 1—i
a+f=0 at+p=2
af=—3 af =2

x2—3=0 x2—2x+2=0



1445 1-45
(6) 5 . 9 (8) at+bi, a—bi
a+p= e+f=2a
ap = — af = a*+b?
x*—x—1=0 x*—2ax+a*+b*=0
(7) a, b (9) 3a+2V506, 3a—2V5b
-+ g=au a+fB=ba
af = ab af = 9a*— 206"
x*—(a+b)x+ab=0 x*—6ax+9a’—20b° =0
Note: A quadratic equation with solutions 1-;«/5 and 1_21/5 can be written

(2555

This can be expanded and simplified: however it is simpler to find the
quadratic equation using the method shown.
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Root-Coefficient Relationships

1. If the roots of x* —4x+5=0 are @ and {3, evaluate the following
expressions.

el4-g*
[Soll at+f8 =4, aB=5
a*+R2=(a+p)i2—2af=4*—2X5=6

(1) (a—p)?

[Sol] (a—pR)?=(a+p)?—4ap
=4?—4X5
=—4

(2) &?B+ap?

[Sol] a’B+eaf?=apfla+p)
=5HX4
=20

(3) a*+ap+p2=(a+p)?—ap
=16—5
=11
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2. If the roots of 3x*+3x—1=0 are @ and (3, evaluate the following
expressions.

d il

(ol a_%ﬁ
a+p=—1, af=—5
L—I—L:L(af—i—ﬁ)

(2) §+£:i«ww%

1 _ B+D++D
a+1  pg+1  (a+1)(B+1)

(@a+p)+2
 aB+(a+p)+1
—1+2
— 5 +(=D+1

=-3
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Root-Coefficient Relationships

J 135

1. If the roots of 3x?+3xr—1 =0 are @ and B3, evaluate the following

expressions.
(1) a?+p?
at+tf=—1, af= —%
a®+R2=(a+p)?—2ap
:(—1)2—2x(—%>
-
3

(2) a®+p3=(a+p)3—3aBla+pR)
=(—1)3—3><(—%>><(—1)
= -2

(8Y @ttpr=lal+pr 20"
= (@?+p2)?—2(ep)?

(o)

(Hints)

Hint

Hint

(2) &@+b*=(a+b)—3abla+b)
(3) a*+bt=(a*+b%)2—24%2
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2. If the roots of x> +5x—1= 0 are @ and £3, evaluate the following
expressions.

i %4‘#

dFg="—ny @ = —1

L+L_ 1 ( 2+ 2)

P ,82 = a,zﬁz il
_ﬁ[(aﬂrﬁ)z 2af8]
=1X[(=5)—=2X(—=1)]
=27

(2) 7 +gr=gage(a*+6"
= (a};)g[af—l-ﬁ —3afBla+p)]

=(—1)X[(—=5)*—3%x(—1)X(—5)]
=140

a?+pt=(a+p)E—2ap
=(—=52—2x(—1)
=27

(3) o+ ﬁi— 41‘84(a4+[>’4)

— W[(a2 +B2)2_2a262]
=1x[272—2x(—1)%]

=727
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Root-Coefficient Relationships

3 N

If the roots of x> —4x+7 = 0 are @ and 3, create a quadratic equation
that has the roots ¢ and 3. (Note that the coefficient of % is 1.)

[Sol] @ +B = From the root-coefficient relationships
- ﬁ =7 of the given quadratic equation.

a®+p%=(a+p)?—2ap
=16—2.7=2 @

From the relationships between the

0,232 = (afﬁ)z =49 (@) sum and product of a? and 3°.
From (D and @),
2—=2x+49=0

1. If the roots of x* —4x+7 = 0 are « and 3, create a quadratic equation

that has the roots % and L (Note that the coefficient of 12 is 1.)

B
[Soll a+3 =4

ap =
1 ] 1
a+“ﬁ—,—a§(a’+ﬁ)

T

TA=7 O
11 _1_1 |
« B g1 @
From@and@,

xz—%x+%=0
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2. If the roots of x> —x+1 =0 are @ and {3, create a quadratic equation

that has the roots aler 1 and ﬁJlr T (Note that the coefficient of x? is 1.)

[Sol] a+pB=1
ap=1
1 1 _ @thtlat])
a+1 " B+1 (@+1)(B+1)
_ {2
~ aft(atp)+1
=1
@)= e
a+1\B+1 af+(a+p)+1
.
=5 @
From (D and (),

x2—x+%=0
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Root-Coefficient Relationships

1. Given that x> —3x+1 = 0 has 2 different roots, create a quadratic
equation with roots | greater than the corresponding roots of the
original equation.

[Sol] If the roots of x2—3x+1 =0 are « and 3,
at+B=3
(1,8 =1 Find the sum and product of the roots
‘ of the new quadratic equation.
Therefore,

(a+1)+@+D=(a+p)+2=5 O

(@+DB+1)=ap+(e+p)+1=5 @
From (1) and (2),

x*—5x+5=0

(Hint )
If the roots of x* —3x+1 =0 are @ and 3, the roots of the new equation will be @+ 1 and
B+1.
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2. Given that x2—2x—5 = 0 has 2 different roots, and x> +ax+56 =10
has 2 roots, each 2 less than the corresponding root of the equation,
find the values of @ and 6.

[Sol] If the roots of x*—2x—5=0 are a and 3, Hint
a+pg=12
a B = —5f : Find the sum and product of the roots
‘ of the second quadratic equation.

Therefore,
(@—2)+(B—2)=(a+p)—4=—2 D
(@—2)—2)=aB—2(a+B)+4=—5 -
From (D and @),
2+2x—5=0
Since the second equation is x*+ax+56 =0,
a=2and b= —5

(Hint )

If the roots of x* —2x—5= 0 are @ and 3, the roots of the second quadratic equation will be
a—2and B —2.
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Root-Coefficient Relationships

3

Given that x> —6x+/% = 0 has roots @ and &2, find the value of a,
then find the value of k.

[Sol] ( a+a? =6 . @ From the Root-Coefficient Relationships
5 3 D of the given quadratic equation.
a’ . a‘ == a p— k .o @
From (1),
a’+a—6=0

(@+3)a—2)=0
Therefore, a = —3, 2
Substituting into (2),

Whena = —3, k= —27

Whena=2, k=28

1. Given that x> — 12x+ /& = 0 has roots @ and @2, find the value of «,
then find the value of %.

[Soll [ @+a?=12 @

a-al=at=k Q)

From (D),
a’+a—12=0
(a+4)a—3)=0
a=—4, 3

Substituting into @,
Whena= —4, k= —64
Whena=3, k=27
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2. Given that x2— 12x+% = 0 has roots « and 2a, find the value of «,
then find the value of k.

[Sol] [ @+2a=12 (D
{ a-2a=2a*=k @
From @,

3a=12
a=4
Substituting into @),
k=32

3. Given that x>+ /~x+ 12 = (0 has roots « and 2a, find the value of «,
then find the value of /.

[Sol] [ @+2a=—F -

{ a-2a=12 NE)

From (2),
a’=6
a=*46

Substituting into @D,
Whena=+v6, k=—3/6
Whena=—+46,k=3V6
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Root-Coefficient Relationships

3

Determine the range of & for which x? —6x+ 3k = 0 has 2 different
positive real solutions.

%

[Sol] If x* —6x+ 3k = 0 have roots « and 3.

a+f3=06, af =3k -0 From the Root-Coefficient Relationships.
From @@ = 3k >0, -gp fa@and {3 are both positive, then &/3 must

be positive.
>0 @
And, from <9 =93> 0, < [l smerieiese 2t el
k<3 @
From (D) and @),
0<k<3

1. Determine the range of % for which 3x%+8x+2k = 0 has 2 different
negative real solutions.

[Sol] If 3x*+8x+2k =0 have roots @ and j3.

a+B= *%, a'B:%ﬁf

2 If @ and {3 are both negati
_2, gative, then
Fl‘OIIl CYB 3 ’['3 > 0’ =0 ﬂ'ﬁ must be pOSiﬁVe.
>0 D

And, from % =16—6~£>0,

8
k< 5 wrl2)

From (1) and (2),

8
0<k<§
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2. Given that x> —2x—m+1=0 has 2 positive real number roots, a and
{3, determine the range of values of .

[Soll a+B=2, aB=—m+1
From ¢ff = —m+1>0,
m<l @

And, from% =1—(—m+1)>0,

m>0 @

From@and @
0<m<1

— Consider this! '

i) Given that x* — 6x+ 3k = 0 has 2 real number roots, @ and (3, with
opposite signs (one root is positive and the other root is negative),
determine the range of values of 4.

[Sol] a+pB =6, ¢B3=23k
From af = 3k < E' <D A positive number times a negative

number is negative.
k<[ ]-O
And, from % =9—3k>0,
£<3 @
From (1 and (2),
<[ 0]

ii) In order for ax®+ bx~+c = 0 to have 2 different real number roots, a and
B, with opposite signs,

_E
aB =<0
D=b"—4qc>0

o If % <0, then ac <0, so the discriminant is always positive.

» Therefore we only need the condition a3 <0.

0“0 ‘0 SToMSUY
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Root-Coefficient Relationships

1. Find the quadratic equation with the two given roots.

2445 2—45
3 3

(1)

Therefore,
4 1

Iz__I__:O

3 2

9x2—12x—1=0 Multiply by 9 to eliminate the denominator.

(2) —1+437 —1-43i
2 ’ 2
atp=-—1
af=1
Therefore,
x2+x+1=0

J 140

2. Given that x> +5x—1 = 0Ohas 2 roots @ and (3, evaluate the following

expressions.

(1) a®—aB+p?

g+ g=—5
apf=—1
—af+pR2=a’+p2—ap

=(a+p)*—3ap
=igh—3x(~1)=28

(2) (a—2B)2a—p)=2a>—bap+2p3°
= 2(a+B)?—9ap
=2X25—9%(—1)=59
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3. Given that x>+ 2mx+m?—2m+3 =0 has 2 roots a and 8 (with & <),

(1) Find ¢+ and af in terms of .

a+pB=—2m
aB=m*—2m+3

(2) Find (@—p)? in terms of m.

(@—p) = (a+p)?—4ep
= 4m?—4(m?*—2m+3)
=8m—12

(3) Ifp—a=2,find m.

From question ( 2 ),
(a—p)2=8m—12 s 1)
We can also write the equation:

(@—p?=(p-a? @

From (1) and @,
dqm—12=(B—a)?
8m—12=22

m=2



Jl14la

Simultaneous Equations

KUMON

Solve the following simultaneous equations.

y=2x—1 sassndl 1)
24+y2=29 .. @

x*+(2x—1)*=29

[Sol] Substituting (1) into (2),

Substituting © = % into (1),

_ 23
bal—4x—28=0 y= 5
(Gr—14)(x+2)=0 Substituting x = — 2 into (1),
Therefore, y=—>5
_ 14 _
Ans. 93
y="% \y=-5
= 2x—1 e @ Note: Solving a group of simultaneous

Substituting (1) into (2),
22+(2x—1) =13

5x2—4r—12=0

(5x+6)(x—2)=0
Therefore,

xr= *%, 2

equations is often called solving
a “system of equations”.

J 14l

Substituting x = — % into (1),
y= _ 17
¥ 5

Substituting x = 2 into @,
y=3

&
Il



Substituting (D) into @
2+ (x+3)¥=5
28+ 6x+4=0
22+3x+2=0
(r+2)(x+1)=0

Therefore,
r=-2,—1

Substituting @ into @
(y+1)2+y2=5
20+ 2y—4=0
Fhg—2=0
(y+2)y—1)=0

Therefore,
y=—2,1

Substituting x = — 2 into @,
y=1

Substituting x = — 1 into (1),
y=2

Substituting y = — 2 into @,
r=-—1
Substituting y = 1 into (1),

x=2

x=-—1 {x=2

Ans.{ y=1

y=—2
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Simultaneous Equations

Solve the following simultaneous equations.

- y=2x+1 e @

—yP=—21 e @

Substituting (L) into (2, Substituting x = — 10 into (1),
2—Qr+1)?2=—21 3
3x+dr—20=0 | y:—l—;
(Bx+10)(x—2)=0 L 2 into D

S ‘ Substlt;tmg x =2 into (1),

‘ y=
€= _1_305 2 :
- _10 =
Ans T > =
17
y=—7 (y=5
P=2r—1 e @
(2) Ly,

22=2yF=—1 e @

Substituti into @), | . :

" ;2 1_u21(r;i ?11; (l? y Substituting x = % into (1),
T —8x+1=0 y=-=
(Tx—1(x—1)=0 o :

Phiapatan, - Substituting x = 1 into (1),

1 =1
x=-, 1
=l =
Ans o 1 =
—, =1



(3) {yz: IZE ...... @)
22—yt =15 e &)
Substituting (D) into @
= {x—3F=15
6x =24
xr=4
Substituting x = 4 into @,
y=1

2x—y=3 eeen €))
L {IZ—.UZ—3 ------ @

After rearranging (1),
Yy=2x—3 +-eeer €))

Substituting @ into @,
FP#—(25—3)°=3
22—4xr+4=0
(x—2)2=0
xr=2

Substituting x = 2 into (3,
y=1

x_
Ans. {y_ 1

{x—2
Ans. ]

There is only
one solution.
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Simultaneous Equations

Solve the following simultaneous equations.

3r=2y e @
(1) {2 g
5 g8 e @
From@,
I:%!y ------ @

Substituting, @ into @),

2 2
(7“0 b

1 +?:8

14 5 ¥
f X9t g =8

y2 =36
y= L6

Substituting y = 6 into (3),
r=4

Substituting y = — 6 into (3),

x=—4

+

Ans. {.r i

vy=

+

[4]
[ 6]

J 143

Solutions with the same numbers but different signs can be written as follows:

r==]

r=1 r=-1 ;
and ,  can be written as y==+2

y=2 o=~

r==1

T=1 1= =1
and ; can be written as —
y= T2

y=-—2 y=2

Keep the positive and negative signs in the correct order.
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y=x+1l @®
(2) {12+y2:3 ...... @

Substituting @ into @),
(et )%= 3
2124+2x—2=0
2+x—1=0

Therefore,

_ —1£45

2

o

(3) {41_2!/—2 ...... )
) 22—yt +3=0 .o @

From (1),
y=2x—1 oeere ©)
Substituting 3 into @),
P=02r—=1)¢+3=10
3rt—4x—2=0
Therefore,

_ 2%410
3

The solutions are
irrational numbers.

Substituting x = # into (1),
,—1+35
Y 2
Substituting x = ﬁ into (1),
_1-4V5
Yy 2
_ —1£45
2D
2
Ans.
1+45
y= 2
The solutions are
irrational numbers.
Substituting x = 2 +3m into @,
_1+2410
Yy=—"35
Substituting x = 273 19 into 3,
12410
¥y = f
2410
x —
3
Ans.
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Simultaneous Equations

Solve the following simultaneous equations.

o

I‘I/—{—I—!/ — 1 ------ ®
xy—3x+y=5 e @
Sol] F —2), - ;
] BiamdD g Substituting x = — %— into (3),
dr—2y=—4
Therefore; y = 2x+2 == 3 y=-—1
Substituting @) into (D), Substituting x = 1l into @,
2(2x+2)+x—(2x+2) =1 y=4
bt g—=3=0
(2x+3)x—1)=0 x=—3 (z=1
Therefore, Ans
Fy+3x—341T3=0 o @
IAU717E/+1:0 ------ @
From O —®), - Substituting x =0 into 3),
dx—2y+2=0 y=1
Therefore, y=2x+1------ ® Substituting x = 1 into ®,
Substituting (3) into (1), y=13

W +1)+38—3(2%+ 1)+3=0
22+ x+3x—6x—3+3=0 |

2t —2r=_(
xHxr—1)=0
Therefore, {x =0 {I 1
Ans. _
r= 05 1 y= 1 y=
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(3)

xytx+ty=5
2xy+x+3y=9

From (1) X 2,
2xy+t2x+2y=10
@-@: r—y=1
Therefore, y=xr—1
Substituting @ into D,
x—1)+x+(x—1)=5
224+x—=6=0
(x+3)x—2)=0
Therefore,
r=-3,2

FPF2r 211 =10
Sxy+3x+5y+3=0

From (1) X 3;
3xy+bx+6y+3=10

@—@:3x+y=0

Therefore, y = —3x

Substituting (4) into (1), :
A —30)+2r+2(—30)+1=0
—3x2—4x+1=0 |
3r2+4x—1=0

Therefore,

o —zé_hf?_

i)

Substituting x = — 3 into @,
==

Substituting x = 2 into (4),
y=1

 Substituting 1 = # into @),
y=2— 7
Substituting x = %ﬁ into (),
y=2+ N7
—2+47
x=—"g
Ans.
y=2F4T
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Simultaneous Equations

Solve the following equations.

2yt =242y =T wsuein @
4=y =1 @
[Sol] From (D—(@), ~ Substituting y = 2 into (3),
—6x+6y="6 L x=1
Therefore, r=y—1 ------ ® Substituting y = —1 into ®,
Substituting @) into @), r=-—2
=12+ 2= 2y—D+2y =17
20— 2y—4=0 r=1 r=—2
(y—2)y+1)=0 Ans. {y=2 {y=—1
Therefore, y =2, —1 |

4 2+ —Ar—4y—10=0 .- @

22+ 4x+H4y—10=0 oee @

From O — @), ~ Substituting y =5 into (3),
—8r—8y=0 - x=—45

Therefore, x = —y -+ ® Substituting y = — 5 into (3),

Substituting (3) into (1), r=A5
2+ 4y—4y—10=0
y*=5 |

Therefore, y = £ V5



J 145D

24yl tr—y—6=0 e ®
‘) {212+2y2+3r+y—12=0 ------ @
Brom (DX2, Substituting y = e | into (),
252+ 2% +2x—2y—12=0--@ | 5
@—@: —x—3y=0 ey
5
x==3y e @
Sibistiinfing @ infe @, Substituting ¥ = 1 into @,
O+ 2 —3y—y—6=0 7= ot
1042 —4y—6=0
Gy+3)y—1)=0 9
Therefore, _y=—%,1 Ix=—5— Ix=_3
Ans
y= —% y=1
(3) {312+2y2—r+4y—8—0 ------ @
62+ 4y +4x+11y—25=0 @
From ()X 2, Substituting x = 2 into @,
622+ 4y —20+8y—16=0---@ = y= "1
@—-@: —6x—3y+9=0 Substituting x = 1 into @,
y=—2x+3 e @ g=1
Substituting @) into @,
3* 42— 2x+ 3P —p Al —2x+3)—8=0
Tla®—3324+22 =10
(x—=2)x—=1)=0
Therefore, x=2, 1
x=2 x=
Ans.{ =] {y—l
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Simultaneous Equations

Solve the following equations.

{(x—f/)(:c—l- 20)=0 e @
P—xy+22=16 - @)

[Sol] From D, x=yorx= —2y ,
x:y A--@ ‘ x:—z!j l.l@
{Iz—xy+2y2—16'--@ {12—1y+2g/2—16 @

Substituting (3)into @ Substituting 3) into @
P—F+2y* =16 A2+ 240 =16
=k O D y= A2
From @), r= 22  From @), x=F242
p=eBD =0T
TR P i
(1 {(r—3_y)(x—2y)=0 ------ @
2 —2xy+6yt=6 - @
From D), r=3y or x =2y
x =3y RO x=2y O
{.1:2—2xy+6y2— ) {12—21;1-1-6_{;2—6 (2
Substituting (3) into (2), - Substituting @ into @),
0y2—6y2+6y2=6 L 4P 4yt 6y =
_ 16 - y==1]
y==3 éFrom@J,I=i2
From @), x= +46
x==%46 x==2
Ans.
/6 {y =1

y=+7g
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2—dxy+3y2=0 e @®
{12—5x_y+6y2=2 ------ @
[Sol] From ), (x— y)(x—3y) = 0 therefore x = y or x =3y
T=y (@ x=3y svi(3)
{12—51’_1/4-6;/2—2“-@ {IZ—Sxy+6y2—2 (2
Substituting (3)into @ Substituting 3) into @,
=52 +6yt =2 92— 152 +6y2=2
y==*1 0yt=2

From ®), r=+1 There is no value of y that would

- satisfy this. Therefore, there is
. no solution.

g= e
N

(2) {x2+31y+2y2—0 ----- @
IZ*ZI‘U*S‘Z/2:5 ...... @

From @), (x+2y)(x+y) =0 therefore r= —2yorx= —y

=~y @ | =g @

{1221.:73.1'/2:5 @ x2—2zy—3y2=5 @
Substituting 3 into @), Substituting (3) into @),

424y =3y =5 P23 =5

y==*x1

From 3), x= F2

0-y2=5

There is no value of y that would
satisfy this. Therefore, there is
no solution.

Ans.
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Simultaneous Equations

Solve the following equations.

x+ [/ = 9 ------ @
Iy — 7 ------ @
[Sol] x and y are the roots of
T =1 When a quadratic equation has
roots @ and 3, we can write the
_ 9= 53 equation as
Therefore, = T ED 2—(a+Pi+ap=0

In this case, @ = x and § = y.

_ 94453 _ 9—453
Xr== r==
2 g
Ans.
_ 9—453 _ 94453
= |g="—7
) 2
+y=4
(1) {x d
xXy=2

x and y are the roots of
2—4t+2=0
Therefore, { = 2442
x=2+42 {x=2—~/§

A0, {y=2—~/§ y=2+42

Alternative method for example: From @ 7 = 9—x. We can substitute this into @, and
solve as usual. However, with terms such as x + 7 and x, it is easier to use the
Root-Coefficient Relationships.
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4 =5
(2){ S
xy= —=56

x and y are the roots of
iE—Bi—= 1
(t—6)t+1)=0

Threrefore,
t=6, —1

(3) {x+y:~/§+1
‘ 1y=1[§

xand y are the roots of
P—W3 +Dt+43 =0
t—1)t—43)=0
Threrefore,

t=1,43

=5
Ans. {y= -

x=—1
y==6
x=43
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Simultaneous Equations

Solve the following equations.
xry=4 @D
2rayt+yF=13 e @

[Sol] From @,
(x+y)?—xy=13- ®
Substituting ) into @,

16 —xy =13
xy=3 e @
From (1) and @), x and y are the roots of
2—4t+3=0
(¢=3)(t—1=0 =3 x=1
Therefore, t =3, 1 Ans. {y = {y=
(1) xty=4 e @
=yt yt=22 e @
From @,
(x+y)2—3xy=22 - @
Substituting (1) into (3),
16—3xy=22
XY= —2 e @
From (1) and @), rand y are the roots of
12—4t—-2=0

Therefore, { =2+46
x=2+V6 (x=2—+76
SR {y=2—~/€ {y=2+~f€
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(2) {Ig oo O There are 4 solutions.
2P =10 e @

[Sol] From @
(x+y)?—2xy=10 - ©)
Substituting (1) into (3),
(x+y)2—6=10

(x+y)2=16
rty==x4 @
From (1) and @), x and y are the roots of
1?—41+3=0 1*+41+3=0
(t—=3)t—1)=0 (t+3)(t+1)=0
Therefore, 1 =3, 1 Therefore, { = —3, —1
x=3 x= x=-—3 x=—]
O A P SR
(3) {Ig—i_ ...... @)
2+yi=4 0 s @
From (2),
(x+y)?—2xy=4 - €)
Substituting@ into 3),
(x+y)t—4=14
(x+y)i=8
rty=£242 e @
From (1) and @), x and y are the roots of
12—242t+2=0 O 2H22+2=0
(1—42)2=0 2 =0
Therefore, ¢t = N2 Therefore, = —y2
E=AD  TE=—iD
Ans.{y=@ {y=—~/§
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Simultaneous Equations

Solve the following equations.

{.r2+9rg/+yz =23 e )
xytxty=5 e @

[Sol] Assuming that x+y = A, xy = B. 2+ 9xy+ 4t

From (D and (@), = 122-1- 27ry+y2+7xy
= A2+7B
A24+7B=123 ... ®
A+B=5 . @

From @), B=5—A
Substituting this into (3),
A*+7( 5—A )=23

A= [T a+[12]=0

(A—4 ) A-3 )=0
WhenA=|4 ]| B=|1]
WhenA=|3 |, B=|2]
@y winl®TT iy wmef TR
xg: I.U:

x and y are the roots of x and y are the roots of
P—4t+1=0 t¥—=3t-+2%=0
Therefore, / =2+43 (F—20F—1)=D

Therefore, =2, 1
x=2+43 (x=2-43 (x=2 (x=1
ACS WP R S W

J 149
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(45 {_xﬂ:lz ...... )
24yt =25 @
Assuming that r+y = A, xy = B.
From (D and (2,
{3—12 ...... 3
AZ—9B =95 ...... @ < +yt=(+y)’—2xy
Substituting 3) into @), = —=28
A%2—24=25
A==xT7
A= X7
{B=12
. xty="7 N xty=-—7
(i) When {Iy — 19 (i1)  When {If,’z 12
x and y are the roots of x and y are the roots of
12Tt +12=0 2+Ti+12=0
(t—4)t—3)=0 (t+4)(t+3)=0
Therefore, [ =4, 3 Therefore, | = —4, —3
x=4 x=3 x=—4 x=-3
A“S'{y=3 {y=4 {y=—3 { =—4
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Simultaneous Equations

KUMON

Solve the following equations.

(1) T—y=3 e @
24+y2=9 e @
From (),
y=x—3 e ©)
Substituting (3) into (),
2+(x—3)%¢=9
212 —6x=0
x(x—3)=0
xr=0,3

2yt =2x+2y=3
2+ —dx+4y=1
From @—@
2xr—2y=2
r=y+1
Substituting 3 into (1),

(2)

(y+12+y2 =2+ +2y=3

203+ 2y—1=3

y¥ty=2=0
(y+2)(y—1D=0
y=-2,1

J 150

Substituting x = 0 into (3),

y=—3
Substituting x = 3 into 3),
7=1
x=0 x=3
Ans. { =_3 {y =0

Substituting y = — 2 into (3),

r=-—1

- Substituting y = 1 into (3),

x=2
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(3) {(.ry)(x+2g)=o ...... @D
22=2xy+4y2 =12 eeee. @

From O, xr=yorx= —2y

Substituting x = y into ), - Substituting x = — 2y into 2),
2t +4y2=12 4 +4yP+4y* =12
P=4 =1
y==x2 | y==*1

Since x =y, | Since x = — 2y,
x==x2 xr==F2

x==x2 x==2
Ans.{ _ { —
y==x =

(4) {x—’—y—5 ...... @

From @,
(x+y)*=3xyx+y) =353
Substituting (1 into (3),
125—15xy =35
xXy==6 e @
From (1) and @), x and y are the roots of
t2=5¢+6=0
(t=3)t—2)=0
Therefore,
t=3,2
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Dividing Polynomials

Divide the following polynomials.

I Ex.
x +2
x+3) 2+5x+ 6
124 3x =B (*+3)Xx
2x+ 6
2x+6 =p (+3)x2
0
(1) & =hi3 (3) 2x +5y
x+5) 22+ 8x +15 3x—2y ) 6x2+11xy— 1042
22 4+5x 6x2— dxy
3xr +15 15xy—10y42
3x+15 15xy— 1042
0 0
(2) x +3 (4) 2x —3y
2xr—3)2:2+3r—9 3r+4y ) 6x2— xy—1242
2t —3 622+ 8xy
6xr—9 —Oxy—124°2
6x—9 —Qxy—1242

0 0
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8§ Ex.
x2+2x +3

12 =2x+2) x*+0x°+ x®—2x+6 =D Leave a space as there is no 2° term.
b e
2at— B—2F

You can either leave a space or

0rd— A+ Ag write +0x3.
3x2—6x+6
3x*—6x+6
0
N
(5) dx*+2x —3
2 4+2x+3) 4+ 103+ 13x°+0x—9
4+ 8%+ 1217
203+ x*4+0x
2284 dx®+6x
= Qgleapp—l)
— 3x2—6x—9
0
(6) x*+2x +3

2=2x+2) 2 +05+ x2—2x+6
=213+ 222
22— x?—2x

223 —dx®+4x
3x2—6x+6
3x2—6x+6

0
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Dividing Polynomials

Divide the following polynomials.
(1] Gt I Bt

2+ 2x +4

2=2x+4) 03 +42+0x+ 16
=23+ 422

J 152

Leave spaces as there are
no x* or x terms.
Alternatively, write in
+0x* and +0x.

Ans, x?+2x+4

2234+ 0x2+0x
2x3—4x*+8x
4x*—8x+16
dx*—8r+16
0
(2) (BP+8)+(x+2)
x*—2x +4
x+2) 4+ 0x*+0x+8
2+ 242
— 24+ 0x
— D% —dy
4x+38
4x+8
0

Ans. x?—2x+4
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(3) (a*+a%b*+b)+(a®+ab+b?)

a’—ab +5
a®+ab+b?) a*+02°b+ a’b*+0ab’+ b*
a*+ a*b+ a*b?

— a*b+0a?b%+0ab’

— a*b— a*b*— ab’
ab’+ ab®+b*
alh®+ ab’+b*

0

Ans. a’—ab+b?

(4) GEY—y)=le—3)

24+x%y +xy? +48
F— ) 2+ 0y 0ty 0xy® —

xt— 23y
2y+0x%y?
By— 22y
2yt~ 0xy?
2yt— 1
xyi—=yt
"
0

Ans. X*+x*y+xy’+y’
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Dividing Polynomials

Divide the following polynomials.

9

WR s ) B W S

[Sol] x +2
2r%+x+3) 22 +522+0x+9
203+ 12+ 3x
4r*—3x+9
4x*+2x+6
—br+3

Ans. Quotient r+2 Remainder —5x+3

(1) (2x*—18x2+3x—4)+(x3—322—2)

2x +6
—3x2—2 )22+ 0x3— 1812+ 3x— 4
2xt — 623 —4x
6x3—18x*+7x— 4
6x°>—18x> —12

Tx+ 8

Ans. Quotient 2x+6 Remainder 7x+8




J 153b
(2} (Qa*+a*—5g+2)=(a+1)

2a°—a —14
a+1) 2+ a*—5a+2
2a3+2a?

—a*—ba
—a’— a
—da+2
—4ag—4
6

Ans. Quotient 2a’—a—4 Remainder 6

(3) (P2—3xy+2y2+3xr—6y—8)+(x—y+4)

¥ =21 —1
x—y+4) 22 =3xy+2y*+3r—6y—8
2= xy +4x
—28y+20°— x—6y
—Zxy+2y* —8y
— r+2y—8
— r y—=4
y—4

Ans. Quotient x—2y—1 Remainder y—4
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Dividing Polynomials

17+5 = 3 Remainder 2 Similarly,

This relationship may be (¥ a1l 2]

written as 17 =5X 3+ 2. =x?+xr+2 Remainder 3
This relationship may be written as
P 1= (=2 2)+3,

1. Complete the following exercises.

(1) Divide x*+4x*—5x+3 by r—2.

x2+6x +7 Note:
2—2) ' +4x*— Brt+ 3 For 267 =3 R5
A 7 is the divisor,
oxi— Bt 3 is the quotient,
6x2—12x 5 is the remainder.
Tt 3
Tx—14
17

Ans. Quotient x*+6x+7 Remainder 17

(2) Using the result of ( 1), write the relationship between
aFdpt—Byr 3 and 2.

Ans. ¥ +4xr2—5xr+3=(x—2)(x?+6x+7) +17
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2. In each question, divide A by B, and write the relationship between the
two.

(1) A=2*+x*—5x+2 B=zx+1

2r2—x —4
x+1) 2%+ x®2—5x+2

2x% 422
a5 LB
— -z
—4x+2
—4x—4
6

Ans. A=B( 2x?—x—4 )+| 6 ]

(2) A=1*—3x2+4x+30 B=x—2

—x +2
x—2) ¥ —3x2+4x+30
= 0?
— x¥+4x
— *+2x
2x+30
2x— 4

34

Ans. A= B(x>—x+2)+34
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Dividing Polynomials

In each question, divide A by B, and write the relationship between the
two.

(1) A=x*+x*—8x>—9x+9 B=x—3

2+42+4x +3
x—3) '+ 22— 8x¥— 9x+9

—3
Ax3— 8x?
dxt—1 00"
4x®— 9x
Axt—12x
3xr+9
3r—9
18

Ans. A= B(x*+4x*+4x+3)+18

(2) A=2x*+252%+4x+10 B=2x+1

224+12x2—6x +5
2x+1) 2x*+ 251+ 0x%+ 4xr+10
2 i
243+ 0x?
24x% +12x°
—12x%+ 4x
=12x*= bx
10x+10
10x+ 5
5

Ans. A= B(x®*+12x?—6x+5)+5
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(3) A=x'+61*—T7124+3x+9 B=1*+3xr—2

?+3x =14
224+3x—2) x*+6x°— T2+ 3x+ 9
3t — 2t

dt— Bt 3z

334+ 91— 6x
— 142+ 9x+ 9
—14x%>—42x+28
51x—19

Ans. A= B(x?’+3x—14)+51x—19

(4) A=r+6x2+6x—6 B=1r*+3xr—3

r +3
2 +3x—3) 2 +6x2+6x—6
234+ 3x%—3x
3x24+9r—6
3x2+9xr—9
3

Ans. A= B(x+3)+3
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Dividing Polynomials

When A is divided by 2x* — 1, the quotient is 2x— 1 with remainder
x—2. Find A.

%

[Sol] A= (2x*—1)2x—1)+x—2 ==p RefertoJ I54a.
Therefore,
A= —2f—p—1

1. When A is divided by x+ 1, the quotient is x* + 2 with remainder 3.
Find A.

[Sol] A=(x+1)(x2+2)+3
Therefore,
A=13+2x+x2+2+3

=x®+x2+2x+5

2. When A is divided by 2x+ 3, the quotient is x* —2x+ 1 with remainder
—2. Find A.

[Sol] A= (2x+3)}x?—2x+1)—2
Therefore,
A=203—4x2+ 25+ 3x*—6x+3—2

=2x3—x?—dx+1
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3. When A is divided by x?+1, the quotient is x? + 1 with remainder
x+1. Find A.

[Sol] A= +1)x?+1)+x+1

Therefore,
A=1r4+222+1+x+1
=x'+2x’+x+2

4. When A is divided by x? +x+1, the quotient is x?+ 1 with remainder
2x. Find A.

[Sol] A=(x?+x+1)(x2+1)+2x
Therefore,
A=tt50F 23 a2 125

=x'+x3+2x?+3x+1
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Dividing Polynomials

23

When x*+x? +4x—1 is divided by B, the quotient is x+ 1 with
remainder 3x — 2. Find B.
[Sol] ¥*+x2+4xr—1=B(x+1)+3x—2
P4t tr+l=Bx+1)
Therefore,
B=(3+3*+i+1)+-+1)

) Move 3xr— 2 to the left side.

2 +1
x+]1 )+t +a+1
S

£+l
x+1
0 Ans. B=1*+1

1. When 2x*+x? —r+1 is divided by B, the quotient is 2x+ 3 with
remainder — 2. Find B.

[Sol] 2 4+i*—k+ 1 =B(2+3—2
23+ 12—x+83=B2x+3)
Therefore,

B=(2x*+x*—x+3)=(2x+3)

xX—x +1
2x+3)2x°+ x*— x+3
2x%+ 322

—Zrr— %
—= 2" —3x
2HE
2543
0

Ans. B=x?—x+1
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R Ex.

When 2x° — 12 —ax+b is divided by 1 —2x+ 1, the remainder is
3x+ 2. Find the values of ¢ and b.

[Sol] 2xr + 3
x2—2x+1)2x3— x* —ax+b
P S +2x
3x*— (g+2)x+b
oy —6x+3

(—#+435+h—3
Since the remainder is 3x+ 2,

(—a+dir+b—3=3x+2
Comparing left and right hand sides,

—at4=3 @ Match the coefficients of x on both sides,
b—3=2 - @ and the constant terms on both sides.
From () and (2),
a=1,b=5

A

2. When x*+ax?+b is divided by x?+x+ 1, the remainder is —2xr+2.

Find the values of @ and &.

[Sol] P2?—x +a

224+x+1) 2+ 0 +ax’ +0x+b
o+ B4+ 7
— 3 4+(a—1)x%+0x
— gl i =
ar>+ .x+b
ax*+ax+a
(1—a)x+b—a
Since the remainder is —2x+2,

(l=a)itb—a=—2x+2
Comparing left and right hand sides,

—a=—2 sa{D)
{b—azz (D)
From@and@,

a=3,b=3
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Dividing Polynomials

1. Simplify the expressions.

4r—5 3 4
I_2 =4+ x_z =D 1_2)41'_5
4x—8
3
2xr—1 3 2
(1) =2 =2+ x—2 F—2 ) 2r—1
2x—4
3
xr+3 x+3 r+3) —2r+1
—2E—bH
7
dr+5 7 2
(34 " TH Y 2x—1V4rT5
4xr—2
it

Note: You can also simplify in this way:

dr—5 _ 4x—2)+3  4(x—2) 3 3
—2 o= Tox—2 +x—2 A
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2. Simplify the expressions.

8 Ex.
- 7 =
LM 2t~ 1) t3
xX— x
=)
= Uar
L 1
x—x+4 6 g A=l
(1) = ==+t 5 O =
x2—2x
xt+4
2
6
2xt—x+1 4 T —4
(2) oy L L L x+1)20%— x+1
2r% 4+ 2x
—3x+1
—i3—3
4
(3) 2 —Bu+2 P, ¥ =2
2x+1 2x+1 2r+1)2x2—3x+2
2%+ x
—4x+2
—dfi—

1
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Dividing Polynomials

Simplify the following expressions.

g—4 w—5 _ 1 ) 1
a—5 a—6 _(1+a—5) (1+a—6)

1 1 1

“2-5 a—6  (a—5@—6)

Note: Simplifying the fractions first makes the calculations easier.

_ —4x=T)+2(x—4)
T (x—=DH&=T)

o —2x+20
T (x—4)(x—T)

==

J 159
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2a a—1 a+l _ 2\ —2 N 1
L2 ga—1 a+l a _(2+a—1> (1+a+1> (lJra)

_ 2a+D+2a—1) 1

(a—1)a+1) a

da 1
(a—1Dla+1) a
_ 4a®—(*—1)

ala—1)a+1)
3a’+1

 ala—1)(a+1)

gtd  ard mhB n x+6
x+1 x+2 r+4 b A T

B 1\ 1\ ] ]
(L+x+1> (L+x+2) O*'I+4)+Oﬂ'x+5)
. kEE2l—=lekl]  (eh8)=(pfd)

C (x+ D +2) (r+4)(x+5)

B 1 B 1
T x4+ DE+2) (+4H+5)

(@9 +20)—(x* +3x+2)
T (x+ D+ 2)(x+4)(x+5)

_ 6x+18
C (x+D(x+2)(x+4)(x+5)

(3)

_ 6(x+3)
(x+1)(x+2)(x+4)x+5)
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Dividing Polynomials

1. Divide the following polynomial.
(' 25— 12x%—d) = (r*—0p—a)

[Sol] 44 + 2
=2x—6) r*+23—122%+ Ox— 4
=Bt — Ba?
dx¥— bx*+ Ox

Ax®— 8i%—24x
254 24r— 4
2pf— dx—12

28xr+ 8

Ans. Quotient x?+4x+2 Remainder 28x+ 8

2. When 1*+ax® —4xr—a?® is divided by x* —x—a , the remainder is
x+b. Find the values of @ and b .

[Sol] x FlaF1)
¥—x—a)xd +ax? —4x—a®
x — x° —ax

(a+ 1?2+ (a—4)xr—a?
(a+ 12— (a+1Dr—ala+1)
(2a—3)x+a

Since the remainder is x+ b,
(2a—3)x+a=x+b
Comparing left and right hand sides,

2¢a—3=1 Q@
{a=b N E))
From (1) and (2),

a=2, b=2
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3. When A is divided by x? +x+ 1, the quotient is x? — 2 with remainder
2x+7. Find the quotient and the remainder when A is divided by
FF— %,

[Sul] A=yt Dig®—2)+0r7
=1t 2024+ 13— 20+ 22— 24+ 2x+7
=gttt —5
Dividing A by x*—2x+4:

243 +1
2=2x+4 ) x*+ 22— 22+ 0x+5
=23+ 412
3 —5%" 1+ Bz
3x3—6x2+12x
¥ =105
x2— 2r+4

—10x+1

Ans. Quotient x2+3x+1 Remainder —10x+1
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Remainder Theorem

" Determine the value of a for which x2+ax+3 is exactly
divisible by x— 1.
(i.e. the remainder is equal to zero)

[Sol] x +(a+1)
x—1)x? +axr+3
D —
(a+1)x+3
(g Die—a—1

at+4

Therefore, a+4=0 ==p . .
the remainder is zero.

a= —4

“To be divisible by” means

Jl6l

1. Determine the value of « for which x?+ 2x—a is exactly divisible by

x+4.
[Sol] X —2
x+4) 1% +2x—a
x2+4x
— Al
—2r—38

—a+8

Therefore, —a+8=10
a=38
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2. Determine the value of @ for which 2x*+7x+a is exactly divisible by
1.

[Sol] 2x +5
x+1)2:2+7x+a
2124+ 2x
Sitd
5x+5
a—>b

Therefore, a—5 =10
a=>5

3. Determine the value of @ for which x* —axr+6 is exactly divisible by
F—2.

[Sol] x +(—a+2)
r—2)x? —ax+6
k2 —2F
(—a+2)x+6
(—a+2)a+24— 4
—2a+10

Therefore, —2a+10=10

a=>5

4. Determine the value of @ for which x* +2xr—a is divided by x+4 with
remainder 3.

[Sol] % —
r+4)xr*+2xr—a
r2+4x
—s gl
—2x—=8
—a+8

Therefore, —a+8 =3
a=>5
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Remainder Theorem

Notation

» P(x) and Q(x) are used to represent polynomial expressions in x.
* When 2 is substituted for x, this is written as P(2).

Complete the following exercises on P(x) = 1+ x> —5x+6.

-3

First find P(2), then find the quotient and remainder when P(x) is
divided by x— 2.

— 93 - e Substitute x = 2 into
[Sol] P(2)=234+22—5X2+6=8 ED pir)— i g B

3 +1
r—2)x*+ x*—5x+6
ot —Pa?
31?2 —bx
3x* —bx
x+6
=9 o Quotient x*+3x+1

8 Remainder 8
» When P(x) is divided by x —2, the remainder is P(2).

(1) First find P(3), then find the quotient and remainder when P(x) is
divided by xr—3.

[Sol] P(3)=[3]P+[3]*—5x[3]+6=27

x2+4x +7
—3)2%+ 12— 52+ 6
x*—3x?
dyx*— Bx
4x2—12x
Tx+ 6
74— Ans. Quotient x?4+4x+7

27 Remainder 27

» When P(x) is divided by x — 3, the remainder is | P( 3 ) |.
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(2) First find P(—2), then find the quotient and remainder when P(x) is

Quotient x*—x—3

divided by xr+ 2.
[Sol] P(—2)={—2P4+(—2P—5¥{(—2)+6=12
xi— xr —3
x+2)x*+ 2—5x+ 6
134222
— x2—b5x
— 12—2x
—3x+ 6
—3x— 6

12

Ans.
Remainder 12

» When P(x) is divided by , the remainder is P(—2).

(3) First find P(—1), then find the quotient and remainder when P(x) is

[Sol] P(—=1)=(=1P+{—1P=56Xx{=1)+6=11

divided by x+ 1.
X -5
x+1)3+x2—5x+ 6
b e o o
—bx+ 6
—H— B

11

Quotient x?—5

Ans.
Remainder 11

» When P(x) is divided by , the remainder is .

* Looking at the example on side @, P(x) = (x—2)(x®*+3x+1)+8, and

substitution gives P(2)= 8.

* If a polynomial P(x) is divided by x—«a, we can express the relationship with the

quotient Q(x) and remainder R as:
Plx)=(x—a)Q)+R

* When x = a, the underlined portion of the above equation becomes
(a—a)Q(x) = 0. Thus, P(a) =(a—a)Q(x)+R=R

Conclusion: When P(x) is divided by x —a, the remainder is P(a).
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Remainder Theorem

The Remainder Theorem )
When P(x) is divided by x— «, the remainder is P(a).

1. Use the Remainder Theorem to find the remainder when the given
P(x) is divided by the term on the right.

(1) Plx)=x*—T7x2+4x—3 r—2
P(2)=23—7X224+4x2—3
=—15
(2) Plx)=23—x+1 r+3

P(—3}=2X (—38)P—{(—3)+1

J 163

(3) Plx)=r—2ax®+1 r—a—1

Pla+1)=(a+1)?*—2ala+1)2+1
=a®+3a%+3a+1—2a(a’+2a+1)+1
=—a’*—a’ta+2

(4) Plx)=x*—2:2—1 2xr—1

o(3)- (1) ()

1 1 _ 23

16 2 1T 1.
(5) Plx)=x"—6x2+x+6 r+2

P(—2)=(—2)5—6X(—2)02+(—2)+6
= —52
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2. Find the remainders when P(x) = 2x? —3x+4 is divided by each of
the following terms.

(1} x=1
P(1)=2x1%2—3x1+4
=3
(2) z+2
P(—2)=2X(—2*—=3 X (—=2)F4
=18
(3) 3xr=—4
AN _ o AV _ 4
P(?)2X<3> 3x<3)+4
_ 32
9
(4) x+a
P(—a)=2(—a)*—3(—a)+4
=2a’+3a+4

Pla+1)=2(a+1)?—3(a+1)+4
=2(a®+2a+1)—3a—3+4
=2a’+a+3
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Remainder Theorem

1. By using the Remainder Theorem, find the value of & so that
P(x) = 2x*+7x+a can be divided by x+ 1 with no remainder.

[Sol] P(—1)=2X(—=12+7X(—=1D+a
=a—>5
For there to be no remainder, P(—1) =0
a—5=10
a=>5

2. Find the value of « so that P(x) = x* —ax+6 can be divided by x—2
with no remainder.

[Sol] P(2)=4—2a+6
= —2a+10

For there to be no remainder, P(2) =0
—2a+10=0
a=>5

3. Find the value of @ so that P(x) = @?x® —3ax+ 1 can be divided by x—2
with no remainder.

[Sol] P(2) =8a*—6a+]1
For there to be no remainder, P(2) = 0
8a —6a+1=0
(4a—1)(2a—1)=0

_1 1
e )

Note: Compare questions 1. and 2. above, with questions 2. and 3. on J |61 D.
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The Remainder Theorem can only be used when dividing by a linear

expression. When dividing by a quadratic expression, use long division.

3

When x* +6x* + ax+ b is divided by x? + 3x— 2, the remainder is 3.
Find the values of @« and 6.

[Sol] x +3
¥ +3x—2 )i +6x? +ax+b
23+ 322 =D
3%+ (a+2)x+b
o a +9r—6

(a—T)x+b+6
Since the remainder is 3,

(a—Tx+b+6=3

In order for the remainder to be 3,

a—7=0 @ @—T="0and b+ 6 = 3 must be true.
{b+6:3 (2

From (D and (2,
a=1{,b==3

N

4. Find the values of @ and b for which x*+ 2x?+ax+ b is divisible by 22+ 3x— 1.

(Remember that “x*+ 2x% +ax+ b is divisible by x? +3xr— 1" means that the remainder
equals zero.)

[Sol] g —]
2 43r—1 )25+ 222 +axr+b
4322 — X
— g2t Tip-b
— g2 —3x +1

(@a+4)x+b6—1
Since the remainder is 0,
(@+4)x+b—1=0 )

. In order for the remainder to be 0,
at4=0 @ a+4=0and b—1 = 0 must be true.
b—1=0 @

From (1) and (2),
a=—4, b=1
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Remainder Theorem

3

Given that P(x) is divided by (x—2)(x—3), express the relationship
with the quotient and the remainder.

[Sol] Let the quotient be Q(x), SR e

and let the remainder be ax+b. =gp quadratic, we write the
remainder as ax+b.

Plx)=(xr—2)x—3)Q(x)+axr+b

1. Given that P(x) is divided by (x—2)(x+ 3), express the relationship
with the quotient and the remainder.

[Sol] Let the quotient be Q(x), and let the remainder be ax+ b.
Px)=(x—2)(x+3)Q(x)+ax+b

2. Given that P(x) is divided by (x+1)(x+4), express the relationship
with the quotient and the remainder.
[Sol] Let the quotient be Q(x), and let the remainder be ax+ b.
Px)=(x+1)x+4)Q(x)+ax+b

3. Given that P(x) is divided by x* —x— 2, express the relationship with
the quotient and the remainder.
[Sol] Let the quotient be Q(x), and let the remainder be ax+ b.

P(x)=(x*—x—2)Q(x)+ax+b
(=(@—2)(x+1)Q(x)+ax+b)
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R Ex.

Given that P(x) is divided by (x—1)(x—2)(x — 3), express the
relationship with the quotient and the remainder.

[Sol] Let the quotient be Q(x), and T e v

let the remainder be ax?+bxr+c. =ap acubic, we write the
remainder as ax®+bx+c.

Ploy= Cr—=1 =2 x—3)0 1) Fax* b+

4. Given that P(x) is divided by (x —1)(x—2)(x+3), express the
relationship with the quotient and the remainder.

[Sol] Let the quotient be Q(x), and let the remainder be ax®+bx+c.
Px)=(x—D(x—2)(x+3)Q(x)+ax’+bx+c

5. Given that P(x) is divided by (x+1)(x+2)(x+ 3), express the
relationship with the quotient and the remainder.

[Sol] Let the quotient be Q(x), and let the remainder be ax®+bx+c.
P(x)=(x+1)(x+2)x+3)Q(x)+ax*+bx+c

6. Given that P(x) is divided by x* —x— 1, express the relationship with
the quotient and the remainder.

[Sol] Let the quotient be Q(x), and let the remainder be ax®+bx+c.
P(x)=(x*—x—1)Q(x)+ax*+bx+c

( Note Summary )

The general form of a remainder can be written:

(D Dividing by a second-degree expression (a quadratic), the remainder must be of
degree one or less. We write this as ax + b.

(2) Dividing by a third-degree expression (a cubic), the remainder must be of degree
two or less. We write this as ax?+bx+ec.
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Remainder Theorem

23

When P(x) is divided by x— 2, the remainder is 5. When divided by
x— 3, the remainder is 9. Find the remainder when P(x) is divided by

Cp=2 ) 23)

[Sol] Let the quotient be Q(x), and let the remainder be ax+ b.

First express the
P(I) — (I_ 2)(1"_ B)Q(I) +ax+b <& relationship between

P(2)=2a+b=5 -.(D quotient and remainder.
{p(g) =3q+b=9 ..(3) ®D From the Remainder Theorem.

From (1) and (@),
a=4,b=—3

. . Substituting into ax+&.
The remainder is 4x— 3

. When P(r) is divided by x— 2, the remainder is 3. When divided by

x+ 3, the remainder is — 7. Find the remainder when P(x) is divided by
lr—2w+3):

[Sol] Let the quotient be Q(x), and let the remainder be ax+ b.
Plx)=(x—2)x+3)Q(x)+ax+b

P(2)=2a+b=3 s D)

P(—3)=—3a+b=—-7 @
From (D and (2),
a=2,b=-1

The remainder is 2x—1
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2. When P(x) is divided by x— 3, the remainder is 3. When divided by
x+4, the remainder is — 4. Find the remainder when P(x) is divided by
(=3I
[Sol] Let the quotient be Q(x), and let the remainder be ar+b.

Plx)=(x—3)(x+4)Q(x)+ax+b

{P(3)=3a+b=3 G,
P(—4)=—da+b=—4 @
From@and@,

a=1,b=0

The remainder is x

3. P(x) is divisible by x—4. When divided by x+ 3, the remainder is 14.
Find the remainder when P(x) is divided by x* —x—12.
[Sol] Let the quotient be Q(x), and let the remainder be ax+ b.

P)=t—x—12)Qx)+ax+b
=(x—4)x+3)Q(x)+ar+b

{P(4)—4a+b—0 (@D
P(=3)=—3a+b=14 --@
From (1) and (2),

a=—2,b=38

The remainder is —2x+ 8

(Hint )

Use the factorised form of x2—xr—12.



J167
J 672 KUMON

Remainder Theorem

1. When P(x) is divided by x+ 1, x+2 and x+ 3, the remainders are 2, 3
and 6 respectively. Find the remainder when P(x) is divided by
(r+1(x+2)(x+3).

(Remember that, when the divisor is a third-degree expression, the
remainder is written as ax®+bxr+c.)

[Sol] Let the quotient be Q(x), and let the remainder be ax®>+ bx+c.
P(xr)=(x+Dxr+2)(x+3)Q(x)+ax?+bx+c
P(—1)=a—b+c=2 @
P(—2)=4a—2b+c=3 @
P(—3)=9a—3b+c=6 -3
From 3)—(),
8a—2b=4 @
From @)—(Q),
Ja—b=1
Therefore, b = 3a—1
Substituting (&) into (4),
8a—2(3a—1)=4
a=1
Substituting into ®),
b=2
Substituting into @,
c=3
The remainder is x?+2x+3

©
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2. When P(x) is divided by x—1, the remainder is 1. When divided by
(x—2)(x—3), the remainder is 5. Find the remainder when P(x) is
divided by (x—1)(x—2)(x—3).

[Sol] Let the quotient be Q(x), and let the remainder be ax?+bx+c.
P)=(x—Dx—2Xx—3)Qx)+ar*+bx+c @
P(l)=a+b+c=1 D
P(2)=4a+2b+c=5 -2
P(3)=9a+3b+c=5 -
@

From ®)—Q),
Bat+2b=4
From (2)— @,
3a+b=4
Therefore, b = —3a+4 el §)
Substituting (5 into @),
8a+2(—3a+4)=4
a=—2
Substituting into ®),
h=10
Substituting into (1),
c=—T

The remainder is —2x?+10x—7

Note: When P(r) is divided by (x—2)(x—3), the remainder is 5, so P(x) can be written
in the form
Plx)=(r—2)(x—3)Qi(x)+5
Substituting x = 2 into this equation gives P(2) = 5. Also, substituting x =2 into
equation (@) above gives P(2) = 4a+2b-+c. Therefore we can conclude that
P(2) =da+2b+c=5.
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Remainder Theorem

1. Find the remainder when P(x) = x** — 3 is divided by x*— 1.

[Sol] Let the quotient be Q(x), and let the remainder be ax—+b.

Px)=x"—3=(2-1)Q(x)+axr+b
=(x+1)(x—1)Q(x)+ax+b

P(1)=19—3=—2=¢a+b (@)

P(—1)=(—-D"-3=-2=—a+bs @
From (D and @),

a=0, b=-2

The remainder is —2

J 168
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2. Find the remainder when P(x) = 32x° —1 is divided by 4x*—1.

[Sol] Let the quotient be Q(x), and let the remainder be ar+b.

Plx)=32x*—1=(4x*—1)Q(x)+ax+b
#+1M 20— DA +ait8

= (2
( ) 32><( ) = :ma+b (D
p(— 1) =32x(- LY N JUR SN SR )
(-2)=3x(- z

From (1) and (2),
a=2,b6b=—1
The remainder is 2x—1
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Remainder Theorem

3

Find the value of x* —x®—6x?+9xr—4 when x = 3+24'f5— )
[Sol] From x = 3+2£ 2
2x—3=A+5 (D
Squaring both sides of (1),
4x2—12r4+9=5
4x2—12x+4=0
2=3x+1=0---@ 4+2x —1
=3x+1)x'— P—622+9xr—4
Let =354+ 2
3 2
P == —6x2+9r—4 2 —=Tx*+9x
B * * 213 —6x%+2x
When P(x) is divided ~ T
by x*—3x+1, — 2 43r—1
the quotient is: x% +2x—1

and the remainder is:

Thus, P() = (& =30 D02 + 22D+ 4x =3 | @
From (2) and @,
P(:HE): 4X(3+J§

2 2 )‘3 D The underlined terms in ) are 0.

—| 3+2/5

Z
Spte

Spgte” ‘o X ‘e X ‘¢ —I} SIomsuy




J 169D

1. Find the value of x*—x*+ 6x—4 when x = H_fz.
[Sol] From x = l%m
2r—1=+3 ¢ -~}
Squaring both sides of (D,
42 —4r+1=—3
4x2—4r+4=0 ) rtr —1
) _ 2—x+1)xt — 12+6x—14
2—x+1=0 ---@ — 34 o2
Let P(x) =x*—x?+6x—4 2 —2x%+6x
When P(x) is divided by 22— x+1, x= IZJJ:SI -
— .
the quotient is: x*+x—1 — 24 =1
and the remainder is: 4x—3 4x—3
Thus, P(x) = (X —x+ 1D +x—1)+4x—3 ---@
From (2) and (3),

p(%‘@):zxx(%m)s: —1+243 i
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Remainder Theorem

1. Find the value of a for each of the following cases.

(1)

When x% — 2x+a is divisible by x+ 2.

Let P(x) =x*—2x+a
P(—2)=44+44+a=0
a=—8

When x? — 3x?+4x+a is divisible by r—2.

Let P(x) =x*—3x+4x+a
P(2)=8—124+8+a=0
a=—4

When x*+ax?+3x+1 is divided by x+ 3 with remainder 1.

Let P(x) =x®+ax?+3x+1
P(—3)=—-274+9%—9+1=1
9a = 36
a=4

When 3x* —8x%+ax—4 is divided by 3x— 2 with remainder —

Let P(x) =3r3—8x%+ax—4

2y_8 3.2 , .
P("B—)—g 9+3a 4=—2

J 170
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2. When P(x) is divided by x—1, the remainder is 3. When divided by
x+ 2, the remainder is 6. When divided by xr— 3, the remainder is 11.
Find the remainder when P(x) is divided by (x—1)(x+2)(x—3).

[Sol] Let the quotient be Q(x), and let the remainder be ax?+ bx+c.
P)=(—1Dx+2)(x—-3)Qx)+ax’+ bx+c
P(l)=a+b+c=3 (D
P(—2)=4a—2b+c=6 @
P(3)=9a+3b+c=11 -3
@

From @—@,
8a+2b=28
From (2)— (1),
3a—3b=3
a—b=1
Therefore, b=a—1 (5
Substituting (&) into (),
8a+2(a—1)=38
a=1

Substituting into @
b=0

Substituting into (1),
c=2

The remainder is a® + 2
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Factor Theorem

Solve the following equations.

3

2—2+x—1=0
[Sol] X*(x—1)+(x—1)=0
(x—D&%2+1)=0
) x—1=0o0rx®?+1=0

x=lorx?’=-1

: If ¥*= —1, then x = £,
Thus, x=1, +: )

(1) r*—2x24x—2=0

P2 le—2)=1
(r—2)(2+1)=0
x=2,%xi

Use the formulas
a+bd=(a+b)a®—ab+b?)
a*—bd=(a—b)a®+ab+b?)
[J47al

(2) 2x*—b5x%4+5x—2=0

23 —=1)=5x(x—1)=0
20x—1)(x2+x+1)—5x(z—1)=0
(—1)2x*—3r1+2) =10

3+47i
*T 4

x=1
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(33

(4)

(5)

(6)

»+1=0
(x+ D2 —x4+1)=0

1+43i
2

=—1,

»n—1=0
(r—D(2+x+1)=0

—1+43i

x=1, D)

»—8=0

(x—2)(x?+2x+4)=0
x=2,—1+43i

(2+DE-1=0
x=%i, %1

Use the formulas
a®+ 6% =(a+b)a®—ab+5?)
a®— b =(a—b)a®+ab+5?)
[J47al
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Factor Theorem

When P(a) =0, then P(x) can be divided exactly by x—«. From this, we
can conclude:

The Factor Theorem }

P(x) has a factor (r—a) < Pla) =0
( <> means “if and only if”)

Factorise P(x), using the Factor Theorem.

-3 .

Plx)=x*—Tr+6

Try the factors of 6:

—13_ — %p (*1,+2,+£3, £6) until you
[Sol] From P(1)=1*=7X1+6=0 o =

So P(r) is divisible by xr—1.

2+ xr —6
Therefore, =1)+02—Tx+6
(e Ty oo * il S
P(x)=(x—1)(x*+x—6) P
= (x—1Xx+3)x—2) % il
—bx+6
—6x+6
0
(1) Ply=s*—dr—2
FromP(—1)=(—1)3—3><(—1)—2=0 e g D
P(x) is divisible by (x+1). 2+1)x7+0a7=3r =2
S o i 4
Therefore, T —%=3r
Plx)=(x+1*—x—2) sz
— - Ii
=(x+1)*(x—2) i
0

Alternative Solution
P(2)=0
P(x)=(x—2)(x+1)?
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(23 Pl)=ut422%—3

From P(1)=13+2X12—-3=0 X3 +3

P(x) is divisible by (x—1). el B
Therefore, 3z

Plx) =(x—~1)x*+3x+3) %

3xr—=3

0

(3) Px)=x+6x2+11x+6

Pl—1)=%— 18— TLE—1)+6 =1
P(x) is divisible by (x+1).

x*+5r +6
Thietstoze, r+ 1)t 462+ 11r+6
P(x)= (x+1)(x*+5x+6) i
=(x+1D(x+3N(x+2) 522+ 11x
5r24+ 5x
6x+6
6x+6
0
(4) Plx)=x*+322—xr—3
P(l)=1%4+3%x12—1—3=0 Iz+412+3
. - . . —_— o p— i e
P(x) is divisible by (x—1). =l ;siS; I
Therefore, 4 — 1
P(x)=(x—1)x®+4x+3) %
=(x—1D(x+3)(x+1) B

0
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Factor Theorem

Factorise P(x), using the Factor Theorem.

7= Ex.

Plx) = 2¥43r* =Tl =10 This is a factor
[Sol] P(—10)=(—10)*+3X(—10)2—71X(—10)—10 ==n of the constant
=0 term — 10.
Therefore, ) r*—T7xr—1
r+ 3 2 — .
P(x) = (x+10)(x2—Tx—1) L e
— T2 —Tlx
— Tx? =70z
P It is unnecessary to substitute : i: }g
numbers other than the factors of 10, 0

Note: If P(x) = x*+ 32— 71x— 10 has a factor x—a (where a is an integer), then a is a
factor of the constant term, — 10. Try =1, +2, =5, £10.

(1) Plx)=x—4x>—4x—5

Pl5) = 5% W5P—4 }5—5=1 2+x +1
_"ﬁf
Therefore, M= §3—§;2 4r=>5
P(x)=(x—5)(x*+x+1) T P—4x
x*—5x
B
©—5h
0
(2) Plx)=x*—T722+7x—6
P(6):63_7X62+7X6_6=O _rZ_I +1
Therefore —6)r—T+7x—6
’ 3_p.2
P(x)=(x—6)(x?—x+1) %
— x*+6x
r—6
r—6

[
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(3) Plx)=x+4x2-38

P(—2)=(—2P+4X(—2)2—8=0
Therefore,
Plx)=(x+2)(x?+2x—4)

(4) Plx)=x*—4x+15
P(—3)=(—3)3—4X(—3)+15=0

Therefore,

P(x) = (x+3)(x2—3x+5)

P +2r —4
2 34 08
2422
2x°
2xt4dx
—4x—8
—4r—8
0

x?—3x +5
x+3) ¥ +0xP—4x+15
13+ 322
—3x?—4x
—3x2—9x
bxr+15
Bx+15
0
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Factor Theorem

Factorise by applying the Factor Theorem.

J 174

This may be factorised as

—0.3_n.2__
P(r)=20"—3z"—x—10 -=n I
R T 5Y_5 1,5
[Sol] P( 5 )—ZX( 5 ) SX( 5 ) 9 10 =np TryiT,i7,
=0 Pty +2
Therefore’ 21'_5 )21'373_'{'27 1'7].0
2x%—5x°
Pla) = Cxr—5x*+x+2) 2P — x
2x*—bx
4x—10
4r—10
0
Note: The numerator of the fraction substituted is the ‘O in (20— O)(x2 4+ Ax+0),
and must be a factor of 10.
(1) Plx)=2x +x*+x—1
2+x +1
1 1\3 1\ 1 2r—1)27°%5+ 2+ »—1
P(?>=2X(?) +(?) +?—1:0 2x%—x?
22+ x
Therefore, %
r—
P(x)=Qx—1D(x*+x+1) 2x—1
0
(2) Plx)=2x*—1x249
r—2r +3
3 3\3 3\? 2Edgler ~ P -r0a+0
P<—7>=2X(—?) —(—7> +9=0 213+ 322
T aE
Therefore, —Ax—br
6x+9
P(x)=2x+3)(x?—2x+3) 6x+9

0
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(3) Plx)=2x+3x%+2x—2

1Yy (LY AV ol o
P(2>—2X(2)+3X<2)+2x 5 —2=0

Therefore, 242 42
P(x)=Q2x—1)(x*+2x+2) 2x71)§§zt3§+2172
42+ 2x
4% —2x
4x—2
dx—2
0
This coefficient is 3,
so try i%,i%.
(4) Px)=32—422—Tx—2
2\ _ Y il 2 w0 BY 5
P(— 3)—3><( 3) 4><< 3> 7><( %) 2=0
Therefore, gl
— 2 3x+2)3°7—4x®—Tx—2
P(x)=Bx+2)(x*>—2x—1) 234 0g?
—6x*—Tx
—6x—4x
—3i—2
=132
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Factor Theorem

Solve the following equations.

334+ Tx2—4=0
[Sol] Let P(x) = 323+ 7x® —4,

P(—1)=0,so
P(xr)=(x+1)3x*+4x—4)
=(x+1)3Bxr—2)(x+2)

Solving (x+1)(3x—2)(x+2) =0,

2
’ 3 ]

) P(x) is divisible by x+ 1.

—=ig

r=—1

(1)

30 —212—12x+8=0
Let P(x) =3x>—2x2—12x+8

P(2)=0,s0 ) P(x) is divisible by x—2.
P(x)=(x—2)(3x*+4x—4) b il i
:(I_Z)(SI—Z)(I+2) I_2)3§3*2§2*121+8
' 3 — 622
Solving (x—2)(3x—2)(x+2) =0, 47— 12x
2 drf— 8x
x=2,?, =g — 4xr+38
— 4x+8

0



J 175D

(2) 12x°+4x2—3x—1=0
Let P(x) = 12x3+4x?—3x—1

13
P(2) = 0,50 ) P(x) is divisible by 2x—1.
P(x)=(2x—1)(6x*+5x+1) ; 6x2+5x +1
— _ 2r—1)12x* +4x%—3xr—1
Cer—1 312 1] Torio i
Solving (2xr—1)(3x+1)(2x+1) =0, %gigigi
=1
0
(3) 4x*—4x’—7x+6=0
Let P(x) =4x%—4x2—Tx+6
3\
¥ ( 2 ) = Bsa ) P(x) is divisible by 2x—3.
Plx)=(C2xr—3)2x2+x—2) 2 +x —2
2x—3)4x* —4x*—Tx+6
Solving (2xr—3)(2x*+x—2) =0, 4x® —62?
2x—Tx
g3 Z1ET 228 —3y
2 4 —4x+6
—4x+6

0
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Factor Theorem

Solve the following equations.

(1)

334522 —4xr—4=0

Let P(x) =3x3+5x2—4x—4
P(1)=0, so
P(x)=(x—1)(3x%+8x+4)
=(z—1)3x+2)(x+2)
Solving (x—1)(3x+2)(x+2) =0,

x=1, —%, —d

23—x2—15x+18=0

Let Pla)= 21— a*—150+18
P(2)=0,so
P(r)=(x—2)(2x%4+3x—9)
= (xr—2)(2xr—3)(x+3)
Solving (xr—2)(2x—3)(x+3) =0,

3 g

x=27 ?:

J 176

322 +8r +4
x—1)3%+5x2 —4xr—4
30— 322
Sx?—4x
822 —8x
4x—4
4r—4
0

2¢24+3x —9
r—2)2r— r*—15x+18
208 —42?
3x2—15x
3x?— 6x
— 9r+18
— 9x+18
0
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L Ex.

43 —2x—x+1=0
P(1)=0, so

Let Qx) = x3+2x2—1 =p

[Sol] Let P(x) = x*+x3—2x2—x+1

Plx)=(x—1D*+2:2-1) ---Q

Factorise x* +2x*—1 using
the Factor Theorem.

Q(—1)=0,so
Qx) =+ +2—1) @
From (D) and (2), P+202—1
=)+ —2r—x+1
P(x)=(x—1)Q(x) xt—x
_ . 2 _ 2x%— 227
=(r—Dx+Dx*+xr—1) 93— o2
Solving (x— 1)(x+ 1)(x®*+x—1) =0, —x+1
—1£45 s
r=1, -1, 5
A
(3} x*+r—8x*+2xt+di=0
Let Plx) =x*+ 3 —8x%+2x+4 4222 —6r —4
P(1) =0, so x—1)r*+ -8+ 2x+4
P(x)=(x—D(*+2x2—6x—4) D  “—Fo-ge
Let Q(x) = x*+2x*—6x—4 b Sl S S
Q(2) =0, so :giﬂiéi
Qx)=(x—2)(x*+4x+2) (@ —dx+4
From (1) and @), L‘Fg
P(x)=(x—1)Q(x)
=(x—Dx—2)x2+4x+2) 2 dr +2
Solving (x—1)(xr—2)(x?+4x+2) =0, Iij;igiz_w_[l
x=1, 2, —2%42 T 4 —6r
4x°—8x
25—
2r—4

0
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Factor Theorem

1. Solve the following equations.

(x—2)(x—5)(x—7)=8-5-3

[Sol] Let P(x) = (x—2)(x—5)(x—7)—8:5:3 -
P(10) =8-5-3—8-5:3=0
Therefore, x— 10 is a factor of P(x).
P(x)=x"—14x*4+59x—70—120 -=m Expanding (1.
= x*—14x*4+59xr—190 Find the other factor by
=(x—10)(x2—4x+19) long division.
Solving (x—10)(x? —4x+19) =0,
x=10,2£415i

(1) xx+1)(x+2)=3-4-5

x2+6x +20
Let P(x) = x(x+ 10 x+2)— 3455 w0 DED
=327
P(3) = 3~4+5—3+4+5=0 T oz
"
Therefore, x— 3 is a factor of P(x). %
P(x)=x3+3x%+2x—60 20x— 60

= (x—3)(x*+6x+20) ’

Solving (xr—3)(x®*+6x+20) =0,
x=3, —3%x411i
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One root of x* —6x%+ax—6 =0 is 3. Find the value of ¢ and then
the other roots.
[Sol] Let P(x) =x*—6x%+ax—6
P(3)=3a—33=0,so “=D Substitute xr= 3.
a=11
Therefore,

P(x) =x*—6x*+11xr—6 =D Substitute 2 =11.
=(xr—3)x%—3x+2) =D x—3is a factor of P(x).
={p=8x—2)(r—=1)

Solving (x—3)(x—2)(x—1)=0,
r=3,2,1

Ans., @ =11 and the other roots are x =12, 1

N

2. One root of x*+ax?+6x—2 =20 is 1. Find the value of @ and then
the other roots.

[Sol] Let P(x) = x3+ax?+6x—2 22 —dx +2

x— 1) =57 +6x—2

P(1)=a+5=0,so0 E Sl SN

—4x*+6x

a=—>5 —4x?+4x
Therefore, Zxr—2
dr—2
Plx)=x*=bx*+6x—2 0

=(xr—1D&*—4x+2)
Solving (r—1)(x2—4x+2) =0,
=1, 342

Ans. @ = —5 and other roots are x =2++2
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Factor Theorem

1. Two of the roots of x*+ax®+ax®?+1lx+b=0are 3 and —2.

(1) Find the values of ¢ and b.

Let P(x) =x*+ax®+ax’+11x+6,
P(3)=0,s0 36a+b=—114 ---@
P(—2)=0,s04a—b=—6 ---2)

From@and @,
a=—3,b=—6

Ans.a=—3,b=—6

(2) Find the other roots.

Substituting @ and b into the original equation,
Plx) = 2*—3r—32%+11x—6
:(I_S)(I+2)(‘IZ_2§+1) D D+ =rP—2—6
:(I_B)(T+Z)(I_1) , 2—2r +1
Solving (x—=3)(x+2)(x—1)2=0, x2—r—6)2"— 37— 322+11x—6
r=3,-2,1 o= P61t
— 223+ 32t +11x
—2r¥+2x+12x
1i— x—8
= x—6
0

Using the known roots, 3 and —2,

Ans. The other root is x =1
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2. Two of the roots of x*+ax®*+(a+3)x?+16x+b=0are 1 and 3.
Find the values of ¢ and & and the other roots.

[Sol] Let P(x) =x*+ax®+(a+3)x2+16x+0b
P(1) =0,s02a+b=—20 ---(D

P(3) =0, so 36a+b= —156 (D)
From (D) and @),
a==db==2

Pl) =gt —dp?—a216p—12
— (I— l)(x—3)(x2 _4) <D Using the knowirog)ts, 1 and 3,
Solving (x—1)(x—3)(x+2)(x—2) =0,
x=1,3, £2 2 —4
P—dx+3)r —4x®— r*+16x—12
ot — At + 322
—4x?4+16x—12
—4x24+-16x—12
0

Ans. a= —4, b= —12, and the other roots are x = £ 2
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Factor Theorem

KUMON

1. Solve 2x* —3x* —x?—3x+2 = 0 using the following method.

(1) Dividing both sides by 2 (x#0) gives 222 —3x—1— >+ 25 =0,

Express the left hand side in terms of /, where { = x+ %

3 Z

[Sol] 212—31—1——+?

i i
=2(12+i2)—3<x+%)—1
1\ . 1
(r-&-?) —2]—3(14‘7)—1
—o(r+ L) —3(x+L —[5]
B kil Tty
=202—3(— 5 |

Find the value of { first, and then x.

[Sol] 2t2—3t—[ 5 |
=@—[5hu+[1]=0
5
t—,
1

(1) Bats=F

=2

(2)

2
Multiply both sides by 2,
2> —hx+2=0
(2xr—1D(x—2)=0

2

xr=

1
2 E]

.. 1
(i) 1fx+--=[—1]
Multiply both sides by x,
224+x+1=0
—1+434

X 2

_1 —1£+43i
Ans. x= 5 2, 9
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2. Solve the equation 2x* —x*—6x2 —x+2=0.

[Sol] Divide both sides by x? (x#0),
1 2
2 g1 _
2xrf—x—6——+ 2

(Hint: Let x+ % = z’)

Express the left hand side in terms of ¢,

=P e} —1{)
Find the value of { first,

212 —t=10
=(2(—5)(t+2)=0

5
l‘=7, —2
1 5

(i) Ifx+ R
Multiply both sides by 2z,
208 —Bx+2=10

(2x—1)(x—2)=0

1
I—7,2

(i) r+—=—2
Multiply both sides by x,
2+2x+1=0

(r+1)2=0
Y=

_1 -
Ans. x= 9 , 2, —1
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Factor Theorem

1. Factorise using the Factor Theorem.

(1) Plx)=1r46x2+11x+6

P(—1)=0, so
P(x)=(x+1)(x*+5x+6)
=(x+1)(ax+3)(ax+2)

(2) Px)=2x%4+3x2+2x—2

LY
P(Z)—O,so

Plx)=QCx—1)(x*+2x+2)

J 180

*+5r +6
r+1 )23+ 622+ 11x+6
ik sl
5x?+11x
S5x+ 5z
6x+6
6x+6
0

24+2x +2
2x—1)2x3+3%+2x—2
2rt— x?
4x?+2x
dxr’—2x
4x—2
A¥—2
0
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2. Solve the following equations.

(1) x°—2x243x—6=0

Let P(x) =x*—2x2+3xr—6 2243
P(Z):O S0 =2 )7 =22+ 3r—6
: P—ox
P(x) = (x—2)(x*+3) B
Solving (x—2)(x?+3) =0, 3x—6
x=2, £43i .

(2) x*—3224+322+x—6=0

Let P(x) = x*—3x*+3x*+1x—6 £—4x+7x —6
P(—1)=0, so I+1)I‘—3.rz+3,rz+ x—6
2 4+
P =G+ D~ 42 +7r—6) D  —1oF5T
Let Q(x) = x*—4x2+7x—6 i
b il
Q(2)=0,so Te+ 71
Qx) = (x—2)(x?—2x+3) NG —gx—g
4
From (D) and @), 0
P(x)=(xr+1)Q) B
={{x+1)x—2)zx*—22+3) =)y =4+ Ta—0
x2—2x?
Solving (xr+ )(xr—2)(x?—2x+3) =0, — 24T
x=-1,2,1%+42{ Lﬁ_b
3x—6

0
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Proof of Identities

Find the values of @, b and ¢ so that the following equations are true for
any value of x.

' Expand the left hand side,

(ax+b)(x+1)=322+5x+2 =B 4 arrange in powers of r.

[Sol] ax?+(a+b)x+b=3x2+5x+2

Comparing the coefficients of the
left and right hand sides,

a=3 e @ =D From the coefficients of x?.
at+b=5H - @ <& From the coefficients of r.
bh=2 i @ <& From the constants.

From (1), 2) and (3),
a=3, b=2

(1) (ax+26}x—1)=2x*—x—1

ar’*+(—a+2b)x—2b=2x*—x—1
Comparing the coefficients of the left and right hand sides,

a="2 %)
—a+26=-1 @
—92h=—1 sl
From ), (2) and (3),
1

a=2, b=~
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(2) x*—6224+15x—T7=(x+a)+bx+c

Use the formula
(a+b) =a®+3ab+3ab?+ b2
[J7al
—6x2+15x—7=234+3x%a+3xa®>+a*+ bx+c
=34+ 3axr?+(3a®+b)xr+(a®+¢)

Comparing the coefficients of the left and right hand sides,

3a=—6 weifT)

3a2+b=15 @

ad+c=—-7 -3

From D, a= —2

Substituting 2 = — 2 into @),
—2)+a=15
12+56=15
b=3

Substituting 2 = — 2 into ®),
(—=234+c=—T7
—8to=—i
c=1

Therefore, a=—2, b=3, ¢=1

Note:
(1) From the example, when @ =3 and b = 2,
(3x+2)(x+1)=3x24+5x+2
We can substitute any value of x into both sides, e.g. taking x = 4,
LHS = (3-4+2)(4+1)=170
RHS =3-42+5-4+2=170
We find LHS = RHS.
In fact this equation is true for any value of x: we call this an idenfity.
(2) The equation ax®+bx~+c = a’x?+b"x+¢” becomes an identity if and only
itfa=a’, b=0b, c=c’
(Similar conditions apply for a cubic equation.)
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Proof of Identities

Find the values of «, b and ¢ so that the following equations become
identities.

3

3x2+dx+a=b(x+c)? <=m

Expand the RHS and
arrange in powers of .

[Sol] 3x2+4x+a = bx®+2bcx+ bc?

3=p Q)
4=2bc @
a:bcz .--@

From (1), (2) and (3),
a:%, b=3, C:%

(1) PHart+2=G+DE%+bx+0)
PHar+2=x+h+1)2+(b+c)x+c

0=b+1 @D
he LHS.
D = =:8) -k
From (1), 2) and (3),

a=1,b=-1, c=2

Note: The method shown in the examples of J |& ] @ and J 1828 is called the
Coefficient Comparison Method.
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8 Ex.
2=alx—1)x—2)+blx—1)+c
[Sol] Whenx=1, 1l=c¢ (1) ==m Substitute x = 1 in both sides.
When r =2, 4=bh+c -++(2) ==D Substitute r = 2 in both sides.
When x=3, 9=2a+2b+c--(3) <n Substitute r= 3 in both sides.
From (1), (2) and (3,
a=1,6=3, c=1
.

(This method is called the Value Substitution Method.)
(2) alx—1)04+b(x+1)2+c=x*

When x=1, 4b+c=1 (D
Whenx= —1, datc=1 @
When x=0, at+b+c=0 -3
From O — @),
4b—4a=0
a=>b 1
Substituting into (3), Sincea=b, b= o
2a+c=0 @ 1
From @)— @), Substituting @ = o into (4),
2a=1 1
Q:L 2-74“6‘—0
2 c=—1

=b gl
Therefore, @ = 5 > b= 5 C 1

(3) ar®+bxr+c=0 (Usethe valuesr=0, r=1, r=—1)

When x =0, c=10 (@D
When x =1, atb+e=0 -2
Whenx=—1, a—b+tc=0 ---3)
From (1), @) and (3,
a=0,b=0, c=0

Note: In (3 ), in order for ax® +bx+c = 0 to be an identity, the following must be true:
a=0,b=0,c=0.



J 183a KUMON

Proof of Identities

J 183

Determine the values of a, b, and ¢ so that the following equations become
identities. (Consider carefully whether to use the Coefficient Comparison

Method or the Value Substitution Method.)

(1)

(ax+b)x+c)=3x>+5bx+2

Expanding the LHS,

ax’+(ac+b)x+bc =32 +5x+2

Comparing coefficients,
a=23 (D
actb=5 @
be=2 (3

Substituting @ into @),
3c+b=5
b=5—3¢ @

Substituting @) into 3,
(5—3c)-c=2
3¢ct—he+2=10
(3c—2)c—1)=0

(ii) Whenc=1,

Therefore,a=3,b=3,c=%, ora=3,b=2c¢c=1
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(25

(3)

ax*—zt—dx+5=102x—1)(bx*+ecx—5)

Expanding the right hand side,
axt—x>—4et 5= Tt 2e—b)r* (10 +c)rt5
Comparing coefficients,

a=2b ey
—1=2c—b -2
4=104+c¢ (3
Solving @ for c,
c=—6 @
Substituting @ into @),
—12—b= -1
b= —11 (B
Substituting (5) into @
a= —22

Therefore,a=—22, b= —11, ¢= —6

alr—1x—2)+bh(x—2)x—3)+c(x—3)x—1)=x

Whenx=1, 2b=1 ---D
Whenx=2, —c=2 ---@
Whenx=3, 2za=3 -3
From (1), @) and (3),

. P
a—2,b—2,c— 2

(_Note Summary )

There are 2 ways to find the value of the coefficients in an identity.
@ The Coefficient Comparison Method
(2) The Value Substitution Method

Both methods give the same results.
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Proof of Identities

3

Determine the values of @ and b for which x*+ax?+ bx+1 is divisible
by 2 +x+1.
[Sol] Let the quotient be x+¢.  <sp Quotient must be a linear expression.
wtatt Bl =gt et lwta) ) =rpand S5 snd
=22+ (c+ 1)+ (c+1)x+c Ofx_g g
Comparing coefficients,
a=c+1 @
b=c+1 @
c=1 O
From @ (2) and @
a=2, b=2

1. Determine the values of @ and b for which x*+ax+ 5 is divisible by
(¥—2)2

[Sol] Let the quotient be x+c.
Brar+b=(x—2>*x+c)
=(x*—4x+4)x+c)
= *+{c—)* +d—de)xHde
Comparing coefficients,

c—4=0 @

4—dc=a @

be=b @
From (D), c = 4

Substituting into (2) and (3),
a=-—12, b=16
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2. Find the values of @ and 4 so that x*+ 6x*+7x? +ax+b is a perfect square.
4 3 2 s a8 2 Hint
[Sol] Let 22 +622 + Tt +axt+b= (+extd)?.
e+ T tar+b=1(x*+tcx)+d)?
= (x’+cx)?+2d(x  +cx)+d?
=x'+2cx® +(c? + 2d)x® + 2cdx+ d?
Comparing coefficients,

2c=6 @
A +2d=T7-@
2cd=a E))
d2=b (@)
From ), c=3
Substituting into (2),
9+2d =7
d=—1
Substituting into (3,
2x3x(—1)=4g
a=—=6

Substituting into @,
(—1)2=
h=1

Therefore,a= —6, b=1

(Hint )

Let x*+6x34+7x2+ar+b=(x2+cx+d)2
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Proof of Identities

Find the values of x and y so that the following equations are true for any
value of 4.

3
(k+2)x+(2k+3)y—3k+2=0
[Sol] (x+2y—3)k+(2x+3y+2) =0 <=n Arrange in powers of k.

Therefore,

z+2y—3=0 @ Compare coefficients in
2t 3yt2=0 @) 0 2= 8Ve+2r+3y+2)=0Xk+0,

From (1) and (2),

xr=—13
{y=8

(1) (+1Dx—(2k+3)y—3k—5=0

kxtx—2ky—3y—3k—5=0
(x—2y—3)+(x—3y—5)=0
Therefore,
x—2y—3=0.-0O
x—3y—5=0.--Q
From @—@,
==
Substituting into (1),
x+4—3=0
=]
Therefore,

x=-—1
y=-—2
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(2) X2+ +(—2)x—2ky—Fk—4=0

4yt ter—2x—2ky—k—4=0
(e—Qy— 1t {2V yP—2—4) =0

Therefore,
r—2y—1=10 ey
2+ y2=2xr—4=0--@
Solving @ for x,
r=2y+1 (3

Substituting into @
Qu+1)2+y2—202y+1)—4=0
4 +4y+1+y2—4y—2—4=0

572—5=10
=1
==l

Substituting into (3),
Wheny=1, x=3
When y=—1, xr=—1
Therefore,

x=3 x=—1
il



J 186

J 1862 KUMON

Proof of Identities

3

Find the values of @ and 4 so that the following equation is an identity.

3r—1 __a + b
(r—2Xx+3) x—2  x+3

N G=0=33) (x—2)(x+3)

_la+b)x+3a—2b
(x—2)(x+3)

=zp Simplify the RHS.

<& Arrange the numerator.

Comparing coefficients in the numerators,

at+b=3 (D)

{3a2b— —1--@
From@and@,

a=1, b=2

1. Find the values of ¢ and & so that the following equation is an identity.

F—3 __ . & 4 b
x2—3x4+2 x—1 x—2

Factorise the LHS, and simplify

[Sol xX—3 _alx=2)+b6(x—1) )theRHS.
ol G—T—2 Ge—=11tz—0)

_latb)x—2a—b

L1 Mo —2)
Comparing coefficients in the numerators,
atb=1 D

—2a—b=—-3 -2
From @, b=—a+1 (3

Substituting 3) into (2), - Substituting into (3,
—2a—{(—a+1)=—3 b=—1

—a—1=—3 Therefore,a =2, b= —1
a=>2
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2. Find the values of a, b and ¢ so that the following equation is true for any
value of x.

=2 _a, b, c
13_312+21 x x—1 xr—2 )Factorise the LHS.
d—2 dx—2
[Sol] LHS = x(?—3x+2) xx—Dx—2) Simplify the RHS.
alxr—1)x—2)+bx(x—2)+cx(x—1)
RHS= A= 1)(x—2)
_ ax*—3ax+2a+bx?—2bx+cx’*—cx
xx—1)(x—2)
_latbten®*—(Bat2btelit2a
2r—1Xx—2)
Comparing coefficients in the numerators,
atb+c=0 D
—(3a+26+c)=4 @
Za= —2 E))

From 3), a = —1
Substituting into (1) and (2),
—1+b+c=0 @
—(=34+2b+c)=4 --®
From @), b= —c+1 &
Substituting ®) into (5),
—[=3+2(=c+1D+cl=4
—(—c—1)=4
ctl=4
c=3
Substituting into (6),
b=—2
Therefore,a=—1, b= -2, ¢=3
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Proof of Identities

Prove the following identities.

R Ex.
x+ 2+ x—p? =22 +4?)
[Sol] LHS = x*+2xy+y* +x*—2xy+y?
= 2x2+ 242
RHS = 2x*+2y*
Thus, LHS = RHS

(1) (a2+06%)c?+d?) =(ac+bd)*+(ad—bc)?
LHS = a%c? 4+ a?d* + b2c? + b2d?

RHS = a?c?+ 2abcd + b2d* + a®d? — 2abed + b2 c?
=a?c?+a*d?+ b+ bid?

Thus, LHS = RHS
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(25

(3)

eIy 1) = wp+1F—Lrbg)®

LHS =t y2—g—pi= ]

RHS = (122 + 2xy+ 1) — (22 + 2xy+ ?)
=riyt—xt—gyt+1

Thus, LHS = RHS

(a+b+c)ab+bec+tca)=(a+b)b+c)eta)+abe

LHS = a?b+abc+a’c+ab®+ b2c+abc+ abe+ be? +ac?
= a?b+a’c+ab?+bic+ bc?+act+ 3abe

RHS = (ab+ac+b%*+bc)(c+a)+abe
=abc+a®b+ac®+a*c+bic+ab +bc?+abc+abe
=a’b+a’c+ab?+bPc+bc?+ac?+ 3abe

Thus, LHS = RHS

Alternative Solution

LHS =[(a+b)+cllab+cla+b)]
=abla+b)+cla+b)?+abc+c*a+b)
=(a+blab+(a+bc+ctl+abe
=(g+blatc)btc)tabe
= RHS
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Proof of Identities

3

Given x+y = 1, prove that x¥*+y = y* +x.
[Sol] If x+y=1,then y= —x+1 ---D
LHS =x*—x+1 -en Substitute .
RHS=(—x+1)’+x <D Substitute D.
=xt—x+1

Thus, LHS = RHS

1. Given ¢+b =1, prove thata®+b6%+1 = 2(a+b—ab).
[Sol] Ifa+b=1,then b= —a+1 ---(D
Substitute (1.
LHS =a*+(—a+12+1=24a*—2a+2

RHS =2[a+(—a+1)—a(—a+1)]
=2a’—a+1)
=2a%—2a+2

Thus, LHS = RHS
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L Ex.

Given x+y = 1, prove that x>+ y = y*+x.
[Sol] (LHS)—(RHS) = x*+y—y?—x
=(x+y)a—y)—(—y)

=(r—y)r+y—1) r+y=1,s0
—0 G100

Thus, LHS = RHS

N

2. Given a+b+c =0, prove that @ — bc = b —ca.

[Sol] (LHS)—(RHS) = a?—bc—b%*+ca
=(a+b)a—b)+cla—b)
=(a—b)a+b+c)
=0

Thus, LHS = RHS
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Proof of Identities

3

Given a+b+c =0, prove that (¢ +b)(b+c)(c+a)+abec = 0.

[Sol] From a+b+c =0,
atb=—c Q@

b+c=—a @
cta=—b -
Substituting (1), (2 and 3) into the LHS,
LHS = (—c)(—a)(—b)tabc
= —abc+abc
=0
Thus, LHS = RHS

1. Given a+b+c=0, prove that %(b+c)+%(c+a)+%(a+b)+3 =.

[Sol] From a+b+c =0,
atb=—c QO
b+c=—a @
cta=—b @
Substituting @ ) and (3) into the LHS,
LHS = +(—a)+ +(—b)+ - (—c)+3
a b c
=—1—-1—-1+3=0
Thus, LHS = RHS
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2. Given a+b+c =0, prove that a®+ 6% +c* = 3abc.
[Sol]If a+b+c=0,thenc= —(a+b) -

LHS =a®+b6%—(a+5b)° =p Substitute @),
=a*+b*—a®—3a?b—3ab?—b?
= —3a?bh—3ab®

Use the formula
(a+b)?
=a®+3a%bh+ 3ab?+ b®

RHS = —3ab(a+b) =D Substitute @),
= —3ab—3ab?

Thus, LHS = RHS

(Hint )

Since a+b+c =10, thenc = —(a+b).
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Proof of Identities

1. Find the values of «, b, ¢ and  so that the following equation is an
identity.
ab 4 L=nlr— 1)+ 5le— 1% +Fele—1)+d
[Soll RHS = ax®*+(—3a+b)x*+(3a—2b+c)x+(—a+b—c+d)
Comparing coefficients,
a=1
—3atb=0
3g—2b+e=0
—g+b—E+d =1
Therefore,
a=1,b=3, c=3.d=2

2. Given xy = 1, prove that 1 + 1 i

x+1  y+1
FHrl+E+) . Byl (D
(-1 y+1) aptrtytl
Substituting ry = 1 into (1),
r+y+2  xt+y+2

[Sol] LHS =

LHS = 1+x+y+1  x+y+2 =1
Thus, LHS = RHS

Alternative Solution

(LHS)—(RHS) = pere ZEl 1
_ ytlta+1—(+1Dy+1)
B (x+1)(y+1)
Yt e e )
o (x+1)y+1)
o 1—xy o = : .
TR e 0 <=0 Substitute xry = 1.
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3. Given a+b+c =0, prove that a(l +1>+b(l +1)+c‘(1 +l)+3— 0.
b ¢ c a a b
a a b b C C
[Sol] LHS= —+—+—+—+—+—+3
b C c a a b
e atc a+b
R i e )
Since a+b+c =10,
b+c= —a
atc=—b
atb=—c
Substituting into @,
LHS= —2+ =24 =€ 13
a b c
=—1—-1—-1+3=0

Thus, LHS = RHS
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Proof of Inequalities

Given the proportion % = %, prove the following.

23 )

a—b _c—d
at+b  c+d -

a _ ¢ _
[Sol] Let b= d =k, =D

a=bk, c=dk @
Substituting @ into D,

_bk=b _blk=1) _ k=1
bktb  blkt1) K+l

_dk—d _dk—1) _ k=1
dktd ~ dk+1) "~ k+1

Thus, LHS = RHS

Let the given proportion
equal %.

LHS

RHS

(1) atb . c+d .“®

at2b c+2d
a _c _,
Let?— 7 k,
a=bk, c=dk @
Substituting @) into (1),
_ bk+b _ ble+1) _ k+1
LHS =9e 3096 = BE+0)  E+2
dk+d  dik+]1) k41
RHS = iod = de+2) ~ k+2

Thus, LHS = RHS

J 191

Note: An equation that states that two ratios are equal is called a proportion.

Proportions can be written as
a &

=", orabh=cid

b d

Both are equivalent.
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alat+c) _ %
(2) v~ O
a _ ¢ _
Let?— " ."i?,
a=bk, c=dk @
Substituting @ into (),
_ bklbk+dk) _ bE*(b+d) _ ,,
LHS="30+0 — Hptd "
2 2.2
RHS=(Q;{?2) =dd§’ = k?
Thus, LHS = RHS
b2+d2 . b27d2 2 2
(3) at+ct a?—ct (b?#d?) -
a _ ¢ _
Let?— 4 .1?,
a=bk, c=dk 2
Substituting (2) into (1),
B bARE T
LHS = oyt = ot +add ~ W
- bz_dz B bZ_afZ _L
RHS = bzkz_d%z - k2“}27d2) - kz

Thus, LHS = RHS



J 192

J192a KUMON

Proof of Inequalities

; X _ Y _ 2 r—ytz
Given the proportion 5 3 1 , find the value of Fhyra
X = = = i —
[Sol] Let 5 T3 A k,
=2k Q@
y=3% @
z=4k -3
Substituting (), (2) and (3),
r—ytz _2k—3k+t4k _ 3k _ 1
xtyt+z 2k+3k+4k 9 3

4 = %, find the value of A rgE Ay

2 e O o
1. Given the proportion ER 2t +z
i:i:i: >
[Sol] Let 3 4 5 k,
r=23k (1)
y =4k )
z="5k )

Substituting (1), @) and (3),
xytyzt+zx _ 3k-dk+4k-dk+5k-3k
2+ i+ 22 (3%)2+(4%)%+ (5k)?
_ ATR?
~ 50k%
'y
50
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=3

: . xtdy 2ty 3xy
Given the proportion q 5 find the value of e e
[Sol Let 127 = Sy,

x+2y =4k @
2x+y=>5k (2
From @ and @), xr=2k -
y=k @
Substituting (3) and (1),
3xy _ 3-2k-k _ _bk? eh
¥—agty? (28 —28-L+EP 3k?
N
; . 3x+2y _ 2x+3y xyt—x%y
2. Given the proportion 7 = 3 find the value of LR .

[Sol]

Lot Sxt2y _ 2xt3y _

7 8 ’
3x+2y="Tk D
2x+3y=28k @

From D and @), x=#k @
=2k @
Substituting @ and @,

xy =2ty _ kR —k%2k _ 2R _ 2

x4 k34 (2k

)3

=95 =

9
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Proof of Inequalities

3 )

Given a+ b+ c#0, find the value of the proportion
b+c _cta _atb

a b ¢
[Sol] Let bl_c = C";ra = ajb =k, =D Find the value of k.
b+c=ak QO
cta=bk @
i
Bl =iek @ atbhb+c#0
From @+@+® This must be true in

order to divide by

2a+b+c)=kla+b+c) (at+b+c).

Since a+b+c#0, k=2 b+c:c+a:a+b:2
Thus, the proportion equals 2. a b (o5

1. Given a+ b+ c#0, find the value of the proportion

c __a _ b
a+3b b+ 3¢ ct+3a’
a b
[SollLet ——as +Sb “b+3¢c c+3a =y
c=kla+3b) QD

a=kb+3c) @
b=klc+3a) @

From ®+@+@,
a+b+c=~Fkd4a+4b+4c)
=4kla+b+c)

Sinceatb+c+#0, k= %

Thus, the proportion equals 1 g ., & . & .

1
4 L a+3b b+3c  c¢+3a 4
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2. Find the value of the proportion g6l . G eug . 4000 , In each

< ; b bc
of the following cases. ¢

(1) Whenab+bc+ca#0

bctca _ catab _ ab+bc

ab bc ca
bec+ca=kab -
cat+ab=kbec -2
ab+bc=kca -3
From D+ @) +®),

2(ab+bc+ca) = klab+ bc+ca)

Since ab+bctca=0, k=2
Thus, the proportion equals 2.

Let =k,

bc+ca _catab  ab+bc

ab  bc  ca =4
(2) Whenab+bc+ca=0
[Sol] From ab+bc+ca=0
bctca= —ab Q)
catab=—bc -2
ab+bc=—ca -3
o . bc+ca _ catab _ ab+bc
Substituting @), 2 and ) into b be  ca
—ab _ —bc _ —ca _ ]
ab bc ca
Thus, the proportion equals —1.
{ bec+ca _ catab  ab+be
= = =-—1
ab bhe ca
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Proof of Inequalities

Given x> y, prove 4dx+2y > 2x+4y.
Prove that
[SOI] (LHS) = (RHS) = (41.'"‘ 2[,/) — (2I+ 41/) =D LHS —RHS >0.
=2x—2y
=2x—y)
Asx>y,
x—y>0,

Therefore, (LHS)—(RHS) >0
Thus, dx+2y > 2x+4y is true.

1. Given x> y, prove = 5 e XN 21;33
[Sol] (LHS) — (RHS) = szf _ 2xJ5r3y
I
10
As x>y,
x—y>0

Therefore, (LHS)— (RHS) >0

Thus, Xty 2utay .

5 5 is true.
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L Ex

Prove x? > x—1.
[Sol] (LHS)— (RHS) = 2 —x+1

/1y, 3
‘( 2)+4

Therefore, x*> > xr—1

\

2. Prove x> 2x—3.
[Sol] (LHS)—(RHS) = x*—2x+3
=(xr—1)?%+2
Since (x—1)?=0,
(xr—1)242=2>0
Therefore, x* > 2x—3

Complete the square.
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Proof of Inequalities

1. Prove the following inequalities. Then state for which values the LHS
equals the RHS.

at+b%=2ab

[Sol] (LHS)—(RHS) = a®+b%—2ab

=(g—b)=0 Cltllanges t;) anocqual sign
whena—b6=0.
Therefore, a?+b6%=2ab

LHS =RHS whena =26

(1) (@242 x2+ %) =(ax+by)?

(LHS) — (RHS)
=(a®+b2) (2% + y?) — (ax+ by)?
=(ate* ta‘yt+bi® b y" ) —(ePa® + 2abag+b2y®)
= a%y? — 2abxy+ b2x?

( bx)2=0 Changes to an equal sign
=(ay—bx):=

when ay—br=20.

Thus, (a®+6%)(x2+ ) = (ax+ by)?

LHS = RHS when ay—bx =10, i.e. when ay = bx
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2. Prove the following inequalities. Then state for which values the LHS
equals the RHS.

23 )

at+b2=ab

[Sol] (LHS)— (RHS) = a?+b%—ab

(1N, 3,
—(a 2b)+4b

. 1 %" 3,0
Since a—?b =0, and Zb =0,

2 Changes to an equal sign when
(a—ib> +ib2>0 &D 1 3
2 4 a=7b,and sz=0.

Therefore, a®>+ b?=ab
%bz =0 ifandonly if =0
1

a=7b,soa=0.

LHS=RHS whena=56=0 <D

LN

(1) a*+b2=20a—06-1)

(LHS)—(RHS) =a?+ 562 —2(a—b—1)
=a?—2a+b*+2b+2
=(g?—2a+ 1)+ (b2 +2b+1)
=(g—1)2+(pb+1)?

Since (a—1)?=0, and (b+1)?=0,

(a—1?+(6+1)*=0

Therefore, a® +b2=2(a—b—1)
LHS =RHS whena—1=0and 6+1=0, i.e. when
a=1,b=—1.
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Proof of Inequalities

1. Prove the following inequalities. Then state the conditions for which the
LHS equals the RHS.

Given a + b = 1, prove the inequality % =2Jab.

[Soll]a+b=1,s0b=1—a

(LHS)— (RHS) = %—Za(l —a)

= 2a2—2a+%
_ 2(&' % )2 >0 -ep Changes tolan equal sign
when d==a =0.
Therefore, % =2ab
1 Ifa—%:Oanda-ﬁ-b:l,
Thus, LHS = RHS when ¢ =6 = o =D | i
thena=7 andb=7.

(1) Givena+b =1, prove the inequality a*+5*= %
gFh = 1,86 § = 1~u

(LHS)—(RHS) = ¢ +(1—)* -

:2a2—2a+—;—
2
—2(a é) >0
1

Therefore, @+ 5% = o

il Ifa—%IOanda+b:l,
Thus, LHS = RHS whena=56= - =D 1

g = =l
then a 3 and b 7
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2. Prove the following inequalities.

(1) Givena+b=1,prove a®>+b*>ab.
atb=1,s0b=1—a

(LHS)—(RHS) =a*+(1—a)?—a(l—a)

=3a2—3a+1
T S 5. L e
—S(a 2) +4:}4>0

Thus, a®>+ 6% >ab

(2) Givena+b=1, prove a+b>ab.
at+tb=1,s0b=1—a
(LHS)—(RHS) =a+(1—a)—a(l—a)

=a?—a+1
. 1N, 8. &
—( 2>+424>0

Thus, a+b>ab
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Proof of Inequalities

1. Given that @ >0 and 6 > 0, prove the following inequalities.
Then state the conditions for which the LHS equals the RHS.

agb o
[Sol] (LHS)—(RHS) = a+b2—2@

F)2+(F)2 Wab

s (E—J_)z >0 =<n Changes to an equal sign
2 when ¥a —+b = 0.

Therefore, atb = vab
LHS=RHS whena=06 =sp Iffa —+b =0, thena=b.

2ab
(1) «/Eaﬁb

(LHS)— (RHS) = @(fl;ﬁi—%b

_ Nabla+b—24ab)
- a+b

_ aBWa —Fr _,
atb

2ab
Therefore, Yab = -

LHS =RHS whena =0 =sp 1fya —+4b =0, then a = b.
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atb

2

Given two positive numbers, ¢ and b, is called the arithmetic mean,

and Yab is called the geomelric mean.

Relationship between )
arithmetic mean and geometric mean

(arithmetic) (geometric)
mean mean
When a >0 and b >0, then 412 >Jah | =

2 You may use this relationship
LHS = RHS when ¢ = b. in the following proofs.

8 .

Given that x > 0, prove x+ % = 2. Then state the conditions for

which the LHS equals the RHS.

arithmetic geometric
LHS x+ L 1 L ( mean );( mean )
z
— = e
8ol = 2 BER T Ty
L with x as @, and 1 as b.
Fek 7 x
=1
2

Thus, x+ =2
x
LHS=RHS whenxr=1 =D Fromz=—

T

.

2. Given that x>0 and y > 0, prove f + % = 2. Then state the conditions
for which the LHS equals the RHS.

Xy atb
LHS v o W Use —5— =vab,
[Soll =5~ = Tk %D
U ox X y
_ w1th—y‘asa,andTasb.
A
=
9 1

Thus, iJriBB
yoox

LHS=RHSwhenx =y =D From f -

T
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Proof of Inequalities

1. Prove the following inequalities when @ > 0. Then state the conditions
for which the LHS equals the RHS.

€1 a+3>6

a+
LHS > ,\/(l 9 Use (arithmetic) - (geomerric)'
mean mean
9
aty
=
7 3

Therefore, a+ % =06
9

LHS =RHS when¢ =3 =D Froma= e

(-2 2a+8L21
a
2.5:.-1—L
LHS _ 8a lo . ey arithmetic geometric
2 2 :}'\fza By N Use( mean )3( mean )
1
2a+ Sa;i
2 s

Therefore, 2a+ 1 =1
8a

LHS = RHS when a = % =5 From22= L.
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2. Prove the following inequalities when @ > 0 and b > 0. Then state the

conditions for which the LHS equals the RHS.

8 \

8

(a+})>(b—i—i>;4

s by
[Sol] LHS = 2+ab+ ik
a>0and >0, so ab>0 and ﬁ>0
Therefore, (arirhmetic) (geomerric)
Use =
L>2+2 [)-L mean mean
2+ab+ab - 40" 26 =@ 'in the form A+ B=2/AB
=2+2 withabasAandLasB.

=] ab

Thus, (a-l— L)(zH- i>2 4
b a

LHS=RHS when 26 =1 -sp From ab— a%

(1) (a+%)(b+%)218

LHS = (ﬁi)(mi) —10+ab+2
b a ab
a>0and 6>0, so ab >0 and £>O
Therefore,
10+ ab+ & >1042 ab-ﬁ <8 arithmetic - geometric
ab ab Use mean = mean -
=10+8
=138

Thus, (a—?— i)(b + i) =18
b a

LHS =RHS when ab=4 &8 From ab= 0.
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Proof of Inequalities

1. Prove the following inequality when @ >0 and 6 > 0. Then state the
conditions for which the LHS equals the RHS.

(a+b)<%+%)>4

_ 1 1Y o, a b
[Sol] LHS—(a—HJ)(a + b) 2+ b T,

il i s SO£>0and%>0

b
Therefore,

2+£+£22+2 iﬁ =4 S0 Use (arithmetic)B(geomerric)
a AN b a

b meadn mean

b
LHS =RHS when ¢ =b €D From & = .

a

Thus, (a-l-b)((lz + 1) =4

2. Prove the following inequality when @ >0, >0, ¢ >0 and ¢ > 0. Then
state the conditions for which the LHS equals the RHS.

b d\ a &
(?*?X?*?)H
(b d\l a bec | ad
[Sol] LHS—(—a = X—b - d) R

250, B30, 650450, 5o 2L 50 o Z2. 4
ad bc

Therefore,

hc | bc  ad arithmetic\ _ [ geometric
2+g+?/2+2 d bc =4 "D Use ( mean >?( mean )

Thus, (i < i)(i + i) =4
a c b d

LLHS = RHS when ad = bc <=0 From — A a—d.
ad be
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/(Let’s think about this! ) ~

We can prove that (a+ %)(b + %) =4 is the example on JI198D, in another

way, as follows.

Froma>Oandb>0,%>0 and%>0

a+%?2 fa'%ZQ /%and,froma:%,LHS:RHSWhenab:
b+i¥32 b'L:2 iamd fromb:—l‘ LHS:RHSwhenab:
a a a ’ a’

Multiplying the above inequalities gives,

AR N i v
(a—f-?)(b—ﬁ—?):}Z ?'2 p =4 5 =
I

1

Therefore, (a v 7)(5 + ;) >4 and LHS = RHS when ab =

il 4
Let’s consider if we can prove that (a-l— b)(b + ;) = 0 using the method
shown above.

1 1

a+?>2 / % and, from a = L LHS = RHS when ab =

b2y [or-tmd |2 and, from b=, LHS = RHS when zb=[4]
a a a a

If we multiply both sides of the above inequalities,

1 4 a b
. — | = —_ _——

(a+b)(b+a)2/b 4/

This is different from the original inequality. Therefore, we cannot prove the
inequality using this method.

In this case, we should use the method shown on J198D, i.e. expand first, then

use (arithmetic mean) = (geometric mean).
e

QT T T [ isIomsuy
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Proof of Inequalities

iy Ytz _ zZ+x
3 4 5

1. Given the proportion , find the value of

xy+yz+zx
TR s
[Sol] Lt L L I FE BTL
5 4 5
x+y=3k @
ytz=4k @
z+r=5 -3

From D, @ and @), x = 2k, y =k, 2= 3k,
Substituting x = 2k, y=Fk, z= 3k,
xytyz+zx  2R2+3RE4+6K2 11K 11

P+ 4REHETHORE T 1467 14

2. Given that @ >0, 6> 0, prove that(a + b)( L %) = 9. Then state the

conditions for which the LHS equals the RHS.

1 4 da | b
[Sol] (a+b)(a+b> 5+T+7

a>0,b>0, soTa>Oand—>0

da b da b arithmetic geometric
5+T+ /5+2\/i:@] Use( mean )?( mean )

=5+4
=9

Therefore, (a+b )(% + i) =9

LHS =RHS when 2¢ =6 =g From % =2,
a
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3. Prove that a®>+ 6%+ c?=ab+ bc+ ca. Then state the conditions for
which the LHS equals the RHS.

[Sol] (LHS)—(RHS) =a?+b%+c*—(ab+bc+ca)
=a’—alb+c)+(b2—be+c?)

2 2
=<ab-gc) — (b—zc) +b2—bc+c?
_( b+c)2 362 —6bc+ 3c?
=g o

2 4

2
=< _b;rc) +%(b2—2bc+cz)

2
=<a—%) +2(b—)220

Thus, a®>+ b2+ c?=ab+ bc+ca

btc _

LHS = RHS when a¢— 5

Oand b—c =0, i.e. whena=b=rc.

( Let’s think about this!}
Alternative solution to prove the inequality @® +b*+c? = ab+bc+ca
[Sol]

(LHS)— (RHS)
=a?+b2+c?—(ab+bc+ca)

:%[(az—Qab-sz)ﬂL( b’—2bc+c? )+( c*—2ca+a’ )l

= Lla—b+( b—c 1 +( c—a 110

Thus, @+ b*+c?=ab+bc+ca
LHS =RHS whena—b6 =0, b—¢c =1, c—a = 0, which means when

a=b=c.

D—0 ‘0—q ‘',p4vI7—,0 ‘04297 — ,q SIMSUY



